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Preface 



Geometric Modelling has been an important and interesting subject for 
many years from the purely mathematical and computer science viewpoint, 
and also from the standpoint of engineering and various other applications, 
such as CAD/CAM, entertainment, animation, and multi-media. For 
promoting in-depth discussion of the current issues and future subjects, a 
series of Intemational Workshops on Geometric Modelling has been 
organized by the IFIP (The Intemational Federation for friformation 
Processing)/TC5(Computer Applications in Technology)AVG5.2(Computer- 
Aided Design). This book is a result of the sixth workshop on this series. 

This book contains an extended, up-dated and comprehensively edited 
version of the invited papers, keynote papers and submitted papers. At this 
sixth workshop, a special focus was set on the interaction between the 
theoretical foimdation of geometric modelling and practical applications in 
CAD and related areas. Often theory goes on its own way, and tends to 
become too much abstract. Applications seek for ready-made solutions, and 
tend to be very ad hoc. 

In order to fill such gaps, two invited papers are provided, discussing 
about basic computational theory and practical system solutions. The well- 
organized seven keynote papers give a systematic overview of the current 
situation and deep insight for the future research and development directions 
towards the reality of shape representation and processing. They discuss 
about various aspects of important issues, such as geometric computation for 
space search and shape generation, parametric modelling, feature modelling, 
user interface for geometric modelling, geometric modelling for the Next 
Generation CAD, and geometric/shape standard. 

The fifteen submitted papers give various aspects of geometric modeling 
from basic theory to CAD and other applications. They include features and 
new research directions in geometric modelling, solid modeling, free-form 
surface modeling, intersection calculation, mesh modeling and reverse 
engineering. They cover a wide range of geometric modelling issues to show 
the problem scope and the technological importance. 

This book is an edited collection of survey articles and technical papers. 
Therefore it is a good guidebook for researchers who want to know the 
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current status of geometric modelling research and developments, and also a 
good reference book for expert researchers. It can be used as a side text for 
graduate school students who study geometric modeling, computer graphics 
and CAD applications. 

We sincerely thank all the authors, the program committee members and 
the workshop participants for their contribution to the workshop and this 
book. 



Fumihiko Kimura 
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Abstract This paper describes main sources of instability in geometric computa- 
tion, and reviews two mutually opposite approaches to this problem. In- 
stability in geometric computation comes from numerical errors, which 
first cause misjudgements of geometric structure, and then generate 
topological inconsistency. One promising approach to this difficulty is 
the use of multiple precision arithmetic that is high enough to judge the 
topological structure always correctly. Another approach places high 
priority on the topological consistency, and use numerical values only 
when they do not contradict the topological structure. Merits and de- 
merits of the two approaches are discussed with examples. 

Keywords: Robust algorithm, geometric computation, degeneracy, exact arithmetic, 
topology-oriented approach, Voronoi diagram, solid modeling 

Introduction 

Naively implemented geometric algorithms are fragile in general, in 
the sense that they easily fail due to numerical errors (Segal and Sequin, 
1985; Field, 1987; Dobkin and Silver, 1988; Hoffmann, 1989a, 1989b). 
When theoreticians design algorithms, they usually assume that there 
is no numerical error or degeneracy, but in real computation both nu- 
merical errors and degeneracy arise frequently. This gap between the 
ideal world and the real world gives a serious problem of instability in 
geometric computation. 

To overcome the instability, many approaches have been proposed. 
To simplify the situation, we can classify these approaches into three 
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groups according to how much they rely on numerical computation, as 
shown in Figure 1. 

large reliance on small 

< — numerical values — > 

exact-arithmetic tolerance approach topology-oriented 
approach e-geometry approach 

(section 2) interval-arithmetic (section 3) 

Figure 1 Three groups of approaches to robustness. 

The first group is the “exact-arithmetic approach” , which relies on nu- 
merical computation absolutely (Sugihara and Iri, 1989; Ottmann et al., 
1987; Karasick et al., 1991; Sugihara, 1992; Schorn, 1991; Benouamer et 
al., 1993; Fortune and von Wyk, 1993; Sugihara, 1997; Yap, 1995). The 
topological structure of a geometric object can be decided by the signs 
of the results of numericed computations. If we restrict the precision 
of the input data, these signs can be judged correctly in a suflBciently 
high but still finite precision. Using this principle, the topological struc- 
tures are judged correctly as if the computation is done exactly. In this 
approach, we need not worry about misjudgement and hence theoret- 
ical algorithms can be implemented rather straightforward. However, 
the computation is expensive because multiple precision is required, and 
furthermore exceptional branches of processing for degenerate cases are 
necessary because all the degenerate cases are recognized exactly. 

The second group is the “topology-oriented approach” , which does not 
rely on numerical computation at all. In this approach, we start with 
the assumption that every numerical computation contains errors and 
that the amount of the error cannot be bounded. We place the highest 
priority on the consistency of topological properties, and use numerical 
results only when they axe consistent with the topological properties, 
thus avoiding inconsistency (Sugihara and Iri, 1992, 1994; Inagaki et al., 
1992; Oishi and Sugihara, 1995; Imai, 1996; Minakawa and Sugihara, 
1997; Sugihara, 1994a, 1994b). 

The third group of approaches is between the above two groups; in this 
group, they rely on numerical computation moderately. They assume 
that the amount of errors is bounded. Every time numerical computation 
is done, the upper bound of the error is also evaluated. On the basis 
of this error bound, the result of computation is judged to be either 
reliable or unreliable, and the only reliable result is used Milenkovic, 
1988; Fortune, 1989; Guibas et al., 1989; Hoffmann, 1989b; Segal and 
Sequin, 1985). This approach might be natural for programmers in order 
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to cope with numerical errors, but it makes program codes unnecessarily 
complicated because every numerical computation should be followed 
by two alternative branches of processing, one for the reliable case and 
the other for the unreliable case. Moreover, this approach decreases 
the portability of the software products, because the amount of errors 
depends on computation environment. 

In this paper, we concentrate on the two mutually opposite extreme 
groups of approaches, i.e., the first and the second groups of approaches, 
and consider practical issues to be solved in order to make these ap- 
proaches realistic. 



1. EXACT ARITHMETIC APPROACH 

1.1. CORRECT JUDGEMENT IN FINITE 
PRECISION 

In actual computers, numbers are represented in finite precision. This 
implies that geometric data given to computers are discrete. Prom a the- 
oretical point of view, points, for examples, are distributed continuously 
in a space, but most of them cannot be represented in computers; usually 
computers can represent and treat only those points with integer coor- 
dinates or with fioating-point coordinates. In this sense, representable 
geometric objects are discrete, and hence topological relations among 
them can be judged in finite precision. The exact-arithmetic approach 
utilizes this property. 

Suppose, for example, that the coordinates (arj, yi,Zi) of points Pj {i = 
1, 2, . . . , n) are represented by integers satisfying 



L ^ Xi, Vi, Zi ^ L ( 1 ) 

for some fixed large number L. If we want to judge whether point Pj is 
on the plane passing through P^, Pfc, P;, we should check whether or not 



Pj» Pfc) P/) — det 



■ 1 
1 
1 
1 



Vi 

Vj 

Vk ^k 

yi Zi 



= 0 . 



( 2 ) 



Prom the Hadamard inequality (which says that the absolute value of the 
determinant of a matrix is not greater than the product of the lengths 
of the column vectors), we see that the left-hand side of eq.(2) is not 
greater than 

Vl2 + 12 + 12 + 12 . ( Vl2 + L2 + ^2 + ^ = 162^3 (3) 
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Hence we can make the above judgement correctly if we use multiple- 
precision integers that are long enough to represent 16L®. 

As this example shows, the topological relation among objects can 
be judged strictly if we compute in a sufficiently high but still finite 
precision. This principle has been used widely in numerically robust 
geometric computation (Ottmann et al., 1987; Sugihara and Iri, 1989; 
Karasick et al., 1991; Sugihara, 1992; Schorn, 1991; Benouamer et al., 
1993; Fortune and von Wyk, 1993). 

However, this principle raises several practically serious problems. 
First, multiple-precision arithmetic requires high cost in computation. 
Secondly, the strict judgement tells us degenerate situations exactly, and 
hence we need all the exceptional branches of processing for those de- 
generate cases. We consider these issues in the following subsections. 

1.2. ACCELERATION BY LAZY 
EVALUATION 

One strategy to decrease the cost required by multiple-precision arith- 
metic is the hybrid use of the multiple-precision arithmetic and the 
floating-point arithmetic. That is, we first compute in floating-point 
arithmetic, and we switch to the multiple-precision arithmetic only when 
the floating-point computation does not give a reliable result. Since the 
floating-point computation is very fast and gives reliable results in many 
cases, this strategy usually saves computation time efficiently. 

Effects of this kind of the la^;y evaluation strategy were reported in 
(Benouamer et al., 1993; Sugihara, 1997). 

1.3. DEGENERACY ELIMINATION BY 
SYMBOLIC PERTURBATION 

There are in general a variety of different degenerate cases for each 
geometric problem. In implementing an algorithm, we have to prepare 
exceptional branches of processing for all the degenerate cases; other- 
wise the software implementation is not complete. However, this is a 
tedious job because the exceptional branches will be used only rarely in 
its nature. 

The “symbolic pertmbation technique” is one method to avoid this 
tedious job (Edelsbrunner and Miicke, 1988; Yap, 1988; Fortune and von 
Wyk, 1993; Sugihara, 1992). In this technique, we introduce a symbol, 
say e, which intuitively corresponds to an infinitesimally small positive 
number, and replace each metric data using this symbol. 
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For example, for point Pj = {xi,yi,Zi) {i = 1,2, let us define 
point Pj* whose coordinates are 

= + + + (4) 

The new point may be understood as a symbolically perturbed ver- 
sion of the original point P^, in the sense that the x-coordinate is per- 
turbed by , etc. Instead of F(Pi, Pj, Pa;, P/) in eq. (2), let us consider 

F(P,*,P/,P,*,Pn 



1 


xi+e^' 








1 


xj+e^’ 






• (5) 


1 


xk + 






1 


Xi + 









This is a polynomial in e. 

For a polynomial 

f = fo + /l^ + + • • * + (6) 

we define the sign of / as the sign of the first nonzero coefficient, that is, 
sign(/) = sign(/i) for i such that /q = /i = • • • = /^_i = 0, and fi ^ 0. 
This definition of the sign corresponds to the intuitive understanding 
that £ is nifinitesimally small but still positive. 

We apply our definition of the sign to F(P^*, P^*, Pa;*, P/*), which can 
be expressed by 



F(P,*,P/,Pfc*,P<* 


1 


Vj 


^3 


F(Pi,P„Pfc,P,)- 


1 


Vk 


Zk 




1 


yi 


zi 




+ • 







(7) 



Prom the right-hand side of this equation, we can observe two important 
properties. First, the first term is F(P^, Pj, P a;, P/); this means that if 
F(Pi, Pj, Pa;, P/) / 0 (meaning that the situation is not degenerate), the 
sign of F(Pi*,Pj*,PA;*,P/*) coincides with the sign of F(Pi,Pj,PA;,P/). 
Hence, the symbolic perturbation does not affect the non-degenerate 
case. 

Secondly, if the situation is degenerate, some of the terms in the 
right-hand side of eq. (7) equal to 0, but it never happens that all of 
the terms become 0, because there exist terms that do not depend on 
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the coordinates of the input points; for example there exists the term 

Hence, in this symbolically perturbed world, we never come across 
the case where F(Pj*,Pj“'‘,Pfc*,P/*) = 0. This means that we can avoid 
any of the degenerate cases. This is the principle of the symbolic per- 
turbation, and this enables us to concentrate on the implementation for 
the general case. 

2. TOPOLOGY-ORIENTED APPROACH 
2.1. BASIC IDEA 

In this section we suppose that exact arithmetic is not avoidable and 
hence numerical computation contains errors. Figure 2(a) shows how a 
conventional algorithm fails. Let S = {Ji,J2,---,Jn} be the set of all 
the predicates that should be checked in the algorithm. Whether those 
predicates are true or not is judged on the basis of numerical computa- 
tions. Since numerical computations contain errors, some of the pred- 
icates may be judged incorrectly, which in tern generate inconsistency 
and the algorithm fails. 

numerical computation 



J 2 * * * ^ ^ 

"'W 

inconsistency 

i 

failure 

(a) (b) 

Figure 2 Basic idea of the topology-oriented approach. 



numerical computation 




I 



normal termination 



Numerical errors are inevitable in computation, but still we want to 
avoid inconsistency. To this goal, we first try to find a maximal subset, 
say S', of predicates that are independent from each other, as shown in 
Figure 2(b), where “independent” means that the truth values of any 
predicates in S' do not affect the truth values of the other predicates 
in this subset. The other predicates are dependent in the sense that 
their truth values are determined as the logical consequence of the truth 
values of the predicates in S'. 
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Once we find such a subset S", we evaluate the predicates in 5' by 
numerical computation, and adopt the logical consequences of them as 
the truth values of the other predicates, i.e., the predicates in S — S'. 
Since the predicates in S' are independent, any assignment of the truth 
values to the predicates in S' does not generate inconsistency. Moreover, 
since we adopt the logical consequences of these truth values as the truth 
values of the predicates in 5 — 5', we never come across inconsistency. 

We cannot guarantee the correctness of the truth values in S' because 
we have numerical errors, but once we believe the results of numerical 
computations, we can construct a consistent world. This is our basic idea 
for avoiding inconsistency. In the following subsections we will show how 
this idea works using two example problems. 

2.2. CUTTING A CONVEX POLYHEDRON 
BY A PLANE 

Let 77 be a convex polyhedron in a three-dimensional space, and H 
be a plane. We consider the problem of cutting 77 by 77 and taking one 
part off. Theoretically this problem is not difficult. What we have to 
do is to classify the vertices of 77 into those above 77 and those below 
77. Once we classify them, we can determine the topological structure 
of the resultant polyhedron. 

However, a naive implementation of this algorithm is not robust. For 
example, suppose that 77 is a cube, and that the cutting plane H is very 
close and almost parallel to the top face of 77 . Then, the classification 
of the vertices on the top face is done almost at random because of 
numerical errors, and hence it may happen that two mutually diagonal 
vertices are judged above 77 whereas the other two vertices are judged 
below 77, which is a contradiction. Such a contradiction easily causes 
the algorithm to fail. 

To attain numerical robustness, we concentrate on the topological part 
of the algorithm. From the topological point of view, the vertices and 
the edges of 77 form a planar graph, say G. As shown in Figure 3, to cut 
77 by 77, we first find the vertices that are above 77 (the vertices with 
black circles in Figure 3(b)), next generate new vertices on the edges 
connecting the vertices above 77 and those below 77 (the vertices with 
white circles in Figure 3(b)), generate a new cycle connecting them (the 
broken lines in Figure 3(b)), and finally remove the substructure inside 
the cycle (Figure 3(c)). 

Let Vi be the set of vertices of G that are judged above 77, and let V 2 
be the set of vertices that are judged below 77. Since 77 is convex, the 
next property holds. 
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Figure 3 Topological aspect of the cut operation. 



Proposition 1. The subgraph of G induced by Vi and that induced by 
V 2 are both connected. 




Figure 4 Cutting a cube by a degenerate set of planes. 



We place higher priority on this property; we employ numerical results 
only when they do not contradict against this property. In this way we 
can construct a numerically robust algorithm (Sugihara, 1994a). 

An example of the output of this algorithm is shown in Figure 4. 
Figure 4(a) is the result of cutting a cube by many planes, and Figure 
4(b) shows the portion around the upper left degenerate vertex magnified 
by 5 X 10^. Even for such a highly degenerate case, the algorithm gave 
a globally correct result. 

Figure 5 shows another example. Figure 5(a) is the result of cutting 
a cube by 10^ planes touching a common sphere, and Figure 5(b) is 
a magnified picture of the left position. This example also shows the 
robustness of our algorithm. 
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Figure 5 Cutting a cube by 10® planes. 



2.3. CONSTRUCTION OF VORONOI 
DIAGRAMS 

Let S = {Pi, P 2 , . . . , P„} be a set of finite number of points in the 
plane. The region i?e(5;Pj) defined by R{S]Pi) = (P G | d(P,Pj) < 
d(P, Pj), j — 1, . . . , t — 1, t + 1, . . . , n} is called the Voronoi region of Pj, 
where d(P, Q) represents the Euclidean distance between the two points 
P and Q. The partition of the plane into Voronoi region Re(S';Pj), 
i = 1,2, ... ,n , and their boundaries is called the Voronoi diagram for 
5 . 

In the incremental algorithm, we start with the Voronoi diagram for 
a few points, and modify it by adding the other points one by one. An 
increment step is shown in Figure 6(a). Suppose that we have already 
constructed the Voronoi diagram for blax;k points, and now want to add 
the white point. To modify the Voronoi diagram, we first find a cycle 
formed by the perpendicular bisectors between the new point and the 
neighboring old points (broken lines is Figure 6(a)), and next remove 
the substructure inside this cycle. 

Though this procedure is theoretically simple, it is numerically unsta- 
ble because the sequence of bisectors does not necessarily form a cycle 
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in imprecise arithmetic, as shown in Figure 6(b). To construct a robust 
algorithm, we can use the following property. 





(a) (b) 

Figure 6 Incremental construction of the Voronoi diagram 



Proposition 2. If a new point is inside the convex hull of the old points, 
the substructure to be removed is a tree in a graph theoretical sense. 

We place higher priority on this property than on numerical values, 
and thus can construct a numerically robust algorithm for the Voronoi 
diagram (Sugihara and Iri, 1992, 1994). Figure 7(a) is an example of 
the output of this algorithm. Though the points were highly degenerate, 
the algorithm constructed the globally correct Voronoi diagram. If we 
magnify the central protion of this figure by 10^, we can see small distur- 
bance, as shown in Figure 7(b). However, it should be noted that such 
disturbance never makes the algorithm to clash, because the algorithm 
always maintains topological consistency of the data structure. 

3. CONCLUDING REMARKS AND OPEN 
PROBLEMS 

We have seen two mutually opposite approaches to the robust im- 
plementation of geometric algorithms, and also discussed related issues. 
Both the approaches can attain complete robustness in the sense that 
the resulting software in guaranteed to work for any input. However, 
in order to use the output for practical applications we still have many 
problems to be solved. 

First, to reduce the cost of the exact-arithmetic computation is still 
important, because the acceleration techniques are not completely satis- 
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(a) 



(b) 

Figure 7 Voronoi diagram for highly degenerate set of points 

factory. The lazy-evaluation scheme seems to contain still many poten- 
tial variants, and we have to search for more efficient realization of this 
scheme. 

The symbolic perturbation scheme enables us to ignore tedious excep- 
tional treatment of degenerate cases, but we have to be careful in the use 
of the output for the degenerate input. For example, the Delaunay tetra- 
hedrization is useful for mesh generation for the finite element methods, 
but the symbolic perturbation might give a tetrahedron with volume 0 
when the input contains four coplanar and cocircular points. Such out- 
put cannot be used directly for the finite element methods. Thus, we 
need some postprocessing for the degenerate output. 

The topology-oriented approach, on the other hand, might give out- 
put that contains numerical disturbance particularly when the input is 
close to degeneracy. Such disturbances are usually very small but not 
acceptable for some applications. Hence, to rewrite the application al- 
gorithms in such a way that they can use numerically disturbed output 
of the topology-oriented algorithms is one of main problems related to 
this approach. 
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Abstract The present day geometric modeling technology plays a central role 
for making CAD/CAM systems effective in users’ design and 
manufacturing preparation problem solving. 

Though it provides a useful foundation for a variety of applications, there 
remain some issues which require further research or elaborate 
implementation. 

The present paper discusses these issues with examples and describes 
challenges of resolving some of them by CADCEUS: Integrated 
CAD/CAM/CAE/CG system developed by Nihon Unisys, Ltd.(NUL). 

Major focuses are pursuit of hybrid modeling in various senses, extension of 
parametric technology usage and major issues, effective use of non-manifold 
representation, use of geometric modeling technology for improving 
collaborative design, and several challenges of automated modeling. Curves 
and surfaces representation issue will also be mentioned. 

Keywords curves & surfaces representation, non-manifold, hybrid modeling, 
parametrics, collaborative design 



1 INTRODUCTION 

Geometric modeling technology has played a central role for making 
mechanical CAD/CAM systems effective in users’ design and manufacturing 
preparation problem solving. This paper tries , within limited pages, to extract 




future issues of constituent technologies mainly from implementor’s point of 
view, and introduces some challenges to resolve issues by CADCEUS*'. 
Investigation is mainly focused in automobile design and manufacturing 
applications where geometric modeling technology is most heavily used, and 
especially focused technology is parametrics. As for commercial CAD 
systems, PTC/Pro-E, SDRC/I-DEAS, DS/CATIA, EDS/Unigraphics, and 
NUL/CADCEUS are taken into consideration. 

Representation issues are discussed in Chapter two. Chapter three 
discusses modeling issues. Chapter four parametrics issues, and Chapter five 
discusses the use of parametric modeling technology in collaborative design 
environment. 



2 REPRESENTATION 

2.1 Free Form Curves and Surfaces Representation 

The author categorises applications which relate to curves and surfaces 
representation in the following three types by the difference of primary 
requirements. 

1) Data exchange or visual presentation 

2) Shape design like styling design of a car body 

3) Shape modeling based on already designed curves or drawing 

As for data exchange or presentation purposes, the primary requirement is 
wide most representation capability in order not to incur deterioration of data. 

NURBS is widely used for this purpose and it is adopted in ISO/STEP and 
ISO/PHIGS. But, its use in STEP Part42*'': Geometric and Topological 
Representation is limited to as one of types of free form curves and surfaces 
representations different from its original claim that it can both represent 
analytical geometry and free form geometry. Major reasons we understand 
are that NURBS requires larger data storage to represent analytical geometry 
than its direct representation, and that increase of calculation time is not 
negligible. 

As for shape design, the primary requirement is a representation which is 
suitable for use in an interactive shape design environment. It should enable 
easier establishment of human interface for controlling existing surface 
model so that deformation operation is intuitively accepted, easy and the 
result of deformation can be estimated for the user. Direct control of point on 
surface or curve on surface seem to be better than rather indirect method such 

CADCEUS is the integrated CAD/CAM/CAE/CG system developed by Nihon Unisys. CADCEUS is 
adopted as the baseline system of Toyota’s ‘TOGO’ system, and has many users especially in automobile 
industry. 
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as control of control points or NURBS weights. There has been rigorous 
research in this area such as Hosaka^^^ and Higashi^^^’^^^l 

As for shape modeling, Coons, Non-uniform polynomial B-spline, Bezier, 
Gregory representations and their extensions^^^ has been used in wide area 
surface modeling and solid modeling. 

Since major target of most of the commercial systems has been 1) and 3), 
they use NURBS for external representation, but they use more performance 
oriented internal representation such as a power series expansion for 
geometry processing. 

In order also to include application type 2), re-evaluation of exact 
transformation among proposed representations is indispensable. 



2.2 Non-Manifold Representation 

In FEA area, coexistence of different dimensional entities for representing 
one analysis model has been natural requirement and many analysis packages 
support this requirement to some extent. The reason of the necessity of above 
coexistence is that there could be a drastic idealisation of the target shape 
within expected accuracy of analysis results. 

In CAD/CAM area, since final target is actual manufacturing, and every 
manufacturable objects are manifold, adoption of non-manifold 
representation has not been aggressive. 

But, in order to make a system very robust during modeling such as set 
operation, non-manifold representation is inevitable at least for representing 
intermediate result of modeling. There are more positive reasons why 
CADCEUS adopted non-manifold representation as explained in the 
followings. 

As for non-manifold representation, K.Weiler’s Radial Edge Structure^^^ 
which aims at unified representation of manifold and non-manifold is well 
known. 

CADCEUS represents a target model by a set of manifolds and allows the 
following three types of non-manifold connection. 

Vertex vs. Vertex connection 
Edge vs. Edge connection 
Face vs. Face connection 

The reasons why we adopted this method are to decrease data storage 
required, and to obtain good performance of data processing based on the 
experiences that most operations are closed within manifold. 

Typical uses of non-manifold representation are automatic idealised shape 
model creation for use in FEM analysis by inactivating small holes and small 
fillets which do not affect analysis results, automatic rough milling model 
creation in the same meaning mentioned above, or upper die and lower die 
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shape selection in view of press forming as shown in Figure- 1. These 
applications require non-manifold representation at the boundaries of 
inactivated portion so that activate/ inactivate model modification is realised 
with easy data handling. 

This activate or inactivate indication is easier to use in history based 
parametric modeling environment where the user has only to care about 
modeling history maintenance. 

Non-manifold edge connectivity 





Figure-]: An application of non-manifold representation 



3. SHAPE MODELING 
3.1 Surface Quality 

Requirement of high quality surface is expanding. 

It is well known that styling design surface requires high quality surface. 
Not only local satisfaction of second order derivative continuity, but also 
global smoothness such as smooth highlight lines distribution and curvature 
monotonous are required. 

But, requirement of high quality surface is gradually becoming a more 
general requirement. One of driving forces which gives rise to this 
requirement will be use of curve or circular arc NC path and high speed 
milling machine in sculptured surface machining area. It is estimated that 
surface quality is honestly reflected onto machined face in these 
circumstances. It means that development of high quality surface control 
technology on top of effective representations and satisfaction of required 
mathematical continuity is essential for supporting wide area surface and 
solid modeling. 



3.2 Hybrid Modeling 

It is crucially important to provide a modeling engine which enables 
flexible shape modeling environment, deformation of design object, and 
re-use of existing models. In order to satisfy these requirements, realisation of 



20 




hybrid modeler in the following sense, as realised in CADCEUS, is regarded 
as a first step. 

1) Arbitrary mixture of solid, surface and wireframe models is allowed for 
representing and manipulating a design model. This requirement naturally 
requires non-manifold representation. 

2) Mixture of feature and non-feature models is allowed. 

3) Mixture of parametric and non-parametric models is allowed. 

As a reason of its necessity, consider ,as an analogy, the geometric 
constraint modeling case. Different from the expectation of the system, it is 
very rare that the user gives sufficient constraint conditions for the system to 
uniquely determine a target shape. Constraint conditions given are usually 
insufficient. There are cases that the user intentionally gives excessive 
constraint conditions. In order not to deprive freedom of design, it is the 
implementor’s role to develop a constraint solver which can treat both 
insufficient or excessive constraint conditions cases. 

The reason why 1) is important is that the user should be allowed any 
choice of shape model representation in view of design process and precision 
requirement of his design. This naturally requires implementors the provision 
of flexible modeling functions such as set operation between solid and 
surface, etc. 

If 1) is realised, there is no need for the user to care about if his model is 
solid or surface. Body designer can freely refer engine data, and engine 
designer can also freely refer body data as necessary. 

The reason why 2) is important is that design model suited for entire feature 
based modeling is extremely limited to some design process such as die 
structure design, and most of design models are suited for mixture of feature 
and non-feature models. 

There is another discussion on the implementation of feature based 
modeler. 

For simplicity of implementation, every commercial system treats any 
geometric entity such as a point or a curve as a form feature irrespective of 
feature semantics . Realisation of above mixture will result in correct 
implementation of features. Though feature modeling and shape parametrics 
are different technologies, implementation of feature modelers had better 
have parametric capability for ease of use and easier realisation of user 
defined features. 

The reason why 3) is important is that there are many applications where 
current shape parametrics is not suited. For example, in styling design of a car 
body where trial and error is essential, simple accumulation of users all 
operations is not realistic nor meaningful. But, the next process, body design 
could be drastically improved by the effective use of shape parametrics. One 
thing to be noted in the realisation of mixture of parametric and 
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non-parametric modeling is that there should be enough investigation on the 
appropriate mixture level in order not to incur confusion in its usage. 



3.3 Automated Modeling 

Automated modeling has been pursued for decreasing man hours required 
in each design process. Important points to be taken care are to provide a 
measure to judge the validity of the results from engineering point of view or 
mathematical representation point of view in order not to miss inappropriate 
result, and to provide easy means to supplement incomplete portions when 
automatic creation is not complete. This section discusses some results in two 
categories. 

<Product Shape Modeling> 

Figure-2 shows automatically created automobile bumper inner surfaces 
based on outer surfaces. Technology utilised here is an offset of a compound 
surface. After the completion of modeling outer surfaces as one compound 
surface ( topologically connected surface), the user only specifies offset 
values at necessary locations. In the bumper example, variable offset is a 
crucial requirement. 

Then, the system offsets outer surfaces and automatically resolves any 
topological and geometric inconsistencies which arise after offset. Total 
calculation time is below 20 minutes by HP/C 180, and level of automatic 
creation is 95%. Remaining 5 % in this case is obvious open space and could 
be easily filled with usual surface modeling commands. 

Figure-3 shows automatic creation of a surface model based only on a 
wireframe model. In this example, the system automatically recognises face 
loops and assigns plane or ruled surface or free form surface depending on the 
geometric characteristics of bounding curves. Calculation time with 
HP/C 1800 is 2 minutes. Figure-4 shows automatic creation of fillet surfaces. 
The system automatically searches for edges where fillet surfaces should be 
attached, and creates and attaches fillet surfaces of prescribed radii there. 
Calculation time is around 1 minute. 

<Product Shape Deformation in View of Manufacturing Consideration > 

Most of commercial systems provide global deformation capabilities for 
considering manufacturability. ‘Over crown Estimation’ and ‘Spring Back 
Estimation’ are typical in press die area. Since pressed panel goes back by its 
elasto-plastic nature after press is completed, die shape should be deformed 
beforehand to take into account that behaviour so that pressed panel goes back 
to exact product shape. Though there are some challenges to directly attack 
this problem by the heavy use of FEM analysis, most CAD vendors 
approaches to this problem are experiment based geometric modeling 
approach. The user specifies parameters based on experiments and the system 



22 




globally changes given die shape by prescribed algorithm. Mold area also has 
specific requirements such as under cut area detection, deformation in view of 
draft angle consideration or thermal effects consideration. 




(automatically created inner surfaces) 

Figure-2: An application of compound surface offset to bumper inner surfaces creation 
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(automatically created surface model) 

Figure- 3: An example of automatic surface model creation 
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Figure-4: An example of automatic fillet creation 



4. PARAMETRICS 

Importance of solid modeling is well discussed and its effectiveness is 
getting points among end users. But, the author feels that parametrics is far 
more important technology than solid modeling. Solid modeling may improve 
design, but parametrics has a possibility to innovate design since it has a 
possibility to provide means to capture a design process and design 
constraints and transfer them to down stream applications. 

Though implementations of parametrics of most commercial systems are 
solid model oriented, there is no reason that parametrics should be limited in 
solid modeling. As already realised in CADCEUS, it could be applied not 
only to a solid model, but also to a surface model, a wireframe model or their 
arbitrary hybrids. The facts that shape design of some design process is 
dependent on the shape of preceding design process, and parametric 
reconstruction based on reference change is practically available, show a 
strong possibility to drastically decrease total shape design period by the 
effective use of parametrics. 

As is well known, current shape parametrics consists of the following three 
basic technologies. 
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1) Two dimensional geometrically constrained model representation 

2) Three dimensional position constraints between parts 

3) Operation history based representation*’' 

1) and 2) have sound mathematical background and CAD system 
dependence there is quite small. On the contrary, 3) memorises users 
operation history and some other data and reconstruct whole shape model 
when some parameters are later changed. 

Different from 1) or 2), 3) has no underlying mathematics, and CAD 
system dependence is quite big since the system memorises all the command 
parameters necessary for later reconstruction. 

In all parametric CAD systems, 3) plays a central role, and 1) and 2) are 
combined with 3). A tjq)ical example of this combination is: 
create a 2D profile of a boss(use of 1)) 
complete a boss by rotating above 2D profile(use of 3)) 
merge the boss into existing part model by the use of set operation( use of 

3)) 

The shape or location and orientation of the boss could be easily 
changed ,even after the merger, by picking the boss, changing constituent 
parameters, changing set operation condition, and automatically 
reconstructing whole model. 

Major remaining issues of operation history based representation mainly 
from standardisation point of view are as follows; 

1) How to represent operations history itself Hopefully, it should not be a 
honest copy of actual operations ,but should be some abstracted one so 
that it does not include CAD system dependence, and it is the sequence 
of meaningful design processes which includes obvious design 
intentions. 

Treatment of simultaneously working engineers’ operations has also to 
be taken into account. 

2) How to represent reference relation and interference relation among 
different operations included in the operations history so that robustness 
of reconstruction is guaranteed. 

3) How to remove CAD system dependence of geometry manipulation 
capabilities, which are major contents of history information. 

4) How to obtain high human readability of the operations history. 

As for 2), there are some contributions from research side**' *’' though 
further research is required for resolving practical problems. As for 3), see 
analysis of past challenges *'*'' . 4) which strongly concerns with issue-1) is 
quite difficult to resolve and requires further research. 



5. USE OF PARAMETRICS IN COLLABORATIVE 
DESIGN ENVIRONMENT 
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In manufacturing industry, reduction of lead time through whole 
manufacturing processes and further improvement of product quality are still 
very important issues. For resolving these issues, thorough quality 
management by TQC(Total Quality Control)has been practiced ,and 
concurrency of manufacturing processes has been pursued. 

As for the reduction of time required in each manufacturing process, major 
focus has been sophistication of CAD/CAM capabilities, and promotion of 
automation. It can be said that various challenges for reducing time necessary 
for product development has been tried on the condition that ‘CAD/CAM 
system is a tool for single engineer’s use’. 

But, in view of the fact that two or more engineers are simultaneously 
concerned for the design of almost all large scale design objects, we can not 
essentially resolve the issue unless we establish a framework which directly 
support consistency management of two or more engineers simultaneous 
activities. In other words, evolution which makes CAD/CAM system ’a 
common tool for two or more engineers simultaneous use’ is necessary. 

Among issues for realising this goal, the following issue is geometric 
modeling technology related critical issue. 

‘ Capability for announcing an engineer the change of other engineer’s 
work which he is referencing is necessary. Revision of his model 
corresponding to the latest status of other engineer’s work had better be 
performed with minimum operation. 

In order to satisfy the latter half requirement of the above issue, CAD 
vendors are required to provide reference driven model reconstruction 
capability for a part model represented by a hybrid model mentioned before, 
and for an assembly model represented by combining those part models. 

In what follows, collaborative design support implemented in CADCEUS 
will be presented*"*. 

Before going detailed explanation of developed capabilities, overview of 
CADCEUS data model is as follows. Hierarchy of data set is; 

Work Space(WS) - Object(OBJ) - Group(GRP) - Entity(ENT) 

Here, ENTITY is a minimum and leaf constituent of a product model, such 
as a geometric entity or a topological entity. Group is a concept to arbitrary 
summarise them. Object is a concept corresponding to a part, or an assembly, 
or a drawing sheet. Objects can have arbitrary hierarchy. Work Space is the 
highest concept among data set for representing a product model, and it 
corresponds to a design space. One Work Space can include any number of 
Objects. Work Space and Group are not allowed to have hierarchy. 

(1) Realisation of Shared Work Space(SWS) 

Fundamental requirement of collaboration support is ‘ to realise shared 
design space of related engineers satisfying maximum independence and 
efficiency of each engineer’s work’. 



27 




In order to realise this requirement, we separated WS into two types, one is 
PWS(Private Work Space) for personal use , the other is SWS(Shared Work 
Space) for common use , and developed a SIM(Shared Information Manager) 
which manages transfer of data between SWS and PWS. Those information 
stored in SWS are fundamental design information(shape and constraints of 
the shape) common to all engineers, information which spans to two or more 
engineers, and objects which is disclosed to all engineers. Each engineer 
imports fundamental design information and other engineer’s OBJ which is 
related to his design work from SWS. Then, he proceeds his design work 
independently. SIM always monitors information on SWS, and from what 
engineer the information on SWS is referenced. When some OBJ referenced 
by other engineer is updated on SWS, then SIM informs referencing engineer 
the fact and urges him to re-import the latest OBJ. When all the engineers 
finish their respective design and register their OBJs to SWS, then whole 
design is completed. The relation among SWS, PWS and SIM is as shown in 
Figure-5. 




Figure-5: Fundamental structure of collaboration support. 



In this mechanism, SWS is visible from all engineers but PWS is invisible 
from other engineers, which satisfy a requirement concerning independence 
of each engineer’s work. 

When the change of the other engineer’s OBJ referencing occurs, 
concerning message is passed from SIM. What he should do ,at first, is to 
receive the latest status of the other engineer’s OBJ from SWS. Then, he can 
automatically reconstruct his OBJ consistent with the newly received OBJ by 
the use of parametric capability described later. 

(2) Update right control of OBJ 

OBJs on SWS can be assigned update right by the use of SIM. Update right 
of one OBJ is assigned to only one engineer. One engineer may have two or 
more OBJs of which update right he has. Those OBJs of which update right 
are possessed by other engineer can be used and modified on PWS but can not 
be transferred to SWS. 

(3) Consistency management of data model between engineers 
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‘OBJ reflection capability’ is prepared for revising referencing other 
engineer’s OBJ to the latest status. This is a capability to transfer requested 
OBJ from SWS to requester specified work space via SIM. If the OBJ to be 
revised has any relation with other OBJs such as placement relation or 
reference dependency relation, SIM automatically recognizes the situation 
and urges the engineer to execute parametric reconstruction. History based 
parametric reconstruction capability by the change of references enables the 
engineer to obtain his reconstructed OBJ consistent with the latest status of 
other engineer’s OBJs as shown in Figure-6. 




automatic reconstruction of OBJ-I 
Figure-6: Mechanism of consistency management among engineers. 

(4) Common information 

Every time OBJ is registered to SWS, a message called ‘common 
information’ is passed to all other engineers. This message inform which 
engineer has done what to what OBJ. Each engineer can judge its influence to 
his OBJ. If he judges the necessity of reflecting the change to his model, then 
he can do it by the use of previously described OBJ reflection capability. 

(5) Global parameter 

Global parameter is a user definable parameter mainly for sharing design 
parameters among engineers. By possessing various parameters defined in the 
fundamental design phase as global parameters, further detailed design could 
be simultaneously performed sharing design parameters. Furthermore, by 
changing some global parameters and by automatically reconstructing related 
parts, influence of parameter change can be easily reflected on the entire 
product shape. Global parameters are stored on SWS and therefore visible 
from all the engineers. Each engineer at first import global parameters onto 
his PWS, and performs his design consistent with global parameters defined 
in fundamental design phase by relating dimensions of his model with global 
parameters by the use of algebraic constraint definition capability. Global 
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parameters may be changed on his PWS independently for investigating 
various design plan though the change can not be exported to SWS. These 
situations are illustrated in Figure-7. 




LI 



Figure-7: Global parameter. 



(6)Example 

This section examines the effectiveness of collaboration support capability 
developed on CADCEUS by using automobile engine design as an example. 
Supposed story is as follows. This story is also depicted in Figure-8. 

1) There is only one fundamental designer. After he finished fundamental 
design, he registers fundamental shape(skeleton) and global parameters to 
SWS. 

2) There are three detailed designers, one for exhaust port design, another for 
water jacket design, and the other for cylinder head design. 

3) After receiving fundamental shape and global parameters, port designer 
proceed his design. When almost all shape is determined, he checks the 
design quality of his model by analysing distribution of sectional area, and 
finds out low quality portion where sectional area acutely changes as shown 
in Figure-9. 

He then corrects base curve of the port and automatically reconstructs his 
model by the use of parametric capability as shown in Figure-10. The reader 
may understand the improvement of sectional area distribution. Finally, he 
registers his completed model to SWS. 

4) Water jacket designer, when announced the revision of referencing port 
data, re-import new port data from SWS and reconstruct his model 
corresponding to the port data in the same way. Cylinder head designer may 
also reconstruct his model in the same way after importing latest port and 
water jacket. 
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Collaboration(componeiit based) 



"Design own component by the 
reference of other components 
Automatic reflextion of the 
change of other components 



Figure-8: Supposed collaboration story 




Figure 9: Quality analysis of a port. 
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Figure- 10: Reconstructed port. 



6. CONCLUSION 

Industry use of geometric modeling technology is reviewed from some 
applications in automobile design and manufacturing preparation with 
examples, and some future issues are discussed. Major issues are the 
followings. 

(1) Re-evaluation of exact transformation among already proposed free form 
curves and surfaces representations is necessary, especially from the support 
of shape design point of view. 

(2) Development of high quality surface control technology based on 
effective use of representations and satisfaction of required mathematical 
continuity is necessary. 

(3) In order to provide users a flexible and powerful modeling environment, 
realisation of a hybrid modeler is critically important. Further investigation is 
required for knowing appropriate hybrid level. 

(4) History based parametrics should be improved from CAD system 
independence point of view and strengthening of underlying technology point 
of view. 

(5) Wireframe model, surface model, or any hybrid model should be allowed 
parametric behaviour. 

(6) Effective use of reference driven model reconstruction should be further 
pursued for extending parametric technology usage, and for supporting 
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automatic shape model consistency management in collaborative design 
environment. 
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Abstract Medial Axis Transform (MAT) is a representation that encodes an object with 
symmetric (medial) axes in the object interior. MAT has been employed in a 
variety of applications such as pattern recognition of digital images, biological 
shape analysis and robotic motion planning. Although numerous algorithms 
have been proposed to determine MAT of polygonal objects, a robust model for 
arbitrarily shaped regions, especially suitable for engineering designs, is still an 
active area of research. In this paper, a 2D approach capable of efficiently 
constructing MAT for arbitrarily shaped 2D regions is proposed. This method 
can be utilized to evaluate 3D objects for a variety of applications though it does 
not produce a 3D MAT. Alternatively, an algorithm for calculating the MAT of 
3D polyhedra is also presented. 



BACKGROUND 

The Medial Axis Transform (MAT) represents a bi-jective mapping of a n- 
dimensional object onto a (n-l)-dimensional object. The MAT labels each point 
on the medial axes with a metric of the dimension of the local region. One can 
reconstruct the n-dimensional object by sweeping a scalable n-dimensional ball 
along the (n-l)-dimensional medial axis with its radius equal to the dimensional 




metric recorded on the medial axis point. Together with the boundary 
representation, MAT empowers shape manipulation and geometric reasoning. 
The majority of the following discussion is restricted to two and three- 
dimensional objects only. 

MAT has been employed in applications such as pattern recognition of digital 
images [1], finite element mesh generation [2,3], analysis of VLSI designs [4], 
path generation for pocket machining [5,6], medial surface extraction for 
engineering analysis [7], shape blending in computer animation [8], design rule 
checking for sheet metal components [9], punch shape recognition [10], robotic 
motion planning [11], feature recognition [12], biological shape analysis [13] as 
well as manufacturing planning and manufacturability analysis [14]. 

Algorithms to compute the true medial axis transform for a freeform 3D 
object have been studied for many years, yet robustness issues remain. One 
solution proposed in our paper is to evaluate a 3D object in terms of 2D slices. 
It is computationally economic to compute MAT of many sliced 2D regions as 
opposed to that of a full 3D freeform solid. Such a computation is only 
meaningful if the sliced 2D MAT provides adequate information for certain 
shape interrogations. Alternatively, it is proposed to convert a 3D freeform 
object into a tessellated representation and construct the 3D MAT of the 
resulting polyhedra. This method is computationally more expensive in 
comparison to the 2D approach, and for obvious reasons does not capture 
nonlinear features. However, it preserves the essence of the 3D object which 
may be of practical importance in a variety of applications. 



DEFINITION OF MEDIAL AXIS TRANSFORM 

The Medial Axis Transform (MAT) was first proposed by Blum [13] to 
describe shapes for biological problems. He defined the medial axis as loci of 
centers of locally maximal balls inside an object. In two dimensions, it would 
be the loci of centers of locally maximal disks inside the region. A ball or disk 
is locally maximal if there exist no other balls or disks that contain it. The 
points on the medial axis are called medial axis points. These medial axis points 
together with the radii of the associated locally maximal balls define the medial 
axis transform of an object. 

The formal definition of medial axis transform is as follows: 

Let ^ be a subset of R", x e R” he a point in A. The medial axis transform of 
A, MAT{A), is a subset of consisting of the closure of points (x; rx); r^e R 
such that the ball centered at x with radius r^ is locally maximal in A. The set of 
X is the medial axis MA{A). 
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In other words, MAT{A) is a set of (x; rx), where xe A and rx e R, such that 

1 . (x; rx) € MA T(A) Ball{x\ rx) e A 

2. (xi ; rxi ); (x 2 ; rx 2 ) € MAT{A) ^ Ball{xx ; rxi ) c BqH{xi ; rx 2 ) 

The balls that satisfy the above conditions are called medial axis balls. 



2D-MEDIAL AXIS TRANSFORM: 

Clearance Function Representation 

We introduce a clearance function based on the boundary representation to 
record the medial axis transform and proximity information. This representation 
directly associates boundary points to the corresponding proximity metrics so 
that proximity information is immediately available at any given boundary point. 
In addition, we found that by utilizing such a representation one can: 

1. Improve the performance and simplify the implementation of MAT 
computation, 

2. Reduce the redundancy of defining MAT when a boundary representation is 
also available, and 

3. Provide simplified geometric operations during MAT computation. 

The following paragraphs describe the proposed representation and a method 
to computing clearance functions and MAT. 

Definition: (Clearance Function) 

Let P be the set of boundary points of a connected, compact, and regular 
region A, The clearance function C : P — ^ maps a boundary point p g 
P to the distance between p and its projection Mp. Furthermore, since 
the medial axis ball centered at Mp is tangent to di at p, 

Mp=p + CpHp 

, where Up is the unit normal vector at p pointing toward the interior of 
is the distance of projection. 

The clearance function maps a set of boundary points of A to the radii of the 
associated medial axis balls. Since each medial axis ball must touch two or 
more boundary points, the projection from boundaries of a given compact region 
completely defines the medial axis. Moreover, together with the clearance 
function, the projection defines the medial axis transform. 

Proposition: (Medial Axis Transform and Clearance Function) 

Let C be the clearance function associated with boundary of A. The 
medial axis MA{A) and medial axis transform MAT{A) can be 
formulated as 

MA{A) = { X \ x = p + Cp ftp ,\/p e di} 

MAT{A) = { {x; Cp) | x =p + Cp Hp ,^p e di} 
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, where itp is the unit normal and Cp is the clearance function value at a 
boundary point p. 

Given the boundary representation of a compact region, the MAT can be 
concisely described by the clearance function associated with boundary points of 
the region. The task of computing MAT of a compact region is equivalent to 
that of computing the clearance function. 

To visualize the relationship between the clearance function and MAT, we 
could plot the clearance fimctions on the boundary in the (n+l)-th dimension for 
an object in R" . Figure 1 shows such a representation in three dimensions for a 
2D object bounded by a smooth curve. The object lies on the x-y plane where 
the z axis denotes the clearance functions. As the z axis “bends” toward the x-y 
plane, the function curve becomes the medial axis. 




Figure 1: Visualization of the clearance function of an example 2D region. The top figure shows 
the clearance function attached to the boundary of the region; the middle figure shows “bending" 
of the clearance function in progress with the angle; the bottom figure shows that the medial axis 
is the result of projection of the clearance function curve. 
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Figure 2 illustrates the concept of clearance functions of a simple 3D object. 
The figure in (b) is the medial surfaces for the object depicted in (a), (c) is the 
boundary representation of (a) developed onto a plane, and (d) is the clearance 
function representation of (a). 
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Figure 2: Clearance functions of a simple box. 

It can be shown [14] that the clearance function for any given connected, 
compact, and regular regions exists, and is unique and continuous. Clearance 
functions can be computed by taking the infimum of all bisecting functions 
between any pair of boundary elements. A naive approach would be to compute 
all possible bisecting functions and find the infimum of these functions. 
However, since clearance functions are continuous, one can first locate an 
infimum point and trace along the infimum values of the bisecting functions to 
construct the clearance function. For objects with holes, one could first compute 
the clearance function of the exterior boundary and incrementally add the 
interior boundary while updating all the previous clearance functions. The 
following figure shows the steps of computing clearance functions for an 
example 2D region with multiple holes. 
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Figure 3: Clearance functions for a smooth region with holes, (a) to (e) are the intermediate 
results of clearance function computation by incrementally inserting an inner loop and updating 
the existing clearance functions. 

MAT of an object is normally represented by its medial axis and the 
associated radius information. However, for some engineering applications the 
detailed geometry of medial axes is not of crucial importance. For example, one 
might be interested in knowing whether two features are too close to allow 
access to a cutting tool, and what portion of the boundary would not be 
machined with a given cutting tool. If one were to use the medial axis 
representation to locate the uncut boundary, one would need to traverse the 
entire medial axes, flag the portion of medial axes whose associated radii are 
less than the cutting tool radius, and then find the boundary elements 
corresponding to these medial axes. It would be convenient to have the 
proximity information directly recorded on the boundary so that one could 
directly retrieve such information by traversing the boxmdary. 

In our work, the clearance fimction has been successfully applied to 
manufacturability analysis and automated cutting tool selection. For 
manufacturability analysis of roughing operations on a 3D object, one can slice 
the 3D geometry at the pre-determined cutting depths and generate clearance 
functions corresponding to exterior of the sliced cross sections. The boundary 
with its clearance value smaller than the radius of the rough cutting tool is 
therefore not accessible by the specified tool. By the same token, one can 
evaluate manufacturability for finish cutting operations with flat end mills. For 
ball end mill cutting, one would need to generate clearance functions for the 3D 
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model. The clearance function representation allows fast manufacturability 
analysis for cutting operations. 

The following figure shows the model of an injection molding insert. The 
areas which could not be accessed are shown in black (the cutting tool is not 
shown in this figure). 




Figure 4: An injection molding insert and its manufacturability. 

In addition to using clearance functions for manufacturability analysis, one 
can process clearance function for optimal cutting tool selection. Let us 
consider the case of machining time minimization. This could be formulated as 
a function of feed rate, tool path length, number of tool changes, and tooling 
change time. The most difficult part of this function evaluation is tool path 
length. Traditionally, machining time is computed by explicitly generating tool 
path for a given cutting region with a given cutting tool dimension, and then 
calculating the total tool path length. This approach provides more accurate tool 
path estimation, but may be computationally too expensive for iterative 
optimization cycles. 

We developed a strategy of using clearance function to approximate tool path 
length. Given a cutting tool, one can estimate cutting area by taking the integral 
of clearance function within accessible cutting range. Time for machining 
accessible area can be approximated by dividing cutting area by tool radius and 
feed rate. With this approach, the clearance function is only computed once, but 
could be used for function evaluations during optimization iterations. The 
following figure shows a 2D pocket region to be machined with an optimal set 
of three cutters (cutters are not shown in this figure). The darkest region denotes 
the area to be cut by the largest cutter. The region of lighter shading is to be cut 
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by the second largest cutter, and the region of the lightest shading is cut by the 
smallest cutter. 




Figure 5: The results of tool selection for bulk material removal of the sample geometry. 



MAT OF 3D POLYHEDRA 
Influence Zone 

Theoretically, the clearance function can be extended to 3D. In this case, 
bisectors become surfaces rather than curves. However, these surface bisectors 
and the medial surface may have algebraic degree greater than two, which 
makes the computation of 3D MAT sensitive to numerical errors. For example, 
as shown in Figure 6, the two bisectors which are supposed to join each other 
may not intersect because of some round-off errors. This tolerance problem 
could impede implementation of tracing algorithms which rely on accurate 
intersection of bisectors. We propose the concept of “influence zone” to 
alleviate inaccuracies of intersection calculations. In the following discussion 
3D objects are represented in their tessellated forms only. 
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Linear 

bisector Bi 



Nonlinear (parabola) 
bisector B 2 



Figure 6: No intersection point is found between bisector Bi and B 2 if some gap exists. 

The “influence zone” is similar to the “influence region” of [15] and the 
“domain polytope” of [16] with respect to classifying the scope of “visibility” of 
boundary elements. The following discussion focuses primarily on how the 
“influence regions” interact with the object rather than how they interact with 
each other. In this paper the “influence zone” is defined as the region bounded 
by a concave boundary element, either a concave vertex or a concave edge, and 
a set of surfaces which are perpendicular to the adjacent boundary elements of 
this concave element. As it will be explained later, the medial surface section 
inside the influence zone is determined by this governing concave boundary 
element and some other boundary elements. As illustrated in Figure 7, the 
influence zone partitions the space in an object into three types of regions: the 
region inside the zone, the region outside the zone, and the region on the zone 
boundary. The region on the zone boundary, that is, the surface bounding the 
influence zone, is referred to as “influence shell”. It should be noted the present 
discussion does not distinguish whether each region is an open set or a closed set 
since it does not affect the subsequent analysis. 

Region outside influence zone 



Surface which bounds influence 
zone: Influence shell 

Region inside influence zone 



Figure 7: Influence zone partitions an object into three regions. 
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Since a boundary element only “influences” the shape of the medial surface 
within its influence region [17], any nonlinear medial surface section, if it exists, 
will reside inside an influence zone. This argument can be restated as follows. 

Theorem 1: No nonlinear medial surface section of a polyhedron exists 

outside the influence zones of the object. 

Proof: In a polyhedron, a nonlinear medial surface section will result only if 
the medial surface’s governing boundary elements are any of the following 
combinations: vertex-edge, vertex-face, edge-edge (if they are not on the same 
plane) or edge-face. Since all medial surface sections outside the influence 
zones are associated with face-face combination, these sections should be linear 
(planar surfaces in 3D). 

The proposed theorem implies that the intersection between a linear bisector 
and a nonlinear bisector which is sensitive to numerical round-off errors can be 
found indirectly by calculating the intersection between the bisectors and the 
influence shell, as shown in Figure 8. It can be seen that the latter intersection 
operation will be more robust because the influence shell is always 
perpendicular to either bisector along the intersection. 
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Figure 8 (a): No intersection point 
if some deviation exists. 




_ Bisector 



Influence 

shell 



(b): Intersection point exists even with 
deviation. 



In addition, the construction of linear and nonlinear medial surface sections 
can be performed independently. As can be seen in Figure 9, by using the 
influence shell as a “bounding wall”, we can first compute the medial surface 
section outside the influence zone, which is done by trimming the outer linear 
bisectors with the “bounding wall”. Similarly, we can also trim off the inner 
bisectors and obtain the medial surface section inside the influence zone. By 
patching both sections together the complete medial surface is obtained. 
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Moreover, since a complete medial surface is connected, the inner medial 
surface section can be considered as the bridging entity which fills up the holes 
or gaps on the outer section. Thus for applications which weigh computation 
speed more than the shape precision, some approximated polygonal bridging 
section can be constructed instead of computing the real nonlinear inner section. 




Figure 9: Linear MAT sections and nonlinear sections can be computed independently. 



This influence zone can also help to reduce the complexity of computing 
MAT of a 3 D object. The reason for this will be illustrated later. In short, the 
influence zone may well partition an object into more than two sub-regions. The 
MAT section of each sub-region outside the influence zone can be computed 
independently from the others. This argument is restated as follows: 

Theorem 2 : A polyhedron can be decomposed into a set of sub-regions by its 
influence zones. If there exist two sub-regions which are separated completely 
from each other by one influence zone, the medial surface section inside each of 
the two sub-regions can be computed without knowing the other. 

Proof: Assume that a point Pi on medial surface in sub-region SRi is governed 
by some point P2 on boundary elements in sub-region SR2. If this statement is 
true, there must exist an inscribed sphere whose radius equals | P1P2I. However, | 
P1P2I is larger than either | PiCi| or | PiBi| and thus this sphere can not be 
inscribed in the object. Therefore, a point on a medial surface inside SRi is not 
governed by any point on boundary elements inside SR2. This means the medial 
surface inside SRi can be computed as long as the boundary elements on the left 
side of P2C1 are known. The boundary elements inside SR2 are not needed for 
this computation. 




Figure 10: Left shaded region: sub-region SRI; Right shaded region: sub-region SR2. 
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This theorem suggests that under certain conditions the medial surface of a 
polyhedron can be computed in a localized fashion, which reduces complexity of 
overall computation. 

For example, certain 3D tracing algorithms involve a bottleneck “seam” 
tracing stage [18]. In that stage each “seam” (an edge on medial surfaces) is 
checked against all the boundary elements on the polyhedron. However, if the 
polyhedron can be divided into a set of sub-regions by its influence zones, each 
seam in one sub-region only needs to be checked against the boundary elements 
surrounding it. Thus the global checking is avoided and the computation cost 
can be reduced. It is worth noting that though the effect of the influence zone 
partition here is similar to the “Domain decomposition” concept in 2D domain 
[19] as to divide the object into smaller and more manageable pieces, our focus 
is to provide a simple “pre-processor” to localize the MAT construction 
wherever applicable. This approach can be combined with other algorithms 
such as the tracing scheme mentioned previously. On the other hand, the 
constraint of the influence zone is that it is only applicable to objects with 
concave boundary elements. 

The steps of constructing the medial surface sections by applying the 
influence zone concept are illustrated briefly in the following example. As 
shown in Figure 1 1, the polyhedron is first divided into three regions: SRi, SR 2 , 
and the influence zone. We first compute the medial surface section in SRi 
utilizing the boundary elements inside both SRi and the influence zone. The 
boundary elements in SR 2 are discarded since they are irrelevant. This 
computation is not much different from computing the medial surface of a 
convex polyhedron, which is calculating the bisectors and tracing the infimum 
bisectors along the boundary elements in our approach. However, the bisector 
portion which goes outside the influence zone is trimmed off by the influence 
shell. The medial surface in SR 2 can be constructed in a similar fashion. 
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Figure 11: Medial surface in SR) SR 2 , and influence zone can be computed independently. 
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Although the construction of the medial surface inside the influence zone 
seems more complicated because nonlinear medial surface portion may exist, the 
computation involved is still based on calculating and tracing bisectors. 
Similarly, we want to filter out irrelevant boundary elements in advance to 
localize the computation of the medial surface. Fortunately, this filtering can be 
done by discarding the boundary elements which are not confined by the 
governing boundary elements of the previously trimmed medial surface sections. 
As shown in Figure 12, the previously trimmed medial surface sections are MAi 
and MA 2 . Their governing boundary elements are BFi on one side and BF 2 and 
BF3 on the other side respectively. From Figure 12 we know that the BFi and C\ 
are the confined boundary elements. Thus we compute the bisector with 
boundary element BFi and Ci and trim the bisector to the medial surface MA3. 

This filtering criterion can be explained as follows. Since the mapping 
between medial surface and boundary elements is unique and continuous [14], 
the boundary elements governing a confined area A on medial surface are also 
confined by the boundary elements whose medial surface confines A. In our 
case, the inside medial surface (that is, medial surface inside the influence zone) 
can be considered as bounded by the trimmed medial surface sections outside, 
thus the boundary elements governing the inside medial surface should be also 
bounded by the boundary elements governing the outside trimmed medial 
surface. In other words, we discard the boundary element portions which have 
been mapped to existing outside medial surface sections when we construct the 
medial surface section inside the influence zone. Figure 13 shows another 
example where the confined boundary elements are BFi, BF2, BF3 and Ci. 




Figure 12: BFj and Ci are found to be governing boundary elements of the medial surface inside 
the influence zone. 
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Figure 13: BFi, BF 2 , BF 3 and Ci are the governing boundary elements of the medial surface inside 
the influence zone. 

As shown in Figure 14, more complicated cases for computing medial surface 
inside influence zones can be found when some influence zones overlap. We 
can still proceed with the tracing scheme and construct the medial surface 
section inside the overlapping region. However, we conjecture that a more 
efficient computation can be achieved by characterizing the interaction among 
these concave boundary elements. Further study is required to understand this 
issue. 




Figure 14: (a) Two influence zones overlap. 
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(b) Four influence zones overlap. 



Software based on the algorithm discussed above is under development and 
an example result is shown in Figure 15. 
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Figure 15: (a) An example polyhedron. 



(b) The 3D MAT of the polyhedron. 



SUMMARY 

In this paper two approaches are presented to compute 2D and 3D Medial 
Axis Transform. The “clearance function” approach is designed to efficiently 
compute MAT for arbitrarily shaped 2D regions. Though this approach has not 
been developed to determine a ’true’ 3D MAT, it has been utilized to evaluate 
3D objects for various applications. Manufacturability analysis and automated 
cutting tool selection are two examples provided in this paper. The “influence 
zone” method is developed to compute the MAT of 3D polyhedra robustly. 
Though in its present form this approach is limited to polyhedra only, yet it 
demonstrates the possibility to compute 3D MAT in a localized fashion. 
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ABSTRACT 

This paper gives an overview of the rapid evolution of parametrics, from somewhat slow 
beginnings in academic labs to mainstream commercial CAD. Although not recognized by the 
user community, parametric CAD is not a single technique but a set of techniques, each with 
its own advantages and limitations. Each is supported by different technologies. Most CAD 
systems allow one to mix and match different parametric approaches for creating part 
geometry. One objective of this article is to establish a clear terminology of parametric 
paradigms. An enumeration of parametric capabilities for model creation in current 
commercial CAD systems is reviewed. The influence of model history and constraint solving 
techniques on parametric modeling is also examined. Limitations exist in feature validation, 
unexpected model behavior due to topology changes, and solving coupled constraints at full 
3D variational level. The idea of “assembly features” has not yet been exploited in 
commercial CAD. The discussion in this paper is a generalization of parametric capabilities of 
commercial systems; prototypes in academic research labs are not discussed. 



1. BACKGROUND 

When solid modeling based CAD was introduced, it met with resistance 
from designers because of difficulty of use. It was not until the introduction 
of parametric based CAD that this resistance began to melt away. There are 
three claimed benefits of parametrics: 

■ Automatic change propagation 

■ Geometry re-use 

■ Embedding of design/ manufacturing knowledge with geometry 




Parametric technology is not a single technique but a set of 
techniques. Each technique has some capabilities and limitations. Not all of 
the techniques provide all of the above benefits. Also, the last benefit has 
yet to be exploited fully in commercial systems. Common to all parametric 
techniques is associativity that allows changes to propagate automatically. 
Parametrization may be done a priori, such as in design by features or 
modeling of part families; a posteriori, as in feature recognition, or 
concurrently, as in constraint based design. Most CAD systems provide 
many alternative methods to create and modify part geometry. 



2 . HISTORY OF PARAMETRIC CAD 

Initial work on form features was related to automatic recognition and 
extraction from CAD models. Since this paper is not about feature 
recognition, we do not discuss this line of development. Table 1 shows three 
aspects of parametrics development. In the first column we have listed 
implementations of constraint based and feature based systems. As shown in 
Table 1, the concept of design by features was first proposed by Pratt and 
Wilson (1986) in a CAM-I project. Prototype feature-based modeling 
systems began appearing in the mid-1980s, mostly in university research 
labs. Among them were Dixon et al.’s system at University of 
Massachusetts (Cunningham and Dixon, 1988), Turner and Anderson’s 
QTC at Purdue (Turner and Anderson, 1988), and Shah et al’s ASU 
Features Testbed (Shah et ai, 1988). Commercial implementations of 
feature-based modeling became available around 1990, but features were 
only construction macros. 2D constraint based sketching were developed 
independently, initially to support tolerances in CAD (Hillyard & Braid 78, 
Light & Gossard 82). This was followed by application of constraints for 
positioning parts in assemblies. In the mid 1990s most major vendors 
supported constraint and feature-based CAD systems. 

The underlying technology for parametrics is constraint solving. In the 
context of geometric modeling, constraints result in non-linear simultaneous 
algebraic equations. Work in constraint solving has been done both in 
conjunction with CAD and also unrelated to it. In general, a parametric 
problem can be described in terms of a list of variable entities, parameters 
describing the entities, constraints between the entities and the allowable 
range for each parameter. The second column in Table 1 shows the entities 
and constraints used in parametric systems over the years. 

The third column shows the solution techniques used in parametric CAD. 
Simultaneous algebraic equations were solved numerically in early 2D 
systems. Constraint programming (Boming, 1979) was also developed early. 



54 




It involves using graphs; each constraint is associated with a subroutine for 
determining the unknown variable from the known variables. 



Table 1 Parametric CAD technologies; Lines of development 
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Serrano & Gossard (1987) proposed Bipartite graph algorithms to find 
maximal matchings of equations to variables so that each equation is used to 
solve for one variable. However, these algorithms have difficulty with 
strongly connected components (or cycles in the graph) and resort to 
numerical methods (Serrano, 1991). Commercial solvers based on Bipartite 
Graphs, such as DCM-2D, became available in early 1990. Rule based 
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approaches can be divided into degree-of-freedom analysis and pattern 
matching. Degree-of-freedom methods are faster than pattern matching 
(Kramer, 1992). The pattern matching methods search for combinations of 
one free geometric entity, several fixed geometric entities and constraints 
between them which match a pattern in a rule-base (Aldefeld, 1988; Suzuki 
et ai, 1990; and Shimizu et al, 1991). Symbolic solvers based on 
Buchberger’s algorithm for finding Grobner bases were developed by 
Davenport et al (1993), and Buchanan and de Pennington (1993). Methods 
that act directly on geometric entities are divided into algorithmic (graph 
constructive) and rule-based. Algorithmic approaches operate on constraint 
graphs, either by decomposing them (Owen, 1991) or constructing them 
(Bouma et al, 1995). Differences between geometric constraint solvers 
occur in the types of geometric primitives that can be handled, how multiple 
solutions are treated, whether over/underconstrained systems are allowed, 
the combinations of constraints that can be handled and the speed of 
solution. We will see in later sections of the paper that the lack of effective 
means to get the user desired solution and combining of 2D constraint 
solving with history based model changes create many problems for users of 
parametric systems today. 



3. CLASSIFICATION OF CONSTRUCTION MODES 



Figure 1 shows that there are basically two modes in which one can 
create/modify the geometry of parts and assemblies in CAD systems: 
traditional (non-parametric) and parametric. These are further classified into 
seven distinct model construction approaches, as discussed below. 



MODEL 

CONSTRUCTION 

MODE 



|— Non - Parametric 



‘ — Parametric 



pNo construction history 
^with construction history 

f 2D constraint with 3D history 
3D variational 



—Parametric family catalog 

-Feature macros 
^Persistent features 



Figure 1 
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3.1 Non-parametric mode 

Non-parametric modes may be implemented with or without construction 
history. In the traditional method, one creates unconstrained 2D sketches 
from low level entities, then sweeps or lofts them into 3D objects, and/or 
uses primitive solids and Booleans. Positioning of objects for Boolean 
operations or assembly must be done in global coordinates. This makes it 
tedious to construct objects. It is also difficult to make changes to the 
geometry, particularly if construction history is not supported. For example, 
if there was a groove on a hole and we want to change the hole’s diameter 
without changing the groove depth, or to move the hole with the groove, 
there is no easy way to do it. Some limited editing is possible in history- 
based non-parametric CAD. Allowable changes are those related to 
primitive dimensions and positions. Some 3D construction parameters, such 
as sweep distance, sweep direction, and Boolean operation may also be 
changed. The model is rolled back to the point of change; the changed 
primitive is re-created with the new size or position and the rest of the 
history is rolled back. There is still no associativity between parameters of 
different primitives or entities of 2D sketches used. In pure solid models, the 
data stored is at a low level and cannot be directly used in knowledge based 
applications. The design intent is hard to encode in such models. 

3.2 2D constraints with 3D history 

We classify parametric methods into 5 distinct classes, shown in Figure 
1. There are or two versions of constraint based modeling. The more 
common approach found in commercial systems involves constraints 
solving only at the 2D level; 3D construction parameters are edited via the 
construction history. In this approach, the user-defines a planar topology 
and specifies dimensional, geometric and algebraic constraints relating the 
points, lines, arcs of the 2D sketch. The sketch plane can be positioned 
anywhere in space, or even on one of the existing faces of the solid. If the 
sketch is under-constrained, the default scale on the screen is used for the 
unspecified dimensions. The constraint equations are solved in 2D for 
either point positions or parameters of the geometric entities involved. 
These 2D sketches are typically used as sections for sweep or lofting 
operations. When changes are made, the model is rolled back to the 3D 
operation that involves the change. In many modelers, solids resulting from 
3D operations are loosely termed “features”. If the change involves 
parameters in a 3D operation, the construction command is repeated with 
the new parameters. If the change involves parameters in a 2D sketch, 2D 
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constraints are solved again, a new sketch is generated, and then the history 
is replayed. This gives the user the illusion of editing at the 3D level. 

Some systems use terms like “smart” or “intelligent” shapes to imply 2D 
shapes that can be dragged and dropped on another sketch. In case of 
intersections between the curves of the existing sketch and the dropped 
sketch, trimming is automatically done at the first intersection. In such cases, 
outer and inner loops of both sketches are concatenated separately. An 
example is shown in Figure 2. In (a) we see a sketch (lower figure) and a 
predefined shape. In (b) we see the predefined shape dragged and dropped 
on the main sketch. The result, shown in (c) is somewhat like a 2D Boolean 
operation. This type of capability may be regarded as a hybrid between 
constraint based and feature based design since it uses a pre-defined sketch 
from a library of shapes. 





Figure 2 

In complex models, users can be overwhelmed by conflicting constraints 
or under constrained situations. Some hints from the system are helpful. The 
user needs to know not only whether the sketch is under or over constrained 
but also which degrees of freedom are available, or which constraints are in 
conflict. Pure numerical solvers cannot provide this information. Symbolic 
solvers are useful for this type of functionality. 

In 2D constraint based modeling, the construction sequence and 
parameterization must be carefully thought out prior to modeling because 
this will restrict the user to what can be edited after the model is built. 
Constraints cannot be applied or solved at the 3D level. The dependence on 
history creates many unexpected results, particularly when the reference 
entity, such as an edge, is split, merged or deleted. An example of such 
occurrence is shown in Figure 3. When the slot is shrunk away from the 
front edge, one cannot predict what will happen when the two edges on 
either side of the slot are merged. One is chamfered, the other is not. In this 
case the chamfer is applied to the entire edge. In addition, there are the usual 
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problems with constraints solving such as multiple solutions. Each modeler 
users its own set to offer heuristic rules. Some recent work has been done in 
separating constraints into active (used in solving), and passive (used in 
selecting between multiple solutions (Bettig 2001). For example, the 
solution that affects the least number of entities is preferred by some solvers. 
Some constraint solvers solve the equations sequentially, while others solve 
simultaneously. This can also result in different solutions and different 
capabilities. 




Figure 3 

3.3 3D variational design 

By 3D variational design we imply the application and solution of 
constraints on models at the 3D level. However, there is no standard 
approach for 3D variational design, per se. Part positioning in assembly 
design, and application of constraints between the dimensions of two parts 
in an assembly, are special cases of 3D constraint based design. The former 
problem uses fewer degrees of freedom, only those related to position of 
parts not to their shape or size. The latter can easily be solved procedurally. 

Some implementations limit 3D constraints to only entities obtained 
from linear sweep. Figure 4(a) shows a slot created by linear sweep on a 
face of a polyhedron obtained by a separate linear sweep. No constraints 
were used initially. 3D constraints were applied directly to the solid: the 
side faces of the slot and the bottom were made parallel to the sides and 
bottom of the outside body (Figure 4.b). Of course, this functionality does 
not require 3D constraint solving because parallel/perpendicular faces can 
be mapped to parallel/perpendicular lines in 2D sketches and the constraints 
solved in 2D. 

Figure 5 shows a more sophisticated 3D case. The same part of Figure 
4(a) was used but an additional sweep (protrusion) was created on a 
different face and in a different direction than the slot (Figure 5a). The top 
face of the protrusion was then made parallel and coplanar with the bottom 
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of the slot, as shown in Figure 5.b. Even this could be implemented by 
embedding special procedures and without solving 3D constraints. 





Figure 4 




(a) (b) 

Figure 5 

A truly 3D variational system needs a 3D constraint solver; going from 
2D to 3D solving has proved to be challenging. Robust solvers are still not 
available. Thus, CAD systems that support the 3D variational approach are 
still not commercial. Many vendors have come to the conclusion that it is 
very difficult for most users to create 3D models directly with this approach. 
However, the real merit of this approach is in modifying solids that may 
have been created with or without parametrics. 

3.4 Parametric family catalogs 

Parametric part family catalogs allow one to pre-define a part shape 
driven by some key dimensions. An example part family is shown in Figure 
6. Using this approach requires a two phase process. First, a parametric 
model is created by any of the other parametric methods and constrained. A 
table of standard variants is created using only driving dimensions - the rest 
are either calculated from these or are fixed. After a catalog is archived. 
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users can quickly create variants by specifying only the key dimensions or 
use one of the standard variants. Obviously, the domain of such modeling is 
very limited. 




MX-1 TP-27 PC-42 



Part no. 


Hole dia 


Hub dia. 


Outer-dia 


Rim-thck. 


Rim-width 


MX-1 


2.0 


4.0 


8.0 


0.25 


1.0 


MX-6 












TP-27 


1.5 


2.5 


6.0 


0.5 


2.0 


TP-45 












PC-42 


1.0 


3.0 


5.0 


0.40 


4.5 



Figure 6 



3.5 Feature based design 

Form features may be thought of as stereotypical shapes that may be 
encountered frequently in certain problem domains. Therefore, features can 
be predefined and stored in feature libraries. A features definition may 
include some or all of the following: topology, topological relations, 
geometry, geometric relations, dimensional parameters, algebraic relations 
between parameters, and parametric construction history. A definition 
containing both the declarative and constructive specifications would be 
redundant. Usually one or the other is used. 

Features could be implemented as persistent objects or as construction 
macros. Features that are persistent must maintain all topological, geometric, 
and parametric conditions. For example, a through hole must always remain 
through. Features implemented as macros are intended only for initial 
geometry construction and can be modified in any way after construction. 
Instancing a feature onto an existing part incorporates its corresponding 
constraint graph and construction history into the existing model, saving 
design time. However, the feature does not maintain a separate identity; 
users can modify them in any way, as if the feature had been built piecemeal 
rather than as a unit. For example, a hole can be converted to a boss by 
changing the Boolean operation and the sweep direction. Therefore, we say 
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that such construction macros are not persistent and cannot be used for 
downstream applications, such as DFM, DFA, etc. 

Unlike constraint based modeling, both types of feature based design 
requires considerable initial investment in creating feature libraries. 
Commercial systems do not support a very extensive library of pre-packaged 
features. This is because there are many special geometries found only on 
certain kinds of products. Commercial systems only provide some very 
general shapes, such as counter-sunk/bored holes, dovetail slots, etc. Users 
can use pre-packaged feature macros or define their own. The functionality 
of pre-packaged feature macros and vendor feature macros is now the same. 

The process of defining feature macors involves creating a parametric 
solid by one of the methods discussed in the foregoing sections, and 
specifying the Boolean operation to be used for incorporating the feature 
into a solid model. In some systems, limits on feature parameters can be 
specified in terms of inequality constraints. However, these inequalities are 
set to numerical values and not algebraic relations involving other feature 
parameters. The feature may be positioned like any other primitive. In 
some systems one is able to create auxiliary geometry, such as reference 
lines or planes representing edges and faces with respect to which the 
feature’s position will be defined all on the solid model. Once a library of 
features has been created, users can begin to instance them by specifying 
only the independent dimension and position parameters. After the features 
are incorporated in the solid model they are treated just like any other 
parametric portion of the model for the purpose of editing. For example, if 
the feature is created by the 2D constraint and 3D history approach; 
modifications can be made to any of the constraints of the 2D sketch or any 
of the sweep parameters. 

In feature based design users are able to reduce the number of 
construction steps by re-using shapes that have been archived. Persistent 
features can be added or deleted from the model by a single operation; this 
is true of macros only if a single node in the construction history is involved. 
When a feature parameter is changed, the construction history is re-executed 
from the point of change. Because users can change the Boolean operation 
type, sweep operation parameters, and even the topology of the 2D sketch, 
features do not retain their original meaning. This is where commercial 
systems did not follow academic research systems. Additionally, CAD 
systems do not maintain a concurrent and separate feature model in the 
database. Therefore, applications that depend on features cannot be used. 
Another problem that contributes to this loss of functionality is related to 
inadvertent feature intersections with entities of the existing model, 
destroying the stereotypical geometry associated with the feature. 
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In light of the last comment, one might ask if some kind of feature 
validation mechanism is necessary to enforce the rules and relations 
archived in the feature’s definition. Unlike manifold solid models that must 
satisfy precise topological relations (Euler-Poincare), feature models have 
no mathematical basis - they are whatever the creator of the feature library 
meant them to be. Some academic systems have implemented rule based 
validation (Shah, 1995). 



4. COMPARISON OF CONSTRUCTION PARDIGMS 

In this section we compare the six paradigms of geometry identified in 
this paper. Using solid models without parametrics and without history 
reminds us why designers considered CAD systems as detrimental to their 
needs. The systems would only be useful after one had already completed 
the design on paper and then proceeded to electronically document the 
design. Even in that case one cannot afford to make mistakes because 
making changes requires almost as much work as the initial design itself. 
The addition of construction history allows some limited editing, but the 
lack of associativity between the geometric entities prevents most changes 
to be made and to be propagated automatically. These methods are still 
available in CAD systems and can be used if the parametric methods 
discussed below are not justified. 

3D variational modeling can be considered only a curiosity at the present 
time. 2D constraint modeling with 3D history does not require any 
customization on the part of the user-organization. However initial 
construction of the models is even more tedious than pure solid modeling 
because one must not only define the geometry but also all the relationships 
from scratch. Once the initial model is set up, and if it is done skillfully, 
making changes is quick and easy. Since all the geometric modeling and 
constraint capabilities of the CAD system are available for this kind of 
design, the domain of objects that can be model is only limited by the 
capabilities of the CAD system. Of course, rolling back and rolling forward 
using the history tree leads to unexpected results, as discussed before. 

Parametric part family catalogs have limited and specialized use. They 
can be used for creating part variants and for standard components, such as 
fasteners, ball bearings, and pulleys. When catalogs can be used, part 
definition time is minimal. Of course, some initial effort is needed to create 
the catalogs in the first place. 

The articulation and archival of features (persistent or macros) as 
stereotypical shapes allows fast definition of geometry (the system works 
out the details from the stored relations) and design change propagation. 
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Persistent features facilitate automation of some types of analysis, planning 
and other applications which use feature characteristics to drive their 
reasoning. Some problems with features are as follows. Since features are 
viewpoint dependent, feature mapping and recognition are needed to 
transform features between viewpoints. There has not been much progress 
in this direction so far. Also, considerable up-front investment is needed in 
creating feature libraries. Another problem is that the more specific a feature 
is, the faster and easier it makes design, change propagation, or applications 
but the feature becomes less versatile. In other words: 

Design efficiency oc Information Level 

Feature Versatility oc (] /Information Level) 

Consider the connecting rods (Figure 7) that were part of a case study we 
conducted. 9 features were needed to fully model part A. However, Part B 
could not be fully modeled with those 9 features. 19 features were needed to 
model both A and B. 27 features were needed to model an additional group 
of conrods from other automotive manufacturers. Even though the functions 
of these parts are identical, and they even appear to be geometrically similar, 
the number of features proliferates. There are two ways around this problem. 
One is to make the features less specific and the other is to model some non- 
recurring portions of the part without features. The latter approach seems 
prudent in most cases. 




Figure 7 



From the above remarks one should not get the impression that features 
are not versatile at all. Compared to parametric part families, features allow 
a greater variety of shapes to be generated. All the shapes shown in Figure 
8 can be generated with a modest set of features. Because the topologies are 
so different, these parts cannot be modeled as one part family. 

Figure 9 compares four of the six design paradigms with respect to 
design efficiency, change efficiency, domain and initial investment needed 
to begin using the method. By design efficiency we mean the time needed to 
create the initial design. By domain, we mean the variety of parts that can be 
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created. All parametric methods have high change efficiency but the design 
efficiency is proportional to investment. 3D variational CAD is not included 
in these comparisons since it is not available commercially. Also, solid 
modeling without history is not included since that is passe these days. 




Figure 8 
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Figure 9 



5. ASSEMBLY MODELING 

Assembly modeling without parametrics can also be tedious because 
parts are positioned independently in space. Not only is it difficult to do this, 
it also retains no relations. Making changes to part sizes after assembly is 
not possible without repeating the whole process. Constraint based tools 
(co-axial, co-planar, etc.) are now available to align mating parts via related 
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geometry. This helps in both assembly definition and design change 
propagation. Solving for part positions in 3D is relatively easy. 

The concept of features has not yet permeated assembly design. Recall 
that a form feature is a stereotypical shape. So what is an assembly feature? 
It is a stereotypical assembly “situation”. For example, insertion feature or 
sliding contact feature. We define an assembly feature as an association 
between two form features on different parts (Shah 93). Figure 10 depicts 
some examples of assembly features. Assembly features encode mutual 
constraints on mating features' shape, dimensions, position, and orientation. 




(b) alignment feature (c) abutment feature 

Figure 10 



The information that defines an assembly feature consists of both 
directly specified attributes and derived parameters. Structural relations, 
positioning rules and constraints, and Fit are examples of directly specified, 
generic attributes; Part-of is an instance parameter; Dof and Limits are 
derived. Derived parameters are those that are constrained by something 
already in the model, while independent parameters are user choices at the 
time of assembly. For example, the position and orientation of a pin is 
constrained by the hole in which it is to be inserted, whilst the depth of 
insertion is user specified. The conditions for mating(Fit) need to be 
specified also in order to determine if the shape, size, and juxtaposition of 
features make a given assembly possible. Assembly features need to be 
parameterized and stored in libraries. During assembly design, one can 
instance these features and quickly apply them to the model at hand. This 
kind of modeling has been explored only minimally in academic circles and 
not all in industry. There are no assembly feature libraries, or user defined 
assembly features in commercial CAD systems. Assembly models are 
constructed using the constraint based approach not feature based. 
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6 . 



CONCLUSION 



After years of rapid advances in parametric CAD, recent releases seem 
stable as these technologies have matured. This paper gives a generalization 
of parametric techniques in commercial CAD systems. These capabilities 
are embodied in various forms and to different extents in different systems. 
Each system has its own terminology, often influenced by marketing hype. 
These claims and marketing terms are often misleading. This paper attempts 
to provide a generic terminology based on technical factors and tries to 
clarify the real differences between parametric paradigms. 

From this paper one can see that parametric CAD is not a single method 
but a collection of construction and validation methods. Each one has its 
own strengths and weaknesses and hence is appropriate for particular types 
of design. One needs to look at the application (airfoil lofting, variant 
machine design, novel design, etc.); the extent of re-usable information, the 
level of maturity of the product; the type of artifact (door panel, turbine disk, 
structure, etc.); the frequency of introducing new products; the frequency of 
design changes. All methods are useful and one typically needs to combine 
several of them to achieve the desired objectives. 

Some of the methods, such as 3D variational design, are not fully 
developed or widely available. The concept of features has not yet been 
extended to assemblies, yet few people understand the difference between 
that and constraint based assembly design which is commonly available. 
The usefulness of features in assembly design is up for debate. 

Research in feature recognition goes further back than design by features 
or constraint based design. Despite the maturity of this technology and 
availability of a wide range of robust and efficient techniques (Shah 2001), 
feature recognition has not been incorporated into mainstream CAD systems. 
This technology has great potential in automating machining process 
planning but industry does not seem to have demanded this capability from 
CAD vendors yet. 
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Abstract: Current feature modelling systems suffer from a number of shortcomings. One 

is that the meaning of features is often not adequately maintained during 
modelling, which implies that modelling is in essence only geometric 
modelling. Another is that it is not possible to support product models with 
multiple feature views for all product development phases. 

This paper discusses solutions for these shortcomings. Semantic feature 
modelling is an approach to specify and maintain the meaning, or semantics, of 
each feature in a model. Enhanced multiple-view feature modelling is an 
approach to support more product development phases. In the views, feature 
models can be used that contain high-level information. These approaches 
result in more meaningful product modelling, both in the sense of the models 
that are created, and in the sense of how these are created. 



1. INTRODUCTION 

The most important way of product modelling is now feature modelling. 
Although the functionality of feature modelling systems has been 
considerably improved during the last decade, there are still shortcomings. 
This paper will discuss solutions for two of these shortcomings. 




The first shortcoming is that the meaning of features is often not 
adequately maintained during modelling. In many current feature modelling 
systems, “features” only occur at the user interface level, whereas in the 
product model only the resulting geometry is stored. Such systems are in 
essence only geometric modelling systems. In other systems, see for 
example (Parametric 2000), information about features is stored in the 
product model, but it is not consistently checked that the meaning of all 
features is maintained during the whole modelling process. For example, a 
through hole can be turned into a blind hole by blocking one of the openings 
of the hole with a stiffener, without the system even notifying this change, 
see Figure 1. Although geometrically this is correct, it is incorrect in the 
sense that the meaning, or semantics, of the feature is changed from a 
through hole to a blind hole. 

In the semantic feature modelling approach, the meaning, or semantics, 
of each feature* in a model is adequately maintained (Bidarra and Bronsvoort 
2000). In Section 2, it will be described how the semantics of all features is 
specified in their respective classes, using several types of constraints. In 
Section 3, it will be discussed how this semantics is maintained during all 
modelling operations. 




Figure 1. Changing a through hole into a blind hole 



The second shortcoming is that product models with multiple feature 
views for all product development phases are not yet possible. Current 
multiple-view feature modelling systems only support form feature views, 
which can, for example, be used for part detail design and part 
manufacturing planning. Views for conceptual design and assembly design 
are not yet supported. 

In the enhanced multiple-view feature modelling approach presented 
here, views for all four product development phases mentioned above are 
possible. In the views, feature models can be used with high-level 
information. In Section 4, an overview will be given of current multiple- 
view form feature modelling systems. In Section 5, enhanced multiple-view 
feature modelling will be described, in particular the views that are possible 
and how these are related. 

In Section 6, some conclusions and further developments will be 
discussed. 
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2 . 



SPECIFICATION OF FEATURE CLASSES 



Feature class specification involves specification of its shape, its 
positioning and orientation scheme, its validity conditions, and its interface, 
according to the general structure depicted in Figure 2. For all aspects, 
constraints are used. These feature constraints are members of the feature 
class, and are therefore instantiated automatically with each new feature 
instance. 
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Figure 2. Feature class structure 

The basis of a feature class is a parameterised shape. For a simple 
feature, this is a basic shape, e.g. a cylinder for a hole. A basic shape 
encapsulates a set of geometric constraints that relate its parameters to the 
corresponding shape faces. For a compound feature, the shape is a 
combination of several, possibly overlapping, basic shapes, e.g. two 
cylinders for a stepped hole. The faces of a feature shape are labelled with 
generic names, and these names can be used in all modelling operations. For 
example, a cylinder shape has a top, a bottom and a side face. 

Associated to each feature is the notion of nature, indicating whether its 
shape represent material added to or removed from the model (respectively 
additive and subtractive natures). 
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The specification of validity conditions in a feature class can be classified 
into two categories: geometric and topologic. 

One way of constraining the geometry of a feature, is by specifying the 
set of values allowed for a shape parameter. We use dimension constraints 
applied on shape parameters. For instance, the radius parameter of a through 
hole class could be limited to values between 1 and 10 mm. Another way of 
constraining the geometry of a feature is by means of explicit relations 
among its parameters. These relations can be simple equalities between two 
parameters (e.g. between width and length of a square passage feature) or, in 
general, algebraic expressions involving two or more parameters and 
constants. For this, we use algebraic constraints. 

The set of shape faces of a feature provides full coverage of the feature 
boundary. However, for most features, not all faces are meant to effectively 
contribute to the boundary of the modelled product. Some faces, instead, 
have a closure role, delimiting the feature volume without contributing to the 
boundary. The specification of such properties is called topologic validity 
specification. 

For this, we use two sorts of constraints: boundary constraints and 
interaction constraints. A boundary constraint states the extent to which a 
feature face should be on the model boundary. Boundary constraints are of 
two types: onBoundary, which means the shape face should be present on 
the model boundary, and notOnBoundary, which means the shape face 
should not be present on the model boundary. Furthermore, both types of 
boundary constraints are parameterised, stating whether the presence or 
absence on the model boundary is completely or only partly required. An 
example of this is a blind hole class for which the entrance face has a 
notOnBoundaryi completely) constraint, the side face has an onBoundary 
(partly) constraint, and the bottom face has an onBoundary( completely) 
constraint. 

Boundary constraints are unable to fully describe several other functional 
aspects that can be inherent to a feature class as well. These are better 
described in terms of the feature volume or feature boundary as a whole, 
instead of shape parameters or faces. An example of this is the requirement 
that every feature instance of some class should somehow contribute to the 
shape of the part model. 

Such functional requirements can be violated by feature interactions 
caused during incremental editing of the model. Feature interactions are 
modifications of shape aspects of a feature that affect its functional meaning. 
An example of this is the transmutation interaction of the through hole into a 
blind hole in Figure 1. We propose the specification of interaction 
constraints in a feature class in order to indicate that a particular interaction 
type is not allowed for its instances (Bidarra et al. 1997). 
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Shape parameters and constraint variables of a feature may require user- 
supplied data to be provided at feature instantiation stage, as depicted in 
Figure 2. These parameters constitute the feature class interface. The 
specification of the feature class interface determines how feature instances 
will be presented to the user of the modelling system and, thus, how the user 
will be able to interact with them. Essential in the feature class interface is 
the positioning and orientation scheme, which is specified by means of 
attach and geometric constraints. 

An attach constraint of a feature couples one of its faces to a user- 
supplied face of some feature already present in the model. For example, the 
top and bottom faces of a through hole may be used to attach it to, say, the 
top and bottom faces of a block, respectively. 

Geometric constraints position and orient a feature relative to (faces of) 
other features in the model, by fixing its remaining degrees of freedom. For 
this, a geometric constraint relates one of the feature faces to a user-supplied 
feature face in the model, possibly with some additional numeric 
parameter(s). For instance, to position a through slot, a distanceFaceFace 
constraint might be used, which requires an external feature face and a 
distance value. 

Some shape parameters may be implicitly determined from the feature 
attachments, e.g. the depth of a through hole. Other parameters may be 
explicitly specified via algebraic constraints. The remaining parameters need 
a user-supplied value at feature instantiation stage, and are therefore 
included in the feature class interface. 



3. MODEL VALIDITY MAINTENANCE 

Embedding validity criteria in each feature class, as described in the 
previous section, enhances the modelling process, as it guarantees that at the 
creation of a feature instance its semantics effectively matches the 
requirements of its class. In fact, one of the basic ideas of feature modelling 
is that functional information can be associated to shape information in a 
feature model. However, this association becomes useless when the shape 
imprint of a feature, once added to the model with a specific intent, is 
significantly modified later by a modelling operation. Stated differently, 
modifying the semantics of a feature should be disallowed if one wants to 
make feature modelling really more powerful than geometric modelling. 

Feature model validity maintenance is the process of monitoring each 
modelling operation in order to ensure that all feature instances conform to 
the validity criteria specified for them. Maintaining feature model validity 
throughout the modelling process guarantees that all aspects of the design 
intent once captured in the model are permanently maintained. 
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Validity maintenance can be split into two types of tasks: (i) validity 
checking, performed at key stages of each modelling operation; and (ii) 
validity recovery, performed when a validity checking task detected a 
violation of some validity criterion. 

Validity maintenance as described in this paper effectively raises the 
level of assistance provided by the feature modelling system. Together with 
the declarative feature class specification scheme presented in Section 2, it 
forms the core of the semantic feature modelling approach. 

The approach has been fully implemented in the Spiff system, a 
prototype multiple-view feature modelling system developed at Delft 
University of Technology (Bronsvoort et al. 1997). 

The system maintains the Feature Dependency Graph, a high-level 
representation of the structure of the product. It contains all feature instances 
in the model, each of them with its own set of entities (shape, parameters and 
constraints), and all model constraint instances (i.e. constraints that are 
separately defined by the user, possibly between different features in the 
model, with the goal of further specifying design intent). The Feature 
Dependency Graph is a directed graph, defined by the set of all model 
entities (features and model constraints), and by the set of dependency 
relations among these entities. A feature fi is said to be dependent on a 
feature fz whenever fi is attached, positioned, or in some other way 
constrained relatively to fz (i.e. some feature constraint of fi has a reference 
to some entity of feature fz). 

The Spiff system maintains also a geometric model of the product in the 
so-called Cellular Model, and takes care of updating it as required by each 
modelling operation (Bidarra et al. 1998). The Cellular Model is an 
evaluated representation of the feature model geometry, integrating the 
contributions from all features in the Feature Dependency Graph. The 
evaluated geometry of each feature, designated the feature’s shape extent, 
accounts for the bounded region of space comprised by its volumetric shape. 
The Cellular Model represents a feature model as a connected set of 
volumetric quasi-disjoint cells, in such a way that each one lies either 
entirely inside a shape extent or entirely outside it. The cells in the Cellular 
Model represent the point sets of the shape extents of all features in the 
model. Each shape extent is, thus, represented in the Cellular Model by a 
connected subset of cells. The cellular decomposition is interaction-driven, 
i.e. for any two overlapping shape extents, some of their cells lie in both 
shape extents, whereas the remaining ones lie in either of them. In order to 
be able to search and analyse features, each cell has an attribute - called 
owner list - indicating which shape extents it belongs to, see Figure 3. 
Analogously, each cell face has also an owner list, indicating which shape 
faces it belongs to. 
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1 - <block> 

2 ‘ -cbiock, 5tep> 

3- <block, blifKj slot 1> 

4 ‘ <block, blirtd slot 2> 

5 - <bfock, through slots- 

6 * <block, through sloi^ rib> 

7 - <bfoCk^ through slot> 

8 - <fib> 



(a) part (b) Cellular Model (c) cell owner lists 

Figure 3. Cell owner lists in the Cellular Model 

The basic idea of model validity maintenance is that a modelling 
operation, to be considered valid, should entirely preserve the design intent 
specified so far, with each feature as well as with all model constraints. In 
other words, after a valid modelling operation, the feature model conforms to 
all its constraints. 

Modelling operations can be grouped into two major categories: feature 
operations and model constraint operations (or simply constraint operations). 
Feature operations include adding a new feature instance to the model, and 
editing or removing an existing feature in/from the model. Model constraint 
operations include adding, modifying and removing a model constraint. 

The generic scheme of a modelling operation is presented in Figure 4, 
showing its main steps. Also shown in the diagram are the various points at 
which the operation can run invalid. When this is the case, the operation 
branches into the reaction loop instead of following the normal flow, and the 
model enters an invalid state. The main goal here is to enter the reaction 
loop, if required, with sufficient knowledge of the current status of the 
model, so that it can be appropriately handled, reported to the user and, 
ultimately, overcome. We now shortly describe the steps in the diagram; 

1. Dependency analysis This step is only required for the removal of a 
feature from the model, which is not allowed if it has dependent entities 
(features or model constraints) in the Feature Dependency Graph. 

2. Interaction scope determination The feature interaction scope (FIS) 
of a feature operation is the set of all feature instances in the model that 
may potentially be affected by the operation. It is used to avoid checking 
for feature interactions in vain later in the interaction detection (last step 
in Figure 4). 

3. Geometric and algebraic solving process This step is required for all 
modelling operations, except feature removal. Its goal is to determine or 
update the dimensions, position and orientation of all features in the 
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model. The system deploys a dedicated constraint solver for each 
constraint type: a geometric constraint solver, based on extended 3D 
degrees of freedom analysis (Kramer 1992), and a SkyBlue algebraic 
constraint solver (Sanella 1992). At this stage, modelling operations are 
considered invalid if an overconstrained or underconstrained situation is 
detected. 




Figure 4. Generic scheme of a modelling operation 

4. Dimension constraints checking When the solving process is 
successfully concluded, all feature shape dimensions have their values 
assigned, and checking of all dimension constraints takes place. 

5. Cellular Model re-evaluation When this step is reached, each feature 
in the Feature Dependency Graph has all its parameters successfully 
updated. In particular, all feature shape extents have their dimensions, 
position and orientation fully determined. The Cellular Model can now 
be updated. 

6. Interaction detection Once the Cellular Model has been updated, 
checking of topologic validity takes place. At this stage, a modelling 
operation is considered invalid if any boundary or interaction constraint 
is violated. See (Bidarra et al. 1997) for details on the interaction 
detection algorithms. 
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When a modelling operation is invalid, a valid model should be achieved 
again. This is straightforward if the modelling operation is cancelled: all that 
is needed is to backtrack to the valid model state just before executing it, by 
“reversing” the invalid operation. 

However, to always have to recover from an invalid operation by 
undoing it is too rigid. It is often much more effective to constructively assist 
the user in overcoming the constraint violations, after an invalid modelling 
operation, in order to recover model validity again. In most cases, if the user 
receives appropriate feedback on the causes of an invalid situation, it is 
likely that other corrective actions might preferably be chosen. We call this 
process validity recovery, and it includes reporting to the user constraint 
violations, documenting their scope and causes, and, whenever possible, 
providing context-sensitive corrective hints. 

To achieve this, a corrective mechanism was devised -the reaction loop, 
represented in Figure 4- which is activated whenever an operation turns out 
to be invalid. The user can then specify several modelling operations in a 
batch and execute them, in order to overcome the invalid model situation. 
Execution of these reaction operations follows the same scheme of Figure 4, 
which means that their outcome is checked for validity. The reaction loop is 
only exited when, as a result of the specified reactions, the model is valid 
again. At any stage when the model is invalid, the user may give up 
attempting to fix it and backtrack to the last valid stage. 

The specification of reaction operations is supported by automatically 
generated hints, which document each constraint violation detected, and 
suggest solutions. These vary with the operation stage at which the reaction 
loop is entered, and with the type of constraint involved. Referring to the 
scheme of Figure 4, we have: 

1. Dependency analysis At this point, the user is presented a list of all 
entities that depend on the feature /to be removed, in order to decide how 
to handle each of them. For example, the user might choose to remove 
with / some of its dependent entities, and to make others dependent on 
another feature. 

2. Geometric and algebraic solving process For both over- and 
underconstrained situations, the reaction loop provides the user with a 
graphical notification of where the conflict was found, so that appropriate 
corrections can be made. 

3. Dimension constraints checking The user is notified about the 
particular feature and parameter where the conflict was found, as well as 
about the admissible range for that parameter. 

4. Interaction detection For each interaction detected, the user is 
graphically notified of its causes (mostly the features creating the 
interaction), and of its concrete effects (e.g. the feature face or parameter 
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affected). According to the particular interaction type, specific reaction 
choices may also be given (for example, after the modelling operation of 
Figure 1, the user is suggested to replace the through hole by a blind hole 
feature instance). 

In all cases above, the scope of the reaction choices made available is 
restricted to those features and model constraints that are somehow involved 
in the invalid situation. This further assists the user in concentrating validity 
recovery efforts on effective and meaningful reactions. 



4. MULTIPLE-VIEW FORM FEATURE MODELLING 

Multiple- view form feature modelling is a product development approach 
that combines concurrent engineering and feature modelling. Concurrent 
engineering aims at designing better products in less time, by using Design 
for X (DFX — where X stands for any product life cycle phase) (Ulrich and 
Eppinger 2000) and by enabling simultaneous activities in several product 
development phases (Bullinger and Warschat 1995). 

Multiple- view form feature modelling supports applications from various 
phases of product development, by providing interpretations of, or views on, 
the product model for each of these applications. Each view contains a form 
feature model specific for the application. Since the feature models of all 
views represent the same product, they have to be kept consistent. Quite a lot 
of research has been done on multiple-view form feature modelling during 
the last years. Some typical examples of this will be shortly discussed here. 

De Martino et al. (1998) present a system architecture for form feature 
based modelling based on the integration of design by features and form 
feature conversion. The architecture allows creating and updating a design 
feature model, and deriving the context-oriented feature models for other 
applications from this design feature model. It uses one-way feature 
conversion: it only supports propagation of changes from the design feature 
model to the context-oriented feature models. 

Hoffmann and Joan-Arinyo (2000) present an architecture for a product 
master model that connects a CAD system with applications from down- 
stream product development phases. The architecture allows the CAD 
system and the down-stream applications to deposit a representation of their 
internal model that is relevant for other applications in a central master 
model, and also allows these applications to associate information to 
elements of this central model. It uses what might be called partial multiple- 
way feature conversion: it supports propagation of all changes in the CAD 
model to the other applications, and propagation of minor changes from the 
applications back to the CAD system. 
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In the Spiff modelling system (see Section 3), applications from several 
product development phases are integrated by providing views with a 
constraint-based form feature model for each of them (Dohmen et al. 1996), 
and combining these feature models into one product model. It uses 
multiple-way form feature conversion (de Kraker et al. 1997) to allow 
changes in the feature model of any view to be propagated to the feature 
models of the other views. 

The approaches to multiple features views described above, which all use 
form features, share a number of shortcomings. 

First, all approaches focus on the later product development phases, in 
which the geometry of the product has been fully specified. However, the 
early product development phases, such as conceptual design, are also very 
important, because the choices made in those phases have an enormous 
influence on the resulting product. In these phases, the geometry of the 
product is not yet completely known, so the use of form features is limited 
here, and more abstract features need to be introduced. 

Second, all approaches deal with single parts. Real products, however, 
rarely consist of only a single part. Dealing with products that consist of 
multiple parts does not only involve dealing with the separate parts, but also 
with the relations between the parts. In particular, maintaining the validity of 
all parts and the relations between them can be very complex. 

Third, all approaches discard the possibility that a feature model of a 
product for a view cannot be created, because the product does not satisfy all 
requirements from that view. In such situations, the model of the product 
should be adjusted in a way that the product satisfies the requirements for 
that view. To be able to adjust the model of the product automatically, the 
model should capture the intent of the designer in more detail than in current 
multiple- view feature modelling approaches. 



5. ENHANCED MULTIPLE- VIEW FEATURE 
MODELLING 

Instead of form feature models, enhanced feature models are used in the 
new multiple-view feature modelling approach discussed here, to support 
applications from more product development phases. Such a model is built 
from features, which are here defined as an aspect of the product that has 
some functionality. The features can be form features, but are in general 
features at a higher abstraction level. The prototype enhanced multiple-view 
feature modelling system is based on the Spiff modelling system, and 
supports four product development phases; see Figure 5. 
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Figure 5. A conceptual design view (a), an assembly design view (b), a part detail design 
view (c), and a part manufacturing planning view (d), supported by the enhanced multiple- 
view feature modelling approach 



The first phase, in which the product architecture is determined by 
specifying components and their interfaces, is conceptual design. 
Components are built from concepts, such as depressions and protrusions, 
and reference elements. Interfaces between components are specified by 
means of degrees of freedom between the components. The complete 
geometry of the components does not have to be specified in the conceptual 
design view. For example, for some concept only certain properties, such as 
its maximum volume, can be specified. An example of a conceptual design 
view for a bench vice, consisting of a base yaw, a moving yaw and a spindle, 
is given in Figure 5.a. 

The second phase, in which the physical connections between the parts 
are determined, is assembly design. The connections are represented by 
connection features, such as dove-tail and pen-hole connection features; see 
also (van Holland and Bronsvoort 2000). An example of an assembly design 
view of the bench vice of Figure 5. a, with the form features for the 
connections between the components, is given in Figure 5.b. 

The third phase, in which the details of the geometry of parts are 
determined, is part detail design. Detail design features are form features; 
examples are a through hole and a protrusion. An example of a part detail 
design view for the base yaw part of the bench vice of Figure 5. a is given in 
Figure 5.c. 

The fourth phase, in which the way each part is to be manufactured is 
determined, is part manufacturing planning. Manufacturing planning features 
are again form features, such as slot and hole. An example of a 
manufacturing planning view for the base yaw part of the bench vice of 
Figure 5.a is given in Figure 5.d. 
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The new multiple- view feature modelling approach keeps the feature models 
of all views consistent, i.e. it ensures that all views represent the same 
product, based on the relations between these views. 

Before discussing these relations in some detail, it should be noticed that 
they can be divided into a group that deals with the whole product, i.e. the 
conceptual design view and the assembly design view, and a group that deals 
with the individual parts, i.e. the part detail design views and the part 
manufacturing planning views. A part in one of the latter views corresponds 
to a single component in the first views; see Figure 6. 




Figure 6. Relations between the supported views: the conceptual design view and the 
assembly design view deal with the whole product, whereas the part detail design views and 
the manufacturing planning views deal with the individual parts 

The assembly design view allows the designer to refine the interfaces 
between the components in the conceptual design view. A connection feature 
needs to be created in the assembly design view for each interface in the 
conceptual design view, and linked to that interface. The interface and the 
connection feature should reduce the same freedom. In order to 
accommodate the connection feature, form features may be created on the 
components in the assembly design view. If the feature model of the 
assembly design view is changed, the feature models of the other views are 
updated in order to check whether their requirements are still satisfied. 

The part detail design views allow the designer to refine the parts that are 
represented by the components in the conceptual design view, and which 
may have been refined in the assembly design view to accommodate 
connection features. Form features need to be created for each concept in the 
conceptual design view, and linked to that concept. The form features should 
satisfy the requirements specified for the concept, e.g. that the volume 
should be less than 80 cm^. In addition, form features are automatically 
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created to represent the regions of a part that correspond to the form features 
of the connection features on the related component. If the feature model of 
a part detail design view is changed, the feature models of the other views 
are updated in order to check whether their requirements are still satisfied. 

The manufacturing planning views allow the designer to analyse the parts 
for manufacturability and to create a manufacturing plan for them. The 
feature model in a manufacturing planning view is linked to the feature 
model in the corresponding part detail design view. Both views represent the 
same part, and should therefore have the same geometry. If the feature 
model of a manufacturing planning view is changed, the feature models of 
the other views are updated in order to check whether their requirements are 
still satisfied. 

Feature conversion is used to keep the feature models of the views 
consistent, and thus to maintain the relations between the views. It involves 
linking features, mapping features and recognising features. 

One of the ways in which incompletely specified geometry in a product 
model is supported, is the possibility to have variant and invariant 
parameters. Invariant parameters specify model characteristics that result 
from product requirements, variant parameters specify other model 
characteristics. Variant parameters can be changed without invalidating 
product requirements, invariant parameters cannot. Information on variant 
and invariant parameters can be used by the view conversion algorithm to 
automatically adjust the model, if no interpretation of the product model, in 
terms of features of that view, can be found such that all features are valid 
(Noort and Bronsvoort 1999). As described in Sections 2 and 3, feature 
validity is specified by constraints, and therefore, resolving a situation in 
which no interpretation of a product model is possible for some view, is 
essentially a constraint solving problem. 

For the manufacturing planning view in Figure 7.b, no interpretation of 
the model represented by the part detail design view in Figure 7. a can be 
found, because two protrusions are too close together and a blind slot is too 
narrow for the resulting slots to be manufactured. In order to be able to build 
a consistent feature model for the manufacturing planning view with valid 
slot features, the model needs to be adjusted. 

To be able to adjust the model in such a way that all specified product 
requirements remain satisfied, it first needs to be analysed. This analysis is 
based on the constraints of the product model, and uses techniques similar to 
techniques used to analyse under- and overconstrained models (Noort et al. 
1998). This analysis takes into account that only constraints representing a 
variant parameter may be adjusted. 
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Figure 7. If no interpretation for some application can be found, a model is adjusted 

After the analysis, the product model is adjusted, and additional features 
can be added to the model of the view. In the example, the distance between 
the two protrusions and the width of the blind slot are increased in the part 
detail design view {Figure 7.c), and as a result two valid slots can be created 
in the manufacturing planning view (Figure 7.d). 



6 . CONCLUSIONS 

In the semantic feature modelling approach, the meaning of features has 
to be precisely defined in their respective classes, and this meaning is 
maintained during the whole modelling process. 

Compared to more traditional geometric and feature modelling, the 
designer has less modelling freedom. On the other hand, it is guaranteed that 
only meaningful feature models are created. The designer is supported in this 
in a user-friendly way. This seems an important step forward to make feature 
modelling really more powerful than geometric modelling. 

In the enhanced multiple-view feature modelling approach, views for a 
wider range of product development phases can be supported. It has been 
indicated how these views can be kept consistent. 

A feature modelling system with the views described here can effectively 
support a major part of product development. Product information can be 
specified in meaningful ways, e.g. information on global properties of the 
product in the conceptual design view, and detailed information on relations 
between parts in the assembly design view. 
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In conclusion, the new feature modelling approaches described here 
result in more meaningful product modelling, both in the sense of the models 
that are created, and in the sense of how these are created. 
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Abstract: Presented in the paper is a new approach to tool-path generation for sculptured 

surface machining. In the proposed C-space approach, the geometric data 
describing the design-surface, stock-surface and tool shape are transformed 
into C-space elements, and then, all the tool-path generation decisions are 
made in the configuration space (C-space). The C-space approach provides a 
number of distinctive features suitable for sculptured surface machining, 
including: 1) gouge-free tool-paths; 2) uncut handling; 3) balanced cutting- 
load; 4) smooth cutter movement; 5) collision-free tool-path. 



1. INTRODUCTION 

Sculptured surface machining (SSM) is an important technology in 
modem manufacturing industry, especially for automotive and consumer- 
electronics industries, as many products are designed with sculptured surface 
to enhance their aesthetic appeal as well as to meet functional requirements. 
Following five items are considered to be critical factors for a successful 
SSM. 

(1) Gouge-free tool path; Gouge refers to the over-cutting of the workpiece 
during the cutting mode (GOl mode). A concave-gouge may occur at a 
CL-point in a concave region (Figure 1-a), while a convex-gouge may 
occur on a CL-line in a convex region (Figure 1-b). 

(2) Uncut handling: The term uncut refers to the under-cutting of the 




workpiece: a concave-uncut occurs at a concave region when the cutter is 
too large to fit into the concave region without a concave-gouge (Figure 
1-c); a convex-uncut, which is better known as a cusp, occurs between 
adjacent CL-paths. 

(3) Balanced cutting-load: There would be no time to adjust for an abrupt 
jump in the chip-load, resulting in cutter breakage. The fluctuations in 
chip-loads should be estimated a priori so that feedrate be adjusted 
adaptively to maintain a smooth cutting-load (to avoid chatter). 

(4) Smooth cutter movement: Sharp turns in cutter motion would push the 
cutter off the course, leaving tool-marks on the machined surface and 
resulting in out-of-tolerance areas. 

(5) Collision-free tool path: Collision may be categorized either “rapid- 
move” or “cutting-move” type. The former refers to accidental contacts 
between tool elements and work-piece during the traverse mode (GOO 
mode), while the latter refers to contacts between non-cutting tool- 
elements (dead-center, shank, holder) and work-piece during cutting 



(a) Concave-gouge (b) Convex-gouge (c) Concave-uncut 

mode (G01/G02 mode). 

Figure 1 Gouging and Uncut 

According to how CL-points are obtained, tool-path generation 
methods may be categorized either as CC-point approach or as direct 
positioning approach. These conventional approaches are suitable for gouge- 
free tool path generation, but the rest of the requirements can hardly be 
achieved by these approaches [20]. In this paper we present a new approach 
to SSM, called C-space approach, in which the geometric data describing the 
design-surface and stock-surface as well as tool shape are transformed into 
C-space elements, and then, all the tool-path generation decisions are made 
in the configuration space (C-space). The C-space approach provides a 
number of distinctive features suitable for SSM. 

This paper is arranged as follows: the next section contains a 
description of the C-space approach to 3-axis machining, and C-space for 5- 
axis machining is given in the third section. Some implementation issues and 
preliminary results are presented in the fourth section. Finally concluding 
remarks and future research directions are given in the fifth section. 





86 




2 . 



C-SPACE APPROACH TO 3-AXIS MACHINING 



The concept of C-space has long been applied to a range of spatial 
planning problems in connection with the automatic planning of manipulator 
transfer movements [14,15], The C-space idea is easily applied to the (3- 
axis) tool-path planning problem if the cutting tool is treated as the moving 
object and the work-piece plays the role of the obstacle. 

2.1 C-space for 3-axis machining 

The configuration of a 3-axis NC machine system is specified by a 3D 
position vector (denoting the positions of the x-, y-, and z-axis), while its C- 
space is given by the volume (Vnc) in a Cartesian space within the reach of 
the cutting tool. For SSM, we need to have two types of safe C-space: 1) 
Free C-space denoting the ffee-of-collision space; 2) Machining C-space 
denoting the machining space. Now lets consider the two CL-surfaces, one 
for the design surface and the other for the stock surface, as depicted in 
Figure 2: 

(1) Sd = design CL-surface (CL-surface for the design surface). 

(2) Ss = stock CL-surface (CL-surface for the stock surface). 

Then, as shown in Figure 2, the two CL-surfaces would divide the entire C- 
space of the NC machine into three disjoint C-spaces as follows: 

1 . Vf = free C-space (space above Ss exclusive) ; 

2. Vm = machining C-space (space between Ss and Sq inclusive) ; 

3. Vg = gouging C-space (space below So exclusive). 




Figure 2 Construction of C-space for 3-axis Machining 

In die & mold machining, we are given a set of geometric information 
regarding the design-surface of the die, its stock-surface, uncut-allowance, 
cutter shape, etc. Then, C-space Elements = { Ss, Sq, Vf, Vm, Vg} are 
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obtained such that the volume-type elements satisfy Vnc = Vf u Vm u Vg 
with 0 = Vp n Vm Vg- In other words, the overall procedure for 
obtaining the C-space elements is as follows; 

(1) Stock CL-surface (Ss) is obtained from the stock surface.. 

(2) Design CL-surface (So) is obtained from the design surface taking 
into account the uncut-allowance. 

(3) The C-space volume elements (Vp, Vm, Vg) are obtained from the CL- 
surfaces. 

The above C-space elements contain all the geometric information 
necessary for generating tool-paths. Furthermore, the C-space approach 
possesses the following properties [20]. 

1 . There always exists a unique CL-surface for a 3-axis endmill. 

2. The CL-surface for a 3-axis endmill is equivalent to the inverse tool- 
offset (ITO) surface (Figure 3). 




Figure 3 Inverse Tool-offset Surface (ITO-surface) 

Property 1 asserts that the C-space approach will always produce a unique 
and valid CL-surface, while Property 2 provides a robust method for 
generating the CL-surface. The ITO-surface is defined as the envelope of the 
cutter swept volumes obtained by sweeping the inverse cutter over the entire 
surface with its reference point kept on the surface [10]. The inverse offset is 
exactly the same as the 'Minkowski sum' of the surface and the inverse cutter 
[ 21 ]. 

2.2 Characteristics of the 3-axis C-space 

Recall that the requirements for successful SSM are gouge-free, uncut 
handling, balanced cutting-load, smooth cutter movement and collision-free. 
Given in the following are brief descriptions of how the requirements might 
be handled, at least partially, with the C-space method: 

(1) Gouge-free machining: There will be no gouging if all the cutting- 
moves are kept out of the gouging C-space Vg. 

(2) Uncut handling: If the ball-endmill CL-surface So is Gl-continuous[21], 
there will be no concave-uncuts when the part is machined with the NC- 
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data obtained from the CL-surface. Otherwise, clean-up cutting 
operations may be needed along the sharp edges of the CL-surface. 

(3) Balanced cutting-load: In ball-endmilling, the chip-loads can be 
estimated from the differential properties of the design CL-surface (So) 
when the cutting-depth is uniform: Chip-loads are high in concave 
regions and low in convex regions. So cutting-loads may be smoothed 
out by adjusting feedrates (increased at convex regions and decreased at 
concave regions) according to the radii of curvature of So- 

(4) Smooth cutter movement: It is always possible to generate smooth tool- 
paths by tracing out smooth curves on the CL-surface So. 

(5) Collision avoidance: The C-space method allows a straightforward 
mechanism for preventing collisions (cutting-move collision and rapid- 
move collision). This point will be elaborated further in the next 
subsections. 

2.3 Cutting-move collision avoidance 

As shown in Figure 4-a, an endmill assembly consists of four 
elements: cutting-edge, dead-center, shank and holder. Actual cutting actions 
take place only at the cutting-edge. The dead-center is the center region of 
the endmill-bottom which has no cutting capability. If a non-cutting element 
is in contact with the workpiece during a machining operation, we have a 
cutting-move collision. Thus, there are three types of cutting-move collision: 
dead-center collision, shank-collision and holder-collision. 

It should be observed that a dead-center collision may occur 
during a downward-milling only, while a shank-collision may occur during 
a upward-milling. On the other hand, a holder collision can occur in both 
downward milling and upward milling. Now, as depicted in Figure 4-b, 
define an "inverse" tool (IT) for each element of the endmill-assembly: 
cutting-edge IT, dead center IT, shank IT and holder IT. Note that we use the 
same reference-point C in all the inverse-tools. The next step is to generate 
ITO (inverse tool offset) surfaces as follows: 

(1) Cutting-edge ITO-surface: design CL-surface (So) for the cutting-edge 
IT. 

(2) Dead-center ITO-surface: stock CL-surface (Ss) for the dead center IT. 

(3) Shank ITO-surface: stock CL-surface (Ss) for the shank IT. 

(4) Holder ITO-surface: stock CL-surface (Ss) for the holder IT. 

Then, a necessary condition for a holder-collision may be expressed as 
"there exists a region where the holder ITO-surface is higher than the 
cutting-edge ITO-surface", as indicated in Figure 4-c. Similarly, a necessary 
condition for a shank-collision (dead-center collision) may be expressed as 
"there exists a region where the shank ITO-surface (dead-center ITO- 
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surface) is higher than the cutting-edge ITO-surface when the endmill is 
moving upward (downward)". 



Reference point 





Cutting-edge Dead-center Shank 
(b) Inverse-tool 




Cutting-edge ITO(Sd) 




Figure 4 Collision detection 

2.4 Rapid-move collision avoidance 

Rapid-move collisions can be avoided by preventing rapid-moves 
from entering the machining C-space volume Vm- This is equivalent to 
confining the rapid-moves above the stock CL-surface Ss. 



3. C-SPACE APPROACH TO 5-AXIS MACHINING 

Discussed in this section are methods of applying the C-space 
concept to the gouging- and collision-avoidance problems in 5-axis 
machining. The usefulness of the C-space method is rather limited in 5-axis 
machining, but there are certain cases where the C-space concept can be 
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used quite successfully. The C-space methods described in earlier sections 
are easily adaptable to the 5-axis cases of ball-endmilling and side-milling. 
In particular, the offset surfaces can be generated by inverse tool-offset 
method. The problem then becomes one of making sure that the center-line 
of the tool does not interfere with the offset surface. Unfortunately, however, 
the C-space method is not easily applied to 5-axis machining with a flat or 
round-endmill cutter mainly because the concept of CL-surface is not clearly 
defined in this case. Thus, for 5-axis machining, we introduce the concepts 
of "position" C-space and "orientation" C-space. 

3.1 Position C-space methods for 5-axis machining 

For a given part surface Sp, the position C-space of a 5-axis round- 
endmill is constructed as follows. First, construct two offset surfaces of Sp 
for a round-endmill of cutter-radius p and comer-radius x as follows (See 
Figure 5-a): 

■ S° = p-offset surface: Sp is offset with an offset distance of p. 

■ = X'Offset surface: Sp is offset with an offset distance of %. 

Second, the CL volume Vcl bounded by the two offset surfaces S° 

and S° is defined as shown in Figure 5-a. Note that S° = Sp for a flat- 
endmill and = S° for a ball-endmill or a side-milling cutter. Third, the 
cutting tool is shrunk to a line segment called a "tool-axis line" as depicted in 
Figure 5-b. 





Figure 5 Position C-space Construction 

The equation ^c,a) of the tool-axis line is given by: A,(c,a): r(t) = c 
+ / a for 0 < / < L, where L is the length of the tool. With the position C- 
space as given in Figure 5, the following statements can be made concerning 
the validity of the CL-data Cl = (c, a): 
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(1) The CL-point of an endmill is confined within the CL volume, namely, c 
£ VcL. 

(2) There should be one and only one "intersection" between X,(c,a) and S° . 
The first statement is related to do with gouging avoidance but could not 
guarantee it, while cutter-collisions are avoided by the second statement in 
which "intersection" includes a tangential contact as well as a point contact. 
For both ball-endmilling and side-milling, the CL-volume reduces to the p- 
offset surface. Thus, for ball-endmilling, the above statements have to be 
changed to: 

(1) The CL-point should be on the p-offset surface, namely, c e . 

(2) The tool-axis line A,(c,a) makes a single point contact with . 




Side-milling cutter 




Figure 6 Position C-space method 

These restrictions now guarantee gouging avoidance in ball-endmilling. For 
side-milling, on the other hand, the above statements reduce to the following 
statement: 

(l)The tool-axis line ^(c,a) makes a tangential contact with S° . 

As shown in Figure 6, the tool-axis line of a ball-endmill makes a point 
contact with the p-offset surface, while the tool-axis line of a side-milling 
cutter makes a tangential contact with the p-offset surface. 

3.2 Orientation C-space methods for 5-axis machining 

For a given CC-data, its CL-data Cl = (c, a) is uniquely determined 
once its orientation O = (a, (3) is fixed. Thus, the C-space concept can be 
applied to the cutter orientation O instead of to the tool-axis vector a (It is 
not easy to define a C-space for a). For a given CC-path {pj}, we can 
construct a feasible orientation area O for each CC-point pj on the a^-plane 
as shown in Figure 7. If the cutter-orientation angles are within the feasible 
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orientation area, i.e. (a,P)eO, then the CL-data is free from "errors" (such as 
gouging, collision and joint limit-over). 

Let Y denote the arc-length of the CC-path and compute the feasible 
orientation area for each value of y, which may be denoted as 0(y). Then we 
can define a "feasible orientation volume" from 0(y) in the 3D-coordinate 
system formed by a,p and y. The feasible orientation volume in the aPy- 
coordinate system defines an orientation C-space which may be used in 
finding an optimal trajectory of (a,p) along the CC-path. 



0 




Figure 7 Orientation C-space Construction 



4. IMPLEMENTATION ISSUES 

The potential benefits of the C-space approach can only be realized 
through a reliable and efficient implementation scheme. For a successful 
implementation, we need a compact scheme for representing the C-space 
elements, an efficient method for computing the C-space elements, and 
algorithms for generating tool-paths in C-space. In this section, the above 
implementation issues will be examined for the design CL-surface. 

The design CL-surface (So) is the most important C-space element 
because most of the geometric information needed for tool-path generation is 
contained in it. In looking for a suitable representation scheme for So, the 
following items have to be considered: 

(1) The CL-surface (So) can be represented in nonparametric surface[9] 
form: z = f(x,y). 

(2) The CL-surface can be obtained by computing the inverse tool-offset 
(ITO) surface. 

(3) It is required to trace the sharp edges of So (for balanced cutting-load). 

(4) It is required to compute curvatures of Sd (for balanced cutting-load). 

(5) It is required to extract some machining features from Sd (for tool-path 
planning). 

(6) It is required to intersect Sd with planes (for tool-path generation). 
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4.1 Representation and Computation of C-space 
Elements 

It turns out that the above requirements are quite effectively handled by 
the Z-map model[4] which is a special form of discrete non-parametric 
surface model. It is a 2D-array of (real) numbers in which the z-values of the 
surface sampled at the regular grid-points are stored. With the Z-map 
representation, the ITO-surface may be easily obtained from the inverse 
offset method (Minkowski sum of the surface and the inverse cutter) by 
employing one of the cutting simulation algorithms [12, 7]. 

Presented in the following is an example of CL-surface 
implementation based on an edge-extended Z-map model which we call the 
EZ-map model. As shown in Figure 8, a fixed number of z-values are 
adaptively sampled, if necessary, from the grid-edges that are located in the 
near-vertical (or sharp-comer) regions. As a result, the grid-resolution at the 
near-vertical regions can be selectively increased from the z-map grid 
interval to the e-map grid interval. 




Shown in Figure 9 is a CAD model for the design surface of a stamping 
die for the fuel tank of a passenger car, and its master EZ-map model is 
shown in Figure 10. In the example case, the EZ-map model shown in Figure 
10 is defined as follows: 1) Size of the Z-map domain is 1,100 mm by 730 
mm (in x- and y-directions); 2) z-map grid interval = 1 .0 mm; 3) e-map grid 
interval = 0.1 mm; 4) Memory size = 7.07 Mbytes. The procedure for 
generating an EZ-map model from a CAD is called z-map sampling or 
(virtual) digitizing. Running on a SGI workstation (Indigo2 XZ), it takes 
about 50 minutes to digitize the surface and store the data (over 1 million 
points) in the EZ-map. 

Shown in Figure 1 1 is the design CL-surface for a ball-endmill of 30mm 
in diameter. It takes about 34 minutes to generate it from the master model 
of Figure 8 and to store in the same EZ-map form (using the algorithm of 
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Reference 7). Concave type sharp-edges (or pencil curves) in the CL-surface 
are displayed in Figure 12, which takes about 4 minutes to compute (using 
the method of Reference 18). Even though the illustration does not represent 
a full implementation of the C-space method, it does demonstrate that the C- 
space method can be implemented using the EZ-map representation. 




Figure 9 Design Surface (Fuel-Tank Die) Figure 10 Master Z-map 

Model of the Design 
Surface 





Figure 1 1 Design CL-Surface (So) 



Figure 12 Concave type Sharp- 
edges in the CL-Surface 



5. CONCLUSIONS AND FUTURE RESEARCH 
DIRECTIONS 

The main objective of the paper is to present a new approach to 
sculptured surface machining (SSM) because the existing approaches are not 
suitable for handling the SSM requirements. It is postulated that the 
proposed C-space approach could meet all the SSM requirements. The main 
characteristics of the C-space approach include: 1) gouge-free and collision- 
free machining, 2) balanced cutting-load (by relief cutting and adjusting 
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feeds), 3) generation of smooth tool-paths, and 4) tool-path planning based 
on machining features. However, the hard part of the C-space approach is 
finding an efficient implementation scheme. An extended Z-map called EZ- 
map is introduced as a candidate for representing the C-space elements (Ss, 
Sd, Vp, Vm and Vg ), and an illustrative example for a stamping-die of an 
automotive part is presented. At least for the similar type of dies, the EZ- 
map seems to have passed a preliminary test, in terms of its memory 
requirement and computation time. However, the proposed C-space 
approach has yet to go through rigorous testing as well as theoretical 
analyses. As for the future research directions, one may think of the 
theoretical aspects of the C-space approach, implementation issues, and 
applications. 

First of all, theoretical research is needed in such topics as: 1) 
mathematical foundation for the C-space approach to multi-axis NC 
machining, 2) fundamental properties (or features) of the C-space method, 3) 
basic theorems, 4) bounding of errors introduced at discretization. The 
research topics related to the implementation issues include: 1) discrete 
representation schemes for the C-space elements, 2) basic algorithms for the 
discrete models, and 3) computational geometric issues. Finally, there are a 
number of application areas that deserve further research efforts: 1) adaptive 
feed control based on the C-space information, 2) C-space based feature- 
extraction for die-cavity machining, 3) C-space based CAPP for die-cavity 
machining, and 4) optimization of tool-paths and cutting conditions utilizing 
the C-space information, etc. 
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Abstract: The aim of this paper is to focus attention on the role of the user interface in 

the field of geometric modeling. The need to handle, perceive and manipulate 
spatial information in three dimensions and related difficulties as well make 
the potential benefits of user interfaces particularly attractive. We review some 
of the recent related work and indicate where future challenges and 
opportunities may lie. 
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1. INTRODUCTION 

At a recent conference, several well-known scientists assembled in 
attempt to predict the most important factors that will impact computer 
research and applications in the next fifty years {Beyond computation, 1997). 
While history has proven that such attempts are but mere speculation, it is 
interesting to note that the human-computer interface was brought up as one 
of the central prospective issues. One essay, for example, compares the 
human-computer interface to the architecture of a building. While the 
structure of a building supports its functionality, it is the architecture that 
determines the space in which the user lives and works; this space can either 
promote or inhibit productivity, restrict or encourage exploration. Indeed, the 
user interface is often the single most important determining factor in the 




success or failure of an interactive system or application (Baecker et al, 
1995). Gibbs (1997), Nielsen (1993) and Bias (1994) document numerous 
cases in which attention to quality of an interface, or lack of it, have directly 
affected cost, reliability and productivity benefits. Moreover, recent surveys 
of commercial systems (Bobrow et al, 1986; Myers and Rosson, 1992) 
indicate that 30 to 50 percent of application code and comparable amounts of 
development time are devoted to aspects of user interfaces. Yet despite these 
indications, the human-computer interface remains one of the most poorly 
understood elements of systems. In particular, research in geometric 
modeling has overlooked this aspect for a long time. 

In its basic definition, a user interface comprises the input and output 
mechanism and underlying software that drive the interaction with the user. 
In a broader sense, the user interface can be said to include anything that 
shapes the user’s experience in achieving a particular task via computer 
(Baecker et al, 1995). In light of this definition, this paper aims to focus on 
the role of the user interface in the geometric modeling field. The need to 
handle, perceive and manipulate spatial information in three dimensions and 
related difficulties as well make the potential benefits of user interfaces 
particularly attractive. In this paper, we review some of the recent related 
work and attempt to indicate where future challenges and opportunities may 
lie. 

Interaction with spatial geometric models opens a multiplicity of possible 
modes of interaction. Some of these modes deal directly with object 
manipulation, white other deal with display of related information or 
inference of user intent. 

In this paper we skip over the description of the traditional ‘graphic user 
interface’, along with related issues such as simple direct manipulation of 
three dimensional objects, zooming, panning and rotation, and various 
discourse methods such as menus and dialogs. These methods are applied 
today to almost any information technology field, and are therefore beyond 
the scope of this paper. For a historical perspective on the development of 
these methods see (Baecker et al, 1995). The following sections elaborate on 
more recent approaches and demonstrate how they can be employed in 
geometric modeling tasks. Some examples from a working implementation 
in our lab are demonstrated. 



2. MANIPULATIVE USER INTERFACES 

User expectation is often based on real world practice and feedback, 
particularly in geometric object manipulation that is strongly analogous to 
daily experience. There has therefore been increasing interest in seamlessly 
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blending physically manipulative objects with corresponding virtual 
artifacts. When the user manipulates the physical object, the anticipated 
effects are applied to the virtual counterpart. This approach greatly reduces 
the effort associated with learning a traditional manipulation interface, and 
makes manipulation more fluent and intuitive. 

Manipulative user interfaces can be applied to many object parameters, 
from simple translation and rotation to more complex operations such as 
squeezing, sliding, and tilting. In many cases, the physically manipulated 
object can be related to a particular task; for example, a hinge with a digital 
angle-gauge has been used as a physical control for adjusting the angle of a 
joint in a geometric model. Fitzmaurice et al (1995) use artificial “bricks” as 
a graspable user interface. Ishii et al (1997) describe “phicons” to bridge 
manipulation and tactile feedback between users and microscopic or abstract 
geometry, such as atoms and bits. Harrison et al (1998) describes a tactile 
user interface that allows direct squeezing/sliding and tilting. This is 
achieved using an elongated pressure/position strip along the boimdaries of 
the display. Sliding a finger along the display boundary produces a 
squeezing/sliding effect intuitively similar to that created by flipping a book 
page by squeezing/sliding along its edge. Similarly, static pressure can 
produce a grabbing/holding effect, and tilting of the display produces a 
tilting/rotation effect of the corresponding digital element. 



3. CONCEPT METAPHORS 

In contrast to the hardware metaphors discussed in the previous section, 
concept metaphors (or design metaphors) are exploited by designers to 
create an analogy between a common daily concept and a particular 
computerized task. The metaphor is intended to help the user discover and 
imderstand properties of the target functionality by simple analogy. Common 
design metaphors include viewing the screen as a desktop, considering the 
delete functionality as a trash can, or seeing programs as agents. For 
example, the trashcan metaphor enables us to conceive of the undelete 
operation as a retrieval of objects from the trash, as opposed to the 
permanent erasure associated with emptying the trashcan. Designers and 
users usually re-interpret properties of the source when transferring to the 
target. For instance, when working with a desktop we select an object 
instead of grasping it, or place a file on top of a printer to print rather than 
physically stacking one on top of the other. Carrol et al (1988) and Erickson 
(1990) discuss the foundations for imderstanding and working with design 
metaphors. 
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Recently, design metaphors have been applied to more specific tasks 
such as geometric modeling. One example is Stubblefield’s work (1998) on 
using a spell-checker metaphor to design a ‘Machinability Advisor’ based on 
geometric considerations. The point is to conceive of uimecessarily tight 
tolerances, features that require specialized machine tools, failure to 
standardize features across a part and difficult machining geometries - as 
language errors in a text document. This metaphor was used to create an 
intuitive tool for scanning such errors and correcting them; it offers a 
framework for comparison with other operations, such as replacing repetitive 
occurrences, ignoring certain situations or adding them to a customized 
library, as well as obtaining ‘suggestions’ for correction of common errors. 



4. PHYSICALLY BASED INTERACTION AND 
NAVIGATION 

For many years, the tacit assumption of geometric interfaces was that 
geometric specification would be explicit, accm^te and xmambiguous. As 
geometric modeling moves fi'om mere calculation to more abstract and 
creative design, there is a growing need to support simple ‘free-hand’ 
manipulation of ‘free-form’ shapes. Although such shapes typically require a 
complex mathematical representation, their manipulation must retain 
simplicity, and match the qualitative experience of manipulating ffee-form 
materials in real life (e.g. clay). 

To achieve this kind of interface, it is necessary to have some means of 
simulating the physical behavior of plastic and elastic materials, force fields 
and resistance. The simulation need not be perfectly accurate, but must be 
sufficient to provide realistic feedback. In particular, much work has 
concentrated on evaluating simplified models for behavior of surfaces under 
applied forces and under various constraints of curvature, slope and position. 
Using these systems, a user can poke, pull and deform surfaces and 
boimdary-representation solids and get a realistic result. However, recent 
work also has also addressed guiding issues of using physical simulation to 
help users interact and move within complex geometric environments, where 
traditional manipulation/navigation techniques are insufficient (Xiao and 
Hubbold, 1998). 



5. USER ATTENTION 

While most traditional geometric interfaces rely on icons and menus to 
activate commands and to retrieve information, this approach contradicts the 



101 




growing trend to use pure and realistic graphical representations. In an 
attempt to preserve realism, such representations shim handles, labels and 
other gadgets that would prompt the user for interaction. Instead, the concept 
of ‘hot spots’ has been introduced. Hot spots are locations on the objects that 
have a certain functionality or uniqueness; they are generally invisible, but 
when a graphic user approaches them, they may provide some feedback, by 
changing the shape of the cursor, for example. 

While the concept of ‘hot spots’ has been used primarily in the context of 
virtual reality and web-navigation, this idea is also being used in geometric 
modeling as a means to decrease clutter in display of information as well as 
to display or obtain information in context of a local area and a specific 
operation. For example, we naturally expect hot spots at boundaries and 
comers of resizable objects. In a geometric scene, hot spots can exist at any 
location of a unique geometric property, such as an endpoint, an edge, a 
midpoint, an intersection point or a center point. More complex spots may be 
introduced at mass centroids, or at locations that are likely to induce some 
particular operation. For example, in a model of a mechanism, hot spots may 
be introduced to allow varying a particular degree of freedom. 

The use of hot-spots provides an opportunity for embedding functionality 
and information within a geometric model without overwhelming the user 
with unneeded possibilities. If hot-spots are presented consistently, 
experienced users leam to expect them at certain locations. However, the 
almost infinite possibilities for interaction and the fact that these spots are 
initially invisible may create problems; hence their placement and 
arrangement is a subject of research in itself. Plante et al (1998) and 
Milanese et al (1994) describe ways to anticipate zones more likely to attract 
attention, based on such properties as color, geometry and feature 
discontinuity. 



6. MULTIMODAL COMMUNICATION AND 
VISUAL TRACKING 

While direct manipulation and traditional interfaces rely on specially 
tailored devices, multimodal methods use natural modes of communications 
such as speech, gestures, gaze, fmger/hand-pointing and facial expressions. 
Although these modes of communication are indirect, they are considered 
effortless and intuitive for humans. They present an opportunity for fluent 
and efficient commimication, but at the same time present a severe real-time 
computational and algorithmic challenge. The challenges are multiple; first, 
the communicating human must be tracked and singled out from a possibly 
noisy background. Then, communicated messages must be captured and 
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filtered. Finally, the captured message must be interpreted, often in context 
of the current operation, of other messages and of previous messages, and in 
context of the user’s history. For practical reasons, current implementations 
of multimodal communications are typically limited to well-defined tasks. 
The multimodal approach is particularly attractive for communication in 
virtual or augmented environments, where the use of devices may be 
cumbersome. 

Several works address issues related to tracking facial features and 
expressions in real time for multimodal interaction (see, for example, Yang 
et al (1998)) under various noise, lighting and background conditions. 
Cipolla and Hollinghurst (1998) describe a system for real-time uncalibrated 
identification of finger pointing. They apply their method to direct robot 
motion, but many other geometric applications come to mind. Di Bernardo et 
al (1998) discuss methods for monocular tracking of the human arm in three 
dimensions. Beyond capturing gestures, the human arm can also serve to 
define spatial form and to activate mechanisms. 

Capturing gestures is a particularly difficult task if the gestures are to be 
interpreted as having a symbolic meaning. In a geometric modeling context, 
a hand wave may be used to indicate that an object is to move away or come 
closer or spin, or that its characteristics may be queried. Yachida and Iwai 
(1998) and Cassel (1998) address some of these issues. 

Figure 1 illustrates the basic setup of a gesture capturing system we have 
constructed (Meermeier, 1998). A camera is set up so that it has a clear view 
of the user workspace. A fiducial color target is mounted on the user’s hand. 
The target is chosen so that it will not interfere with routine activity of the 
user, such as typing or using the mouse. Two such targets are shown in 
Figure 2. A real-time vision algorithm is then executed to track the position 
of the target. A comparison of the projection of the target on the camera with 
the original (known) geometry can determine the current spatial location and 
orientation of the hand with respect to the camera. This information is then 
used to reflect the hand motions onto an object; Figure 3 shows how a user 
using this system manipulates a teapot object in the backgroimd. 

An additional aspect of multimodal user interfaces is output. In the same 
way that users may convey information easily using natural communication, 
users can also accept information more easily if it is conveyed in a natural 
form. For example, Cassel’s work (1998) also addresses the issue of 
generating gestures to provide natural feedback. Munch and Dillmann 
(1998) discuss ways to create haptic output; their system applies force 
feedback to the mouse so that users inadvertently feel resistance or release 
when they approach a certain location on an object or an interface gadget. 
This conveys a sense of rejection or acceptance, without any explicit 
communication. 
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Manipulated 




Camera 



Figure 1. Basic setup for capturing hand gestures for object manipulation. 




Figure 2. Two hand-mounted targets for visual tracking. 




Figure 3. Manipulating a teapot using hand motion. 
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7 . 



AUGMENTED AND VIRTUAL ENVIRONMENTS 



Just a few years ago, virtual and augmented reality were no more than a 
game. In recent years, however, it has become apparent that these forms hold 
the capacity to become a valuable engineering tool as well. Beyond realistic 
“walk-throughs” and “fly-overs”, there is a trend towards applying these 
technologies to industrial applications, geometric modeling being but one 
possibility. Virtual reality (VR) is characterized by real-time simulation and 
presentation of virtual three-dimensional worlds, set up so that the user can 
be totally (or nearly totally) immersed within the environment, and interact 
with it. Dai (1998) describes a multitude of applications of virtual reality to 
industrial environments, including virtual prototyping, manipulation and 
simulation of virtual objects. In particular, aspects pertaining to physical 
simulation are addressed, such as realistic dynamic and contact simulation 
and ergonomic issues. 

After almost a decade, however, the inherent limitations of VR have 
become apparent Although technical drawbacks such as image blur, update 
rate and response lag are bound to improve as technology progresses, a more 
inherent drawback of VR is that the user is cut off from the immediate 
surroimdings, so that most of the simple activities of any daily working 
environment are precluded. Despite the groundbreaking potential of 
immersive VR, the fact that during a VR session it is almost impossible to 
jot something down in a notebook, pick up a phone, interact with someone 
who just entered the room or even see one’s own body diminishes its 
usefulness as an everyday tool. 

When applying augmented reality techniques, much less information is 
displayed by the computer. Hence, the updating rate can be significantly 
increased so that a better response is achieved. Head-up displays are 
combined with immersive VR so that users can see the natural environment 
overlaid with virtual augmentations at specific points. This method 
eliminates the need to model the environment, and less information must be 
generated by the computer. Stereoscopic views with appropriate position 
dependent visual cues can be used to create the illusion of visual 
augmentation while maintaining contact and allowing dynamic interaction 
with the surroimdings. 

Figure 4 shows two implementations of augmented reality in engineering 
applications. Figure shows a maintenance application where 

maintenance instructions are overlaid onto the maintained device using a 
geometric/information model of the instrument. Figure 4(^) shows a view of 
a milling tool overlaid with synthetic dimensions, as seen by the operator. 
Further information can be found in (Lipson and Shpitalni, 1998). 
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(a) (b) 

Figure 4. Reducing information load using augmented reality: (a) in maintenance, instructions 
are overlaid onto the maintained device using non-immersive augmented reality, (b) a view of 
a milling machine tool overlaid with a synthetic dimension, as seen by the operator, in an 
immersive augmented reality setup. 



8. SKETCHING 

It is interesting to watch how an engineer, when given a design problem, 
instinctively reaches for a pencil and paper. The importance of drawing, both 
formal drafting and informal sketching, has been the subject of extensive 
research. In a series of experiments, Ullman et al (1990) show the necessity 
of drawing during all developmental stages of a mechanical design. Ullman 
notes that “... engineers are notorious for not being able to think without 
making “back-of-the-envelope” sketches of rough ideas ... Sometimes these 
informal sketches serve to communicate a concept to a colleague, but more 
often they just help the idea take shape”. In a study of architectural design, 
Herbet (1987) defines sketches as “informal, private drawings that 
architectural designers use as a medium for graphic thinking in the 
exploratory stages of their work”. According to Herbert’s theory, sketches 
provide an extended memory of the visual images in the designer’s mind, 
and, since they can be made rapidly, allow for more facile manipulation of 
ideas at various levels of abstraction. In a survey of the adequacy of CAD 
tools for conceptual design (Puttre, 1993), the author emphasizes the 
fiuency, flexibility and inaccuracy of sketches as a primary quality. An 
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industrial designer, relating to an existing CAD system, is quoted as saying 
“The interface is just not for us. I can do thirty sketches on paper by the time 
it takes me to do two on the computer”. In summary, sketching appears to be 
important for the following reasons: 

1 . It is fast, suitable for the capacity of short term memory 

2. It is implicit, i.e. describes form without a particular structure 

3. It serves for analysis, completeness check and simulation 

4. It is inexact and abstract, avoiding the need to provide unnecessary 
details 

5. It requires little commitment, is easy to discard and start anew 
Despite the fact that a good proportion of an engineer’s representation is 

informal sketching, CAD systems today do not support sketching in any 
meaningful way. In a recent work carried out at our lab, we attempted to 
investigate the possibilities for a design environment suitable for the 
conceptual stage of product development (Lipson, 1998). The emphasis is on 
allowing the designer and the system to communicate rough geometric 
information by sketching spatial concepts. 




Figure 5. Conceptual design by sketching - an illustration. 

Figure 5 above illustrates a key constituent of the proposed approach. On 
the left we see a freehand sketch, the kind of sketch one draws on the back of 
an envelope in a few seconds. We would like the computer to be able to 
“look” at this sketch, just like an engineer colleague would, and perceive the 
three-dimensional object (product) depicted in it. Once the object has been 
perceived, the computer can proceed to analyze and reason about this 
product, predict its key properties and perhaps its manufacturing problems, 
based on the sketch alone, just like a human expert. In the future, the 
computer may also provide alternative designs. Furthermore, once depth of 
the object has been reconstructed, it is possible to change the orientation of 
the depicted object in three dimensions, and continue sketching more details 
from a different viewpoint. In this respect, freehand sketching using this 
approach surpasses the possibilities of sketching with a pencil on paper. 
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where the viewpoint is fixed and cannot be changed. Once the object is 
complete, it may be transformed into an accurate model. However, since 
sketching is an implicit mode of specification, no construction scheme 
exists. Consequently, the transition from a rough to an accurate three- 
dimensional model must be achieved using techniques such as variational 
geometry. 






Figure 6. (a) product sketches, (b) the reconstructed 3D models. 



Although restoration of a three-dimensional object fi’om its projection is a 
mathematically indeterminate step, it can be achieved using image cues. 
Figure 6 above presents some sample results. This technique was 
incorporated into a system for conceptual design of sheet metal products. 
The system accepts a sketch of the product, reconstructs its spatial form and 
creates an engineering model to be analyzed. The results of the analysis are 
conveyed to the user by displaying them back on the sketch. The results 
contain numeric data, drawings of possible flat patterns, and illustrations of 
selected bend lines, as well as error estimators for some of the results. 
Although these results can be expressed in an organized and ‘neat’ output 
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format, an attempt has been made to convey the results in context of their 
original specification, so as to make them more easily accessible. This has 
been achieved by (a) highlighting bend lines as rough marks overlaid on top 
of the original sketch using the reverse projection which was applied for 
reconstruction, and (b) displaying the output flat patterns using rough 
synthesized sketch strokes, with amplitude corresponding to overlap error, in 
order to convey the notion that the results are not accurate and to indicate the 
expected uncertainty. Figure 7 below illustrates an analysis sequence. 



(a) 



Material: steel Thickness; 3 [mtn] 

Area : 3.27 [m‘2] Weight: 39 |Kg] 

Components: 2 Nesting etf; 61% 

Raw mat: 63 [kg| Weld length: 3.4 [m] 
Bends: 9 Cost; 1018.36 

(c) (d) 

Figure 7. (d) original flat (2D) sketch, (b) reconstructed 3D model, 

(c) optimal bend assignments overlaid on original sketch, and 
(d) optimal flat pattern and predicted product properties 

The hardware interaction device, shown in Figure 8 below, provides a 
natural environment for freehand interaction using a virtual drawing table 
that supports natural pen-and-paper-like interactive sketching. This 
apparatus supports both input and output on the same real sheet of paper. 
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Figure 8, Virtual pen-and-paper-like sketching environment. 



9. USER MODELING 

According to the user-modeling paradigm, the productivity of user 
interfaces can be enhanced if applications construct and maintain 
computational models of each user’s ability, knowledge, skills and goals. 
This goes beyond simple maintenance of user preferences, as most programs 
do, because the user model can then be employed to diagnose errors or 
misconceptions, chart progress or offer guidance and advice, tailored for a 
particular user and circumstances. Traditionally, user modeling has 
employed symbolic schemes to represent a user’s knowledge state. Recently, 
however, this concept has been expanded to permit modeling cognitive 
abilities such as spatial cognition; this information directly relates to the 
ability of users to effectively perceive and manipulate three-dimensional 
scenes. Eisenberg et al (1998) discuss an educational system called 
hypergami, in which students design three-dimensional polyhedra. The 
system is used to learn, adapt and determine what makes particular three- 
dimensional structures and orientation more or less difficult to visualize for a 
particular user. This information can later be used to enhance his or her 
productivity. 

Other modes of user modeling can be introduced. A system may discover 
typical work patterns associated with a particular user, preferred viewpoints 
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and common operation sequences. This information may then be used by 
agents and wizards to anticipate and automate tasks. 



10. AGENTS AND WIZARDS 

Computers are usually conceived of as passive tools, yielding 
information upon request. This passiveness constitutes a major drawback, 
because it depletes one of our most limited resources: attention. Traditional 
direct-manipulation CAD interfaces alone are not sufficient. Future 
geometric modeling software will not merely respond to user requests but, 
based on previous activities and built-in knowledge, will anticipate user 
needs and actively seek ways to support the user, exhibiting autonomy and 
intelligence. Software tools exhibiting these qualities are often termed 
‘agents’. Several examples follow: 

Automated alternative seeking. Given a particular engineering solution, 
the computer may search ‘in the background’ for alternative solutions that 
can provide the same functionality under the same constraints; once these 
alternatives are found, they are presented to the user. Even if the alternative 
is not satisfactory, it may stimulate the user to think in new directions. This 
capability requires automatic derivation of functionality and constraints, as 
well as automatic solution. The need to seek a variation on an existing 
solution rather than a completely new solution makes this capability feasible. 
Some examples include: replacing a part in a solid assembly with a lighter 
component that has the same function; identifying a new relevant component 
via the Internet; or verifying the correctness of analysis results and 
suggesting improvements. 

Automated presentation of relevant information. Instead of presenting 
the user with all available information, the system should be selective and 
self-initiate presentation of the relevant information that is appropriate at that 
instance. Examples include automatic selection of the best orientation of a 
CAD model for working on a particular area of the model; automatic display 
of the dimensions appropriate for a particular machining task; or automatic 
online guided maintenance (Lipson and Shpitalni, 1998). 



11. CONCLUSIONS 

Interaction with spatial geometric models opens a multiplicity of possible 
modes of interaction. In this paper we review some of the recent approaches. 
Some of these deal directly with the manipulation of objects, while others 
deal with display of related information or inference of user intent. In this 
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paper we attempted to focus attention on the role of the user interface in the 
geometric modeling field, where the need to handle, perceive and manipulate 
spatial information in three dimensions spawns many challenges and 
opportunities. 
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Abstract: In this paper, the limitations of the current CAD systems are reviewed and the 

required features they should have to become a real design tool are identified. 
Current CAD systems are good enough to be used as a tool to manipulate 
three-dimensional shapes. This is a very important capability to be owned by a 
design tool because a major portion of designers' activities is spent on the 
shape manipulation in the design detailing process. However, the whole design 
process involves a lot more than the shape manipulation. Currently, these 
remaining tasks, mostly logical reasoning process, are processed in the 
designer’s brain. This is one of the reasons why current CAD systems are not 
considered as the real design tool. The research activities being performed at 
Seoul National University to overcome this limitation are discussed in this 
presentation. Their goal is to provide the current CAD systems with the 
capabilities for design process modeling, evolutionary design using design 
intent and accumulated information, and case-based reasoning. 

Key words: Design process modeling, evolutionary design, design information, design 

intent, case-based reasoning 



1. INTRODUCTION 

Traditional mechanical CAD systems are heavily used as a tool in the 
design process owing to their shape manipulation capabilities. This is a very 
important capability to be owned by a design tool because a major portion of 
designers’ activities is spent for the shape manipulation in the design 
detailing process. However, the whole design process involves a lot more 
than the shape manipulation. It should be noted that the shape manipulation 
activity occupies only half the track of a design process. The remaining half 




of the track is the function decomposition process. When a designer is 
assigned a design task, it is usually specified by the desired functions of the 
final design output. Thus the designer’s role is to come up with a product 
composed of parts with the necessary geometry such that the assembled 
product provides the desired functions. The designer usually can not come 
up with the detail geometry of the parts and the inter-part relationship 
directly frorn the desired functions unless a product with very similar 
functions already exists. Instead, the designer breaks down each desired 
function into the combination of smaller functions until he/she can match the 
functions with the geometry of parts or their relationship. When the 
necessary geometry or part relationship is determined, the designer details 
the design by using the shape manipulation capability of current CAD 
systems. The function decomposition process that occurs simultaneously 
with the geometry detailing process is completely handled in the designer’s 
brain. Thus the whole design process or the design history is not stored and 
can not be reused by other designers. Only part of it can be preserved in the 
form of the technical reports. 

Even though the design process modeler supporting the function 
decomposition process as well as the geometry detailing process became 
available, it only could help the designer’s function decomposition process 
in a systematic way as a book keeping software helps the accounting task. 
That is, the intelligent task would be still assigned on the human. Even with 
the design process modeler, the design process would be completely guided 
by the designer. The only difference would be that the resulting design 
process itself is stored and can be referred later. In the conventional design 
process, the previous design process can be retrieved partially by counseling 
the designer who performed the design process or referring the technical 
document. For the current CAD systems to have some intelligence, they are 
desired to have a synthesis capability especially for conceptual design. If this 
capability could be realized, the conceptual design process would be guided 
by a computer instead by the designer. Of course, the computer cannot 
perform the synthesis process without any human intervention, but it can be 
possible with the minimum human intervention if the computer is provided 
with many design cases and the reasoning capability. 

When a designer carries out a design task, he/she usually does not finish 
the design in one attempt, but iterates the design process to evolve into an 
improved design. Thus it would be nice if a CAD system could simulate and 
help this iterative process. For this purpose, the designer should be able to 
create or select the design parameters and define the objective function with 
the design parameters while he carries out the design process in a CAD 
system. 
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As an effort to provide the capabilities listed above, the following 
features are proposed as the key elements to realize a CAD system of a new 
concept. The necessary framework and the implementation ideas of the these 
features are described in the remaining sections. 

- Design process modeling embodying function decomposition and shape 
manipulation 

- Case-based reasoning for conceptual design 

- Evolutionary design with defining design parameters and objective 
functions 




Figure 1. Architecture of the proposed design process modeller 



2. DESIGN PROCESS MODELING EMBODYING 
FUNCTION DECOMPOSITION AND SHAPE 
MANIPULATION 

When we review the design process, we can notice that the designer 
decomposes the given required functions into sub-functions and the structure 
of the whole assembly is decomposed into subassemblies in accordance with 
the decomposed function ^ Thus the earlier stage of design activity is 

dominated by the function decomposition activity while the later stage is 
occupied by the shape manipulation activity. To support these two activities 
in a unified environment, the structure of the system, called design process 
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modeler, is proposed as shown in Figure 1. The design process modeler is 
composed of three processors: function decomposer, shape detailer 
(topology decomposer + geometry detailer), and function evaluator. 
Function decomposer aids the function decomposition process of the 
designer while the shape detailer aids the decomposition of the assembly 
structure as he develops the design. Function evaluator verifies the detail 
geometry against the corresponding decomposed function and thus guides 
the designer to the right design. 

The features of the proposed system will be described with following a 
design case study as follows. We will consider a design of a gearbox. Figure 
2 shows the GUI of the proposed system. The left-hand side viewport is for 
the shape detailer, the upper right-hand side viewport is for the function 
decomposer, and the lower right-hand side viewport is for the structural 
model for the design history. The designer starts the design by modeling the 
abstract shape of the gearbox as shown in the shape detailer. Its abstract 
shape is usually determined by the spatial restrictions. At the same time, the 
designer models the functional aspect of the gearbox as shown in the 
function decomposer. In this example, the designer assumes the the gearbox 
is largely composed of housing, power transmission system, and their 
relationship, rotational support, in terms of functions. 




Figure 2. GUI of the proposed design process modeler 

Then, the abstract geometry of the power transmission system is 
specified in the shape detailer while the rotational support is divided into the 
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related joints as shown in Figure 3. This decomposition and detailing process 
goes on resulting in the design process shown in Figure 4. 




Figure 3. Specification of abstract geometry of power transmission system and decomposition 

of the relationship 




Figure 4. Design process of gearbox 





Figure 5. Evaluation of transmission constant power function 




Figure 6. Redesign of gearbox by activating the design process 

As mentioned earlier, when a function is defined in the proposed system, 
the evaluator for the function is also defined. Thus we can invoke the 
evaluator of the function power transmission system to check whether the 
involved parts can endure the loads corresponding to the desired 
transmission power. According to the evaluation result, the related parts are 
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converted into solids as shown in Figure 5. Another function evaluator check 
interference can be invoked to check the interference between parts in this 
stage. Then we can also activate the whole design process from the 
beginning and get an updated design as shown in Figure 6. This is possible 
because all the steps taken in the design process for designing the gearbox 
are stored by the proposed design process modeler. 



3. CASE-BASED REASONING FOR CONCEPTUAL 
DESIGN 

When human designers are assigned a design task, they always review 
the existing designs for the similar tasks and generate many design 
alternatives by combining the relevant elements of the existing design cases. 
As we know, there is no general software system which recommends the 
possible complete designs for given desired tasks or functions by reviewing 
the existing designs for the similar tasks. However, there have been many 
research efforts to provide the computer with the case-based reasoning^’^ 
capability for the limited scope of the design problem. Here we will 
concentrate on a case-based approach to the conceptual design of 
mechanisms^' for function generation and motion transmission only in the 
functional point of view. Simply speaking, the system for the conceptual 
design system in this work recommends all the possible mechanisms for a 
given task by combining the component mechanisms existing in the existing 
mechanisms in a systematic way. The key idea in the proposed approach is 
that the whole design concept (complete mechanism) or sub-concepts 
(component mechanisms) originated from different design cases can be 
imported and merged to generate a various new design concepts that satisfy 
the given functional requirement. Thus the essential task would be to store 
the every sub-concepts as well as the whole concept of the design cases in 
the computer and to search for their right combinations to result the given 
input and output motion of the desired mechanism. 

The design concept of a mechanism can be identified via individual 
primitive mechanisms constituting the mechanism. The individual functions 
of the primitive mechanisms account for the underlying design concept in 
the functional aspect of the mechanism. Not only the individual primitive 
mechanisms constituting the mechanism but also all possible concatenated 
chains can be a distinct function generator. Thus a new conceptual building 
block can be derived by the combination of two or more primitive 
mechanisms belonging to the mechanism. 

For example, consider a film clawing mechanism illustrated in Figure 
7(a). The mechanism transforms an input motion Rq into two output 
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motions: reciprocating translation (rT) and oscillating shaft rotation (oRo), 
and transmit them to the output link (claw). Two cams transform the input 
rotation into two separate reciprocating motions. Then a slider-crank 
transforms reciprocating motion into oscillating motion. Thus the motion 
transmission of this mechanism can be illustrated in a directed graph as in 
Figure 7(b). 




Figure 7. Kinematic diagram and abstract representation of a film clawing mechanism 



From the design case illustrated in Figure 7(b), the whole design concepts 
and its sub-concepts can be derived as in Figure 8. As more design cases are 
available, the repertoire of the design concepts is expanded. Note that each 
concept has input and output motion(s). These sub-concepts are the building 
blocks to be used for synthesizing the new mechanism. Two concepts or 
mechanisms can be combined if one’s output motion is the same as the other 
one’s input motion, or vice versa. This combination is applied recursively 
until the right combinations of the mechanisms are derived. When the input 
motion of the first mechanism in the chain is the same as the desired input 
motion of the design task and the output motion of the last mechanism is the 
same as the output motion of the design task, the chain of the mechanisms is 
the right one. Figure 9 illustrates that a desired mechanism with input motion 
Mi and output motion Mo is obtained from two primitive mechanism pi and 

Po- 

Among the right combination of the mechanisms, some of them may not 
satisfy geometric constraints involving the direction and position of the input 
and output of the desired mechanism. To generate only the spatially 
satisfactory mechanisms, the spatial knowledge of the primitive mechanisms 
should be prepared in advance because the overall spatial configuration of 
the whole mechanism is determined by the individual configurations of the 
constituent primitive mechanisms. The spatial configuration of a primitive 
mechanism is composed of orientation configuration, direction configuration. 
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and position configuration. The direction configuration is the relative 
direction of the input and the output motions, the position direction 
configuration addresses the relative positional change between input and 
output point, and the orientation configuration refers to the layout of a 
primitive mechanism in a qualitative sense. From these configurations of the 
primitive mechanisms, the configuration of the chain of them can be derived 
and checked against the original requirement. 
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Figure 8. Extracted sub-concepts (sub-mechanisms) of a film clawing mechanism 
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Figure 9. Combination of two compatible partial-matching cases 



4. EVOLUTIONARY DESIGN WITH DEFINING 
DESIGN PARAMETERS AND OBJECTIVE 
FUNCTIONS 

A design process is inherently iterative. In this approach, the iterative 
design process for improving a design is simulated using a genetic engine''* '^ 
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as illustrated in Figure 10. As can be noted from Figure 10, the designers 
should be able to define the design parameters and express the goals 
(objective functions) in terms of the design parameters as they proceed along 
the design process. 

Since a design parameter belongs to a part, it can be defined when the 
part has been or is being defined. In this approach, each part, each 
subassembly, and the whole assembly are stored in the entity called Element 
Object (EO). The element objects are created as the design proceeds or 
already exist for the standard parts such as a gear, shaft, and so on. Thus the 
design parameters are defined when the element object is created. 




Figure 10. Procedure for evolutionary design using genetic engine 

We will illustrate how the proposed system in this work enables 
evolutionary design system using an example. Figure 11 shows how the 
element objects are declared as the designer carries out the design of a 
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gearbox by the design information processor proposed in this work. In this 
example, the gearbox named reducer is divided into five EO’s: Input-Assy, 
Output-Assy, Housing, Requirement, and Team. This division is completely 
up to the designer’s decision. Input-Assy, Output-Assy, and Housing 
represent the input shaft subassembly, output shaft subassembly, and the 
casing of the gearbox respectively. Requirement and team represent the 
information on the design requirement and the members in the team 
respectively. The information on the team members are used to notify the 
design change to the relevant members for the collaborative design. The 
input shaft subassembly, Input-Assy, is again divided into Input-shaft, Input- 
Gear, Bearing 1, and Bearing 2 by the designer. Similarly, Output-Assy is 
divided into Output-Shaft, Out-Put-Gear, Bearing 3, and Bearing 4. When 
EO’s for these component are created (or modified from the existing EO’s 
for the standard parts), design parameters are defined as in Figure 11. Figure 
12 shows the skeleton model of the reducer generated by the designer using 
a geometry processor. The geometry processor runs simultaneously with the 
design information processor shown in Figure 11. 




Figure 11. Process of designing a gearbox in the proposed design information processor 

Figure 13 shows the screen display when the design parameters of a ball 
bearing is defined by retrieving its EO (standard EO in this case). Note that 
the relationship of the design parameters are also specified when they are 
defined. Figure 14 shows the design parameters of the EO of the Reducer. 
The design parameters are chosen by the designer based on his design intent; 
a is the number of the tooth of the input gear, m is its module, b is the 
number of the tooth of the output gear, i is the reduction ratio, and / is the 
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offset distance between input and output shaft. It can be noted from the 
column InducedEO that a was already defined when Input-Gear was defined. 
Similarly, b was also defined when Output-Gear defined. Figure 14 also 
shows that /, /, and m are specified as fixed values while a and b are the 
variables to be optimized in the evolutionary design to be followed. The 
choice of the design variables is also up to the designer and represents his 
design intent. 







Figure 12. Skeleton model of a gearbox generated by geometry processor 
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1) Parameter2 is the parameter that is used in InducedEO 

2) The values in the parenthesis at the Value column may be determined during 
design process. 

Figure 13. Definition of design parameters of ball bearing 




Figure 14. Screen display of design parameters of Reducer 

Figure 15 shows how the objective functions are defined for the 
evolutionary design. Each objective function has the target value and the 
weight factor to be used. Figure 16 shows the resulting design generated by 
the geometry processor from the design parameters determined by the design 
information processor. 
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Figure 15. Design goals constructed fox Reducer 
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CONCLUSION 



Three capabilities of a CAD system to make it a real design tool are 
proposed and their implementation is described. For the proposed 
capabilities are to be used in the real design practice, they should be 
improved as follows. First, the repertoire of functions in the function 
decomposer should be expanded and should have a structure to be expanded 
easily in the course of design practice. Second, the case-based reasoning 
should have more applications other than kinematic linkage synthesis. Third, 
the repertoire of the element objects used in the evolutionary design should 
be expanded and have a structure to be expanded easily in the course of 
design practice. 

Three capabilities mentioned above are developed separately even though 
their goal is identical, i.e. the whole design process is modeled and 
accumulated with the design tasks, and a large portion of the design process 
is guided by a computer if possible. It is desirable to embody them in a CAD 
system such that the capabilities are used in collaboration. This is left until 
each capability is completely understood and implemented. 
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GEOMETRIC MODELLING: LESSONS 
LEARNED FROM THE ‘STEP’ STANDARD 
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Abstract: The first release of the international standard ISO 10303 (STEP) occurred in 

1994. Since that time there has been much activity in translator development 
and in the testing of STEP data transfer in industrial applications. Meanwhile, 
further development of the standard is proceeding, driven to some extent by 
experience gained in the use of the initial 1994 release. This paper surveys 
some of the lessons that have been learned in using STEP, concentrating mainly 
on issues arising in the geometric modelling area. Suggestions are made for 
overcoming some of the problems encountered. 

Keywords: ISO 10303, STEP, shape modelling, algebraic geometry, application 

programming interfaces, geometric accuracy problem, procedural modelling. 



1. INTRODUCTION TO ISO 10303 

The international standard ISO 10303 (ISO 1994, Owen 1997), informally 
known as STEP (STandard for the Exchange of Product model data), has a 
very ambitious coverage; the capture, in electronic form, for data sharing and 
exchange, of product life-cycle data for manufactured products in general. 
Since the initial release in 1994 of twelve parts of ISO 10303, some thirty 
further parts have been published, and many more are under development. 

Compared with its predecessor IGES (USPro 1996), STEP is intended to 
handle a much wider range of product-related data, and it is defined in terms 
of EXPRESS, an information modeling language that forms part of the 




standard. EXPRESS is used for the formal definition of exchangeable 
constructs, though the actual physical format in which the information is 
represented in an exchange file or a shared database is not that of EXPRESS 
itself. Mappings are defined between EXPRESS and the formats used in 
these two situations. 

As it currently exists, ISO 10303 is oriented mainly towards the exchange of 
detailed design data. The parts of the standard that specify the semantic 
content of exchangeable data are called Application Protocols (APs), the 
currently standardized APs being as follows: 

• AP 201 - Explicit draughting (1994) 

• AP 202 - Associative draughting (1996) 

• AP 203 - Configuration-controlled design (1994) 

• AP 207 - Sheet metal die planning and design (1999) 

• AP 214 - Core data for automotive mechanical design processes (2001) 

• AP 224 - Mechanical parts definition for process planning using 
machining features (1999) 

• AP 225 - Structural building elements using explicit shape representation 
(1999) 

All major CAD vendors are now marketing translators conforming to AP203, 
the most widely used STEP Application Protocol. Various other ‘third-party’ 
software developers also have translators available. There is an increasing 
number of ‘success stories’ concerning the productive industrial use of STEP 
transfers (PDES Inc. 2001). Translator development for other Application 
Protocols, including AP202, AP210 and AP214, is well advanced in some 
organizations. 

The following partial list of further APs under development shows the full 
range of products addressed at present, and also some of the product life- 
cycle stages, other than detail design, that are beginning to be addressed 
(schematic design, engineering change management, packaging, analysis, 
process planning, inspection, assembly,. . .). Some entries on the list, for 
example APs 209, 210, 212 and 227, are very close to being published as new 
parts of the ISO 10303 standard at the time of writing. 

• AP 208 - Life cycle management: change process 

• AP 209 - Composite and metallic structural analysis and related design 

• AP 210 - Electronic assembly, interconnection and packaging design 

• AP 212 - Electrotechnical design and installation 

• AP 213 - NC process plans for machined parts 
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• AP 216 - Ship moulded forms 

• AP 217 - Ship piping 

• AP 218 - Ship structures 

• AP 219 - Dimensional inspection 

• AP 220 - Process planning, manufacture and assembly of layered 
electronic products 

• AP 221 - Process plant functional data and its schematic representation 

• AP 222 - Design and manufacturing data for composite structures 

• AP 223 - Design and manufacturing data for cast parts 

• AP 227 - Plant spatial configuration 

• AP 228 - Building services: HVAC 

• AP 233 - Systems engineering data representation 

• AP 235 - Materials information for design and verification of products 

• AP 236 - Furniture product and project data 

Between the inception of work on ISO 10303 in 1984 and its first release in 
1994, the architecture of the standard evolved significantly as the scale of the 
undertaking expanded. This evolution is still continuing, for several reasons: 

• The pace of development is slow under the present mechanisms; 

• Problems of scale have not yet been fully solved; 

• Requirements are emerging for 

- interoperability between different STEP APs; 

- interoperability between ISO 10303 and other related standards, 
notably UML and XML; 

- new modes of accessing the data. 

The first two of these, and the AP interoperability requirement, are being 
addressed by introducing a new modular architecture. In future, APs will be 
composed of separately validated shareable modules covering self-contained 
aspects of product modeling. AP interoperability will be enhanced through 
the sharing of common modules. The last two items are being separately 
addressed. 

However, this paper is not primarily concerned with these high-level 
developments to the standard. The intention here is to review some of the 
experience gained in the early use of the standard, with particular regard to its 
shape modeling aspects. The following sections will also outline some of the 
measures being taken to improve the success of product model exchanges, 
and will suggest some possible future developments that may enhance the use 
of STEP. 
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2. IMPROVEMENTS IN ISO 10303 SHAPE MODELING 



The basic shape modelling resource of ISO 10303 is Part 42 of the standard 
(ISO 1999), ‘Geometric and topological representation’. It provides 
representations of the wireframe, surface and boundary representation solid 
types, together with constructive solid geometry (CSG) capabilities 
(Hoffmann 1989). All the curve and surface types commonly implemented in 
CAD systems are available. This resource formed part of the initial 1994 
release of the standard, but was updated in 1999. The major change was the 
provision of a wider range of primitives for use in CSG, as requested by AP 
developers for the building and construction industries. Additionally, a 
completely new surface type was included, the Dupin cyclide (see Section 
4.1), which has applications in blending and in the design of ducting in 
heating and ventilation systems. 

More major changes in ISO 10303 geometric modelling capability will result 
from the work of the ISO TC184/SC4 Parametrics Group, who are working 
to add new capability for the transmission of CAD models with 
parametrization, geometric constraints and features. This activity is 
discussed in some detail in Section 4 of the paper. 



3. THE GEOMETRIC ACCURACY PROBLEM 

Experience with the use of AP203 has shown that STEP is capable of 
transmitting pure geometric models with a good degree of success, but has 
also revealed one major difficulty that prevents STEP from complete 
fulfilment of its intended potential. This is not a flaw in the standard itself, 
but is related to implementational differences in CAD and other product 
realization systems. It is known as the geometric accuracy problem’, see 
Hoffmann (1989) for a good discussion. 

Such accuracy concerns arise because Brep shape models as used in CAD 
systems contain two classes of information, topological and geometrical. It is 
impossible to maintain complete consistency between these two aspects of 
the model because of the occurrence of computational errors in geometric 
calculations. Unfortunately, inconsistency problems also often occur as a 
result of inappropriate modelling practice by system users. As an example of 
such an inconsistency, consider a case where the model topology states that 
two edges in the model are connected, sharing a common vertex, while the 
geometry says that the end-points of the edges in fact have slightly different 
coordinates. In all CAD systems there is an interpretation of ‘slightly’ in the 
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last sentence in terms of one or more geometric accuracy parameters. These 
are used to resolve questions of coincidence or codirectionality. The trouble 
is that the various CAD systems are not compatible in how they approach this 
problem. For example, one widely-used system judges points to be 
coincident if they are within unit of each other, while another uses 10'^ 
unit for the same criterion. Thus geometric elements that are ‘connected’ 
under the accuracy standard of the first system are almost certainly not 
connected according to the second. The topology transmitted in the STEP 
model will say that they are connected, but the geometry as interpreted by the 
receiving system will disagree, and the overall model exchange will fail. 

Three main approaches have been suggested for overcoming the geometric 
accuracy problem. These are discussed below. 

3.1 Model Quality Testing 

Tests have revealed that the geometric accuracy problem is severely 
exacerbated by the fact that many CAD systems generate models with 
undesirable characteristics. These are often the result of parametric changes 
to the model; they include such phenomena as very small faces and very short 
edges in the model. Often these details are so small that they cannot be seen 
on the CAD system screen without strong magnification. From the 
engineering point of view they are totally negligible, but in data exchange 
they give rise to many situations where the geometric accuracy problem 
arises. Some CAD system vendors have already implemented model 
checking procedures so that undesirable model characteristics can be detected 
and eliminated before a STEP exchange file is generated. However, although 
the use of such methods avoids a significant proportion of the cases where the 
geometric accuracy problem would otherwise arise, it certainly does not 
completely eliminate it. 

3.2 ‘Model healing’ 

This approach is based on the intelligent detection and classification of 
individual geometric accuracy problems. According to the nature of a 
particular occurrence it may be possible to make slight adjustments to the 
geometry of an edge or a face to remove the detected anomaly. Although this 
approach has had some limited success it is generally regarded as being rather 
dangerous. A geometric change that removes a local problem in one place on 
the model may well create one or more further local problems elsewhere. 
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3.3 Semantic study 



The most fundamental approach takes the view that at present the nature of 
the geometric accuracy problem is not well understood. The semantics of 
such phrases as ‘coincident to within system tolerances’ have to be carefully 
worked out in the context of three-dimensional shape modeling, and 
agreement on those semantics must be obtained amongst CAD system 
vendors so that a more uniform approach is taken in their various products. 

The kind of situation that needs to be addressed is illustrated by the case of 
three collinear points. A, B and C. A may be close enough to B for the 
system to judge the two to be coincident. The same may be true of B and C. 
However, coincidence of A with B and of B with C does not necessarily 
imply that A is coincident with C, since the actual distance between these 
points may lie outside the system's ‘point coincidence’ tolerance. 

3.4 Alternative Approaches 

There are other longer-term possibilities for alleviating or overcoming the 
geometric accuracy problem that have not so far been addressed. The first is 
simply to improve the training given to CAD system operators. At present, 
training is usually concentrated on presentation of the functionality available 
in a system. What is needed is further instruction on model creation strategy 
- how to use that functionality to the best advantage, and in particular how to 
ensure good model quality. This is a whole subject in its own right, and 
attention to this matter could save industry a great deal of money that is 
currently expended in cleaning up CAD models for use in downstream 
applications. However, training issues are outside the scope of the present 
proceedings, and will not further be explored here. The following sections 
are devoted to a discussion of three other possible approaches to the 
achievement of greater robustness in CAD modeling. 

3.4.1 Use of algebraic geometry representations 

The current de facto standardization on the use of NURBS for free-form 
geometry is not universally applauded. Although in principle NURBS 
provide a useful general-purpose representation encompassing both ‘simple’ 
and fi'ee-form geometry, they are acknowledged to have some disadvantages. 
These include 

• Problems with automatically generated parameterizations 



135 




• Propagation of multiple knots on surface boundaries into the surface 
interior as crease lines 

• The difficulty of determining surface intersection curves in a way that is 
not only fast and accurate but also guarantees to find all branches of the 
intersection (Pratt and Geisow 1986^ 

CAD systems in current use employ surface representations of parametric 
degree up to 20 x 20. Since a degree n x n surface patch has (n+1)^ control 
points, each with three degrees of freedom in the polynomial case and four in 
the rational case, the number of degrees of freedom in a rational 20 x 20 
patch is 1764. Composite NURBS or Bezier surfaces are of course made up 
of meshes of patches. The question is, do we really need all these degrees of 
freedom for design purposes, or are they in fact an embarrassment? 

The algebraic degree of an n x n parametric surface is < 2n^, and the 
intersection of two such surfaces has algebraic degree < 4n‘*. The geometric 
interpretation of this is that there can be as many as 4n'* intersections of the 
curve with a plane. In purely qualitative terms, this implies that the 
intersection curve can be highly oscillatory with respect to a given plane, and 
one manifestation of this is that it may comprise many disjoint branches. 
Some of these may be small loops, difficult to detect using conventional 
‘marching’ strategies for computing intersection curves (Pratt and Geisow 
1986). However, failure to detect them, or to detect limiting points such as 
cusps, self-intersections or self-tangencies of the curve, may lead to incorrect 
topological structures in a CAD model and consequent inconsistency of 
geometry and topology. 

One possible method of overcoming these problems is to find a way of 
modeling with low-degree algebraic rather than parametric surfaces. This 
would avoid at least some of the problems associated with the use of 
geometric elements possessing far more degrees of freedom than are required 
for most engineering purposes. 

Several authors have discussed the virtues of using low-degree algebraic 
surfaces for geometric modelling. The most appropriate degree to use is still 
an open question. A compromise is needed between geometric flexibility for 
the modelling of general shapes and ease of control for the designer. The 
primary advantage of the parametric approach to surface representation lies in 
the availability of control point formulations providing at least a semi- 
intuitive means of shape control; such control is proving less easy to provide 
for modelling with algebraic surfaces. 



136 




It is generally considered that the general quadrics provide insufficient 
freedom for free-form design, though there has recently been some work by 
Froumentin et al. on their use in computer graphics (Froumentin and Chaillou 
1997). The cubic surfaces have been investigated by Sederberg (1990), who 
has suggested a method for their use in the construction of piecewise-defined 
free-form shapes. However, this method is not intuitive for the non- 
mathematical designer, and problems can arise with unexpected changes in 
surface topology as defining parameters are varied. 

While the general cubic possesses 19 degrees of freedom the general quartic 
has 34', which poses an even greater problem in finding means for its 
intuitive control. For this reason investigation of the quartics for design has 
been restricted to special cases, notably the Steiner surfaces (Sederberg and 
Anderson 1985) and the Dupin cyclides (Dutta, Martin and Pratt 1993). The 
latter are easy to handle from the designer’s point of view, and have been 
found useful for the construction of blend surfaces (Boehm 1990, Pratt 1990, 
Pratt 1995), though Martin, de Pont and Sharrock (1986) found that they give 
insufficient freedom for fully free-form design. For this reason Degen and 
Pratt have been studying supercy elides, a class of quartics initially identified 
by Degen (1982, 1986), which proves to contain projective transformations 
of the Dupin cyclides and therefore permits greater freedom for shape 
modelling. These surfaces can can be parameterized by a conjugate net of 
conic curves (Degen 1994, Pratt 1996, Pratt 1997), which are all circles in the 
special case of the Dupin cyclide. The supercyclides have great potential as 
flexible blending surfaces in CAGD, and also have other desirable properties 
as described by Pratt (1997). Some work in supercyclide blending has 
reported by Degen (1994) and by Allen and Dutta (1996). 

It is possible that supercyclides, unlike the Dupin cyclides, will provide 
sufficient geometric freedom for use in fully free-form surface design. In this 
context they have the advantage of naturally giving rise to four-sided patches, 
as used in existing practical CAD systems, rather than three-sided patches as 
generated by most other approaches to algebraic surface modelling (Bajaj 
1993, Dahmen and Thamm-Schaar 1993, Sederberg 1985). There is no 
known work at present on free-form surface design using supercyclides, 
though this is likely be a fruitful area of research. 

Apart from the Steiner surfaces, the Dupin cyclides and the supercyclides, 
one other class of quartic surfaces has been suggested for possible use in 
CAGD. This is the class of generalized cyclides extensively studied by 

* The implicit equation of a surface of algebraic degree n contains '/6(«+l)(n+2)(n+3) coef- 
ficients, of which one may be chosen arbitrarily 
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Darboux (1896), which have recently arisen in some work by Paluszny and 
Boehm (1998). 

Besides the work already cited, there has been extensive study of the use of 
algebraic surfaces purely for blending purposes (see Rockwood 1997 and the 
references therein). However, the intention of this section has been to 
highlight research that may lead to a more general shape modeling capability 
using algebraic surfaces, with consequent improvements in accuracy and 
robustness resulting from the elimination of the unwarranted degrees of 
freedom associated with parametric geometry. 

3.4.2 Use of procedural representations 

A further possibility for overcoming the geometric accuracy problem is to 
transfer a procedural rather than an explicit description of the shape model. If 
the shape is described purely in terms of the sequence of modelling 
operations used to construct it, then these operations will be performed in the 
receiving system following a transfer, and this will lessen the possibility of 
conflict between the internal geometric tolerances of the sending and 
receiving systems. 

Most CAD systems use a hybrid representation in which, for example, a 2D 
profile may be represented explicitly in terms of edges and vertices and a 
solid of extrusion derived from it through the use of an extrusion operator. In 
such a case the explicitly represented profile could still give rise to accuracy- 
related inconsistency in a model exchange. However, such problems are 
usually much less severe for curves and points in a 2D context than they are 
for surface intersections in 3D. It is believed that the use of a procedural 
approach will allow most such 3D computations to be performed in the 
receiving system, thus circumventing the accuracy problem. Work is already 
in progress on the STEP exchange of procedural models, and further details 
are given in the next section of the paper. 

3.4.3 Use of new forms of representation 

It has been suggested that the perceived problems of geometry/topology 
inconsistency, and its manifestation the geometric accuracy problem, can best 
be solved through the use of a single self-consistent model representation. 
Rossignac and OUonnor (1990) have proposed the use of Selective 
Geometric Complexes (SGC), and Rossignac (1997) has more recently 
extended this idea to Structured Topological Complexes (STC). Meanwhile 
Middleditch et al. (2000) are developing a similar but more general approach 
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in the context of the Djinn API work in the UK (Armstrong et al. 2000). 
These are set-theoretic approaches. Like their forerunner, CSG, they suffer 
from the problem that they depend on the underlying concept of the 
neighbourhood of a point. They are therefore difficult to implement since no 
convincing way has yet been found of handling neighbourhoods 
computationally. However, there may be some hope here for the future if the 
implementational difficulties can be overcome. 



4. THE ‘DESIGN INTENT’ PROBLEM 

The types of geometric models that can currently be exchanged by STEP are 
2D drawings, wireframes, surface models and solid models of the CSG and 
Brep types (including faceted Brep models). This reflects the state of CAD 
shape modelling technology as it was in the mid-1980s when STEP 
development commenced. Modem CAD systems generate feature-based 
models that employ parameterization and constraints to capture aspects of 
what is known as ‘design intent’. In particular, this information captures 
knowledge about how the model may or may not be edited (e.g., for purposes 
of design optimization). Parameterization represents design freedom; 
conversely, constraints represent design restraint, often imposed in the 
interests of preserving functionality if design changes are made. Both 
parameterization and constraints are routinely applied to design features and 
their relationships in the model. 

At present, ISO 10303 cannot capture or transfer any of the design intent 
information mentioned in the last paragraph. The result is that the ‘intelligent 
model’ generated in the sending system becomes a ‘dumb model’ in the 
course of translation between systems, simply because the additional 
behavioural information is lost. Thus in the receiving system, following a 
model transfer, no knowledge is available about how the model may be 
edited for subsequent applications. A few commercial systems can 
automatically reconstruct some of the lost data, particularly regarding 
features, but for the most part this has to be a time-consuming manual 
process requiring a good deal of guesswork. 

There are two possible complementary approaches to the capture and 
transmission of design intent in a CAD model. The first is to supplement the 
existing Brep type of model transfer with parametrization and constraint 
information that specifies relationships between geometric elements of the 
model. This will allow some degree of intelligent editing following transfer 
of the model. The additional data are redundant at the time of model 
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exchange, since they only assert relationships that already exist in the model. 
However, following the transfer these relationships are required to be 
maintained in the receiving system, so that some edits are valid while others 
are not. 

A more radical approach is to transfer the model in terms of its constructional 
history, i.e., the sequence of operations used to build it. This clearly captures 
the design intent more closely, and it is also closer to the way that most CAD 
systems represent their model data internally. In fact, the Brep models 
transferred by STEP today are really subsidiary models generated by the 
systems for purposes of display, geometric calculation and user interaction. 

Work is in progress on both these approaches to the enhancement of the 
STEP shape modelling capability. Both are required in practice, because the 
procedural or constructional history approach often makes reference to 
explicit elements that may have imposed parameterization and constraints. 
An example is the use of a 2D sketch or profile, made up of explicit curve 
segments, in the generation of a procedurally defined composite surface by 
the use of a linear or rotational sweep operation. The current status of this 
work is reviewed below. 

4.1 Parameterization and constraints in explicit STEP 
models 

A new STEP resource. Part 108 of the standard, is currently being developed. 
This is upwardly compatible with previously published STEP capabilities in 
the sense that it requires no changes to them to provide its additional 
functionality. This document contains five schemas that provide for the 
capture and transfer of the following types of information: 

• Parameters associated with attributes (in particular, dimensional 
attributes) in an explicit shape model. 

• Constraints expressed as explicit mathematical relationships between 
parameters. 

• Geometric constraints expressed descriptively (including, for example, 
parallelism, perpendicularity and tangency between geometric elements). 

• Further specializations of the geometric constraints for use in a 3D 
assembly modelling context. 

• Sketches or profiles, composed of curve elements, for use in 
constructional operations involving extrusions, rotations, etc. 
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The geometric constraints defined in the third schema are implemented in all 
major CAD systems. Because their semantics are universally understood, 
these relationships are specified descriptively rather than analytically. 
Sending and receiving systems are expected to formulate them 
mathematically in whatever way is most convenient for their internal 
algorithms. 

At the time of writing, the current version of the Part 108 document (ISO 
2001) is being prepared for the first stage of the formal process of acceptance 
as a published part of the STEP standard. 

4.2 Transfer of construction history models in STEP 

ISO 10303 in its current form makes no provision for the exchange of 
procedurally defined or constructional history models, except for a limited 
CSG capability. However, work has now started on the development of new 
capabilities for this purpose. This work is bound to take some time, because 
it is a considerable departure from the ‘snapshot’ types of models that STEP 
has previously been concerned with. Initial work is primarily concerned with 
providing a proof-of-concept demonstration of the transfer of a simple 
constructional history model. This only demands the creation of limited new 
resources, and if the experiment is successful these will be built upon to 
provide a comprehensive new mechanism for model exchange. The 
perceived requirements are as follows: 

• Representations will be needed for constructional operations for a full 
range of modelling elements. This includes not only the low-level 
topological and geometrical elements of Brep modelling, but also higher- 
level constructs such as swept volumes and other types of design 
features. 

• A method is needed for capturing the effect of a screen pick of an 
element by the user of the sending system. 

• A structuring method method is required, because history models are not 
purely sequential. In an assembly, for example, each part will have its 
own sequential history. 

• A mechanism should be provided for the inclusion of ‘design rationale’ 
information, which explains why a particular configuration is modelled in 
a particular way. At present there is no means for the automatic capture 
of such information, and the best that can be done is to provide hooks for 
the association of text files with the part models. 

• Query capabilities are also needed, because the precise result of a 
constructional operation is not always known until the operation is 
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completed. An example is provided by an edge blending procedure, 
which may generate one or more new faces in the model, depending on 
the proximity of other modelling elements to the edge concerned. 

The first and second entries on the list above merit further explanation. 

In the case of model elements already defined by STEP, such as faces, edges, 
vertices and various types of curves and surfaces, the entities that represent 
these elements in the modelling schemas serve a dual purpose as creation 
operations for them. Thus, as far as these low-level requirements are 
concerned, much of what is needed already exists. However, most CAD 
system modelling today is performed in terms of high-level design features, 
and for most of these STEP does not currently have representations. Thus, 
the first major task will be to write specifications of a comprehensive range 
of design feature types using the ISO 10303 information modelling language 
EXPRESS. 

The provision of this new capability in ISO 10303 will amount to the 
specification of a standardized applications programming interface (API) for 
feature-based CAD modellers. Several proposals exist for standardized CAD 
system APIs, and they have recently been surveyed to see whether any of 
them can be used as a basis for developing the new ISO 10303 resource (Pratt 
1998, Pratt and Anderson 2(X)1), but none has proved entirely suitable. 

Regarding the capture of screen pick information, this is the crux of the well- 
known persistent naming problem (Capoyleas, Chen and Hoffmann 1996, 
Kripac 1995). It has not been fully solved by any of the CAD system 
developers, as far as is known, but research is in progress that may provide a 
solution that will work in most commonly occurring cases (Raghothama and 
Shapiro 1997). However, it is currently thought that the problem is less 
severe in the context of data exchange between CAD systems than it is in 
updating a model internally in a single system, which is the situation usually 
considered. The suggested approach for data exchange is to transmit the 
picked element explicitly (i.e., as an explicit face, edge or vertex) in the 
history file. In the receiving system the rebuilding of the model from the 
history data will be in progress, and it will then only be necessary to compare 
the transmitted explicit element with elements of that type in the partially 
reconstructed model. Once a match is obtained the picked element is 
unambiguously identified in the receiving system. It is possible that 
experience will show the need for more sophisticated mechanisms in complex 
cases, but it is believed that the approach described will be sufficient for most 
purposes. 
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The status of the constructional history work is as follows at the time of 
writing. Specifications of feature types for the chosen test part have been 
written, and the format of the construction history transfer file determined. A 
hand-coded transfer file for the part has been created. Several CAD vendor 
companies have been approached as participants in the proof-of-concept 
demonstration, whose objectives are (i) to generate the example transfer file 
directly from a CAD system, and (ii) to regenerate a parametric model in a 
CAD system by reading in the example file. Meanwhile, other experiments 
are in progress that are not currently using STEP for the intermediate transfer 
file. One of these is at KAIST in Korea, where constructional history model 
exchange between two similar systems has already been demonstrated. A 
second is at NIST in the USA, where a procedural model has been 
represented in a STEP-related format from a model in a third CAD system. 
When the file was read back into the same system the design intent proved to 
have been preserved. In both cases, it will be possible to migrate towards the 
use of strict STEP methodology. Once these preliminary experiments are 
complete, a formal ISO project will be started for the full development of a 
constructional history exchange specification for the STEP standard. It 
should also be mentioned that several commercial translator providers have 
written direct constructional history translators (i.e., not based on any neutral 
standard) between pairs of major CAD systems, but of course the technology 
for these is purely proprietary. 

It was mentioned earlier that the use of procedural model transfer may help to 
overcome the geometric accuracy problem, because it largely avoids the 
mismatch of numerical tolerances in the sending and receiving systems. It is 
also believed that constructional history models are more suitable than 
explicit models for long-term archiving, since they are more concise and less 
closely related to any specific modelling technology. 



5. CONCLUSIONS 

The current status of geometric model representation in ISO 10303 (STEP) 
has been surveyed, and some of the problems identified in early experience 
with STEP data exchange described. The geometric accuracy problem was 
initially a serious obstacle to successful model exchange. However, now that 
this has to some extent been overcome, loss of ‘design intent’ is emerging as 
the primary problem in the use of transferred STEP models for downstream 
activities following a model exchange. Various current and future 
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approaches to overcoming both the accuracy problem and the design intent 
problem in CAD data exchange have been reviewed. 
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Abstract This paper proposes a method of representing a product as a feature 
model with multiple views. A feature is defined as a region which is 
composed of connected faces by the edges with the same convexity. The 
method maintains consistent relations between design and manufactur- 
ing features against their modification. The model has more than one 
set of regions and region trees corresponding to an individual view, 
along with a region graph which represents relations among features in 
different views. The graph is generated by scanning the common face 
among the regions in different views. Our method enables detection of 
the features which can be changed independently from the sequence of 
the feature creation, and design and manufacturing features on which 
the shape change has an effect, using the graph and region trees. A 
feature cancel operation is explained as an example of feature manipu- 
lation, which maintains the correspondence of regions using the region 
Euler operations. 

Keywords: Convexity Property, Feature Recognition, Feature Cancellation, Multi- 
ple View 




1. INTRODUCTION 

A feature based modeling system is the major system which supports 
product development activities such as product design, process planning 
and product analysis. The model enriches product data representation 
with semantics information represented by features in some formats. For 
example, in process planning for manufacturing, features are expressed 
as volumes that are obtained on machining a blank shape^~^. In the de- 
sign process, parametric modeling, which changes a shape automatically 
by dimension values, becomes the main method for generating a prod- 
uct model, where features are treated as classes with their dimensions 
in the slot of the frame representation^. However, the present feature- 
based systems are not suitable for representing the relationship of the 
features in different engineering views, because correspondence between 
the volumes and the classes is not explicitly described in the feature 
model. 

In order to deal with the above problems, the Standard for the Ex- 
change of Product Model Data (STEP) gives guidelines on development 
of product model and exchange of product data between engineering pro- 
cesses. Unfortunately, because of difficulty in defining common features 
in different engineering activities, its application is still limited in ex- 
changing shape data, and high-level representations including semantics 
are not shared between design and manufacturing activities. 

However, in research to achieve high-quality and the speed-up of the 
design/production, many studies^“^^ have been done on integrating fea- 
tures in the design and manufacturing processes. Laako and Mantyla 
introduced incremental feature recognition (IFR)®, which executes fea- 
ture recognition after each sequence of geometric modeling operations. 
It can interpret only the part where a Boolean operation is performed. 
In their method, features are treated as sub-graphs whose nodes are 
faces, called attribute adjacency graph(AAG)^. Another example is an 
incremental and localized update of AS VP (Alternation Sum of Volumes 
with Partitioning) proposed by Parinte and Kim^^. Their method up- 
dates the ASVP tree by recognizing a node in the tree which corresponds 
to a changed part. This is performed by re-decomposing the part, and 
then re-combining ASVP components. These two studies are efficient 
for saving time for the model generation and feature recognition by in- 
cremental and localized update of the feature model. However, they lack 
flexibility to represent features with multiple views, and cannot main- 
tain the relation between them. In contrast to the above papers, Inui 
proposed a method which maintains correspondence between features 
by checking and correcting the inconsistency between them after feature 
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modeling operation is done^^. However, the method treats only features 
which can be converted into manufacturing features from design features 
directly, and does not treat features in other views. 

Kraker, on the other hand, proposed a multiple-way feature conver- 
sion method which aims at supporting concurrent engineering^^. In his 
method, a feature model is represented at three levels: feature, canon- 
ical shape and evaluated geometry level. The feature level expresses 
constraint relations between features in different views. The canonical 
shape corresponds to the node in CSG in one view. At the evaluated 
geometry level, the model is represented as a cellular model. He does not 
explain the maintenance method in the feature level, but in the cellular 
model level. The method, however, has a problem that the number of 
cells increases when many features intersect. 

In order to improve the present feature-based systems, we propose a 
new method which represents a product model as a feature model with 
multiple views, by clarifying geometric characteristics which are deduced 
from the edges with the same convexity. The model has more than one 
set of features and feature trees along with a feature dependency graph. 
Here, features are defined as regions which are composed of connected 
faces by the edges with the same convexity. The feature tree repre- 
sents a relation among the regions in one view as a tree structure. The 
tree in the design aspect shows the shape generation procedure and the 
tree in the manufacturing aspect is used for representing the manufac- 
turing sequence. We can add another view, in addition to the design 
and manufacturing views. A feature dependency graph, which repre- 
sents the relations between features in the different views, is obtained 
by scanning the common face among the regions in different views. The 
region is expressed by a similar structure to the half edge data structure 
and manipulated by a set of operations introduced as region Euler 
operations. 

Our method has following advantage. First, correspondence of the 
feature model in one view is maintained automatically by region Euler 
operations, instead of checking the correspondence of regions and their 
boundaries after the feature has changed. We can apply this idea to 
the feature model with multiple views. Second, the method enables de- 
tection of the features which can be changed independently from the 
sequence of the feature creation, as well as the design and manufactur- 
ing features on which the shape change has an effect, using the graph 
and trees directly. Both design features and manufacturing features are 
represented in a product model in the same form as the regions. This 
detection is an important technology to support the concurrent engi- 
neering. 
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In this paper, we introduce a feature model with multiple views, uti- 
lizing regions for each view in section 2. We first explain convexity 
properties and define a feature region using them. Next, we explain the 
data structure of the region, its boundaries and region Euler operations, 
which are basic functions for feature manipulation such as feature recog- 
nition and feature cancellation. In section 3, we describe a method of 
detecting the features which can be changed independently from the se- 
quence of the feature creation, and design and manufacturing features 
on which shape change has an effect. In section 4, we describe a feature 
cancel operation as an example of feature manipulation, where a main- 
tenance method for making consistent feature regions is explained. In 
section 5, we show some examples obtained by our method to demon- 
strate the functions of the method. Finally, in section 6, we summarize 
our method and describe futme work. 

2. REPRESENTATION OF FEATURE 
MODEL 

2.1. DATA STRUCTURE OF FEATURE 
MODEL WITH MULTIPLE VIEWS 

We define a feature as a region which is composed of connected faces 
by the edges with the same convexity. The region is classified into two 
types, additive feature region and subtractive feature region. An ad- 
ditive feature has only convex edges between faces, while a subtractive 
feature has only concave edges between faces. According to the defini- 
tion, a convex face becomes a top face of a boss feature or face in a base 
feature, and a concave face becomes a bottom face of a pocket feature 
(Fig.l). A mixed face which has both convex and concave edges in its 
outer loop can be interpreted as a part of additive feature or subtractive 
feature (Fig. 2(a)). By utilizing such multiple interpretations for features, 
we represent a product model as a feature model with multiple views. A 
product model has more than one set of regions and region trees corre- 




(a)convex face (b)concave face (c)mixed face 
Figure 1 Convexity of faces 
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(a) multiple interpretation 




(b)data structure of feature model 
Figure 2 Feature model in multiple views 



CAD feature CAM feature 




Figure 3 Tree of features in design and manufacturing views 



spending to an individual view, along with a feature dependency graph. 
In this model, a mixed face belongs to some regions corresponding to 
an individual view such as design and manufacturing simultaneously 
(Fig.2(b)). Region trees can be used to represent some sequences, such 
as a design process and a manufacturing process, and are generated by 
traversing the mate relation of regions in individual views. In the re- 
gion tree in a manufacturing view, nodes represent subtractive features 
except a root, and the root node is a blank shape. The region tree in 
a design view is regarded as the procedure of shape generation if the 
reference relation of dimensions is not considered. Fig.2 shows an exam- 
ple of multiple interpretations. It is possible to interpret a given shape 
generated by adding two boss features to a base feature, or machining 
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Region data structure half edge 
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(a)Relation between region data structure and half edge 
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(b) Relation between entities of region data structure 



Figure 4 Region data structure 



a slot feature and a step feature from the blank shape. Fig. 3 shows 
multiple feature trees corresponding to the multiple interpretations. 

2.2. REGION DATA STRUCTURE 

We introduce the following data structure, which is similar to the 
half edge data structure in order to access and generate regions and 
their boundaries efficiently. A region data structure is a kind of the 
boundary data structure. A region, a boundary of a region, a region- 
edge and a region-halfedge correspond to a face, a face loop, an edge and 
a halfedge in the half edge data structure (Fig.4(a)). We explain their 
topology. A region has a set of connected faces and a set of boundaries. 
A boundary of a region has a pointer to its parent region and a pointer to 
one of the region-halfedges that forms the boundary. A region-halfedge 
has a pointer to its parent boundary, a pointer to the region-edge and 
pointers to the next and previous region-halfedges. A region-edge has 
pointers to the left and right region-halfedges. A boundary of a region is 
materialized as a doubly- linked list of region-halfedges. Functions shown 
in Fig.4(b) are prepared to access the adjacent topological entities. 
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Region Euler operations Euler operation 



make region r-solid(new) 
kill region r-solid(delete) 
split r-edge 
join r-edge 
make r-edge region 
make r-loop region 
kill r-edge region 
kill r-loop region 
make r-edge kill r-loop 
kill r-edge make r-loop 
make region kill r-loop hole 
kill region make r-loop hole 



make vertex face shell 
kill vertex face shell 
split edge mahe vertex 
join edge kill vertex 
make edge face 

kill edge face 

make edge kill ring 
kill edge make ring 
make face kill ring hole 
kill face make ring hole 
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Figure 5 Region Euler operations 



2.3. REGION EULER OPERATIONS 

We prepared twelve operations to manipulate a region, which are sim- 
ilar to the Euler operations to face. We called them region Euler op- 
erations. Fig.5 shows the relation between region Euler operation to 
the region data structure and Euler operations to the half edge data 
structure. For example, “make r-edge region” corresponds to “make 
edge face”. Consistency of the region, such as the number of faces in 
the regions and their boundaries, is automatically maintained by the 
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operations, because (region) Euler operations cannot create an invalid 
boundary data structure. These operations are used in decomposing a 
model into feature regions and in a procedure of feature cancel opera- 
tions. The feature cancel operation will be explained in section 4. 

3. RELATION BETWEEN DESIGN AND 
MANUFACTURING FEATURES 

3.1. FEATURE DEPENDENCY GRAPH IN 
DIFFERENT VIEWS 

Design features are regions which are generated in the design pro- 
cess. Manufacturing features are regions which are recognized only as 
subtractive types. The relation of design and manufacturing features 
are obtained by scanning the common faces in the design and manu- 
facturing features. For the example shown in Fig.6, when faces fi and 
/ 2 , belonging to design feature A, existing in manufacturing feature B, 
C, we generate a graph whose node A (corresponding to design feature 
A) has arcs connected to node B, C (corresponding to manufacturing 
feature B, C). We call the graph “feature dependency graph” (Fig.6). 
The graph is utilized for detecting the features on which shape change 
has an effect. 



feature A 



feature B 




feature C 
(b) 



(^^^^ture 



Cj^ure Cj^ureC]^ 
(0 



Figure 6 Dependency of features in multiple views 
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3.2. DETECTION OF A PART WHICH CAN 
BE CHANGED INDEPENDENTLY 
FROM DESIGN SEQUENCES 

In order to achieve a shape change efficiently, we introduce a method 
which detects the feature that can be changed independently from the 
sequences of feature creation. Since the region trees are regarded as a 
sequence of shape generation, the end node in the tree represents a part 
which is not interfered by other features. Therefore, features which are 
the end nodes both in design and manufacturing trees can be canceled 
or generated independently from the sequence of feature creation. These 
parts can be detected by retrieving the end nodes in the trees. 

3.3. DETECTION OF RANGE BE 
AFFECTED BY SHAPE CHANGES 

To inspect whether the design change is appropriate to the design 
purpose and productivity, we must estimate other features which the 
change affects. This can be done by using the feature dependency graph 
and the feature trees. The features affected are classified into three 
types, as follows: 

(a) Design feature which is designated for change, 

(b) Manufacturing features whose faces belong to the feature (a), (We 
can discover these features by scanning the feature dependency 
graph.) 

(c) Design and manufacturing features which have an indirect relation 
with the features (b). (We can find these features by checking the 
parent-child relationship in the trees.) 

Fig. 7 shows an example of detection of features on which the change 
of boss 1 feature has an effect. As shown in Fig. 7, a base feature, a slot 
feature and a step feature in manufacturing view are features which are 
influenced directly, and the base feature and boss2 feature in the design 
view are features which are influenced indirectly. 

4. MAINTENANCE OF FEATURE REGIONS 
IN FEATURE CANCEL OPERATION 

In the process of parametric feature modeling and generation of in- 
termediate shapes for the manufacturing process, features may be re- 
generated or canceled from a shape. In these processes, it is important 
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CAD features CAM features 




^ ^ indirectly influenced 
^ feature 



Figure 1 Detection of influenced features 



to maintain the consistency of feature regions in order to preserve re- 
lation between features in different views. We explain the maintenance 
method in the case of feature cancel operations. The feature cancel op- 
eration, which removes a feature from a shape, is executed step by step 
from descendants to parents, according to the region tree. This result 
can be used to process planning directly because it represents steps of 
processes and the intermediate shapes in them. The method detects how 
the boundaries of the region change every time one feature is canceled, 
and then maintains the faces and boundaries of the regions adjacent 
to the canceled region. The feature cancel operation is performed as 
follows. 

1 We first generate a lamina shell by extending the surrounding faces 
adjacent to a feature which will be canceled^. The extension is 
executed to hold the connect condition between faces in the fea- 
ture region. The generated shell might become a concave shape 
(Fig.8(b)), while the traditional method which uses half spaces 
only generates a convex shell. 

2 A lamina shell consists of three types of regions (Fig.9). A back 
side of the shell which becomes faces of feature volume (Fig.9(a)), 
an interference region which is generated by the feature interfer- 
ence (Fig.9(c)), and the other region which is a part of the front 
side in the shell without the interference region(Fig.9(b)). We 
recognize feature interference parts in the shell by using the face 
convexity properties, and then, we decompose the front side of the 
shell into two regions using the ‘‘make r-edge region” operation. 
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Figure 8 Given object (a) and lamina shell (b)(c) 




Figure 9 Classification of regions in lamina shell 
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Figure 10 Sewing two shells along region boundary 



This step is equal to the step in decomposing a shape into regions 
for feature recognition^'^. 

3 We exchange connections between the shell and the given shape 
(Fig. 10). In the case where boundaries between regions, which are 
merged, are adjacent to a different region, we execute the “krer 
(kill r-edge region)” operation. If this is not the case, we perform 
the “kremrl (kill r-edge make r-loop)” operation. This step cor- 
responds to the reverse step of the decomposition in the feature 
recognition. At this step, a feature volume is generated. 

4 Lastly, we sew faces in the front side region and the faces outside of 
the canceled feature region along the boundaries of regions using 
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(b)Operation by join r-edge 



Figure 11 Region connect operations 



the “kef (kill edge face)” operation. And then, we connect the 
edges using the “jekv (joint edge kill vertex)” and “jr-e (joint r- 
edge)” operations(Fig.ll). 



Step 3 and step 4 are similar to the topological processes in the 
Boolean operation for solid modeling. In order to maintain all features in 
multiple views, we only execute the above steps to regions in each view, 
because the number of faces included in the feature and boundaries of 
regions are automatically maintained. 

However, we must maintain the consistency of region trees and the 
dependency graph, since the mate relations of regions change after the 
cancel operation is done. The maintenance is executed by traversing the 
mate relation of regions, as well as scanning the common faces in the 
different views. This process can be localized in some features which are 
adjacent to the canceled feature. 

5. EXAMPLES 

We have implemented the algorithms with GNU C++ language, which 
is a kind of object-oriented language, on Indigo2 (Silicon Graphics Work- 
station) for the pointer manipulations of the B-rep model. Namely, topo- 
logical entities in the region data structure and functions to access them 
are implemented as classes and methods in the object-oriented language. 
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Figure 12 Example of feature cancel operations 



5.1. EXAMPLE OF FEATURE CANCEL 
OPERATIONS 

Fig. 12 shows multiple cases of feature cancel operations. The shape 
includes three open-step features. There is freedom for the cancel opera- 
tion. The number of procedures is six according to all the permutation. 
Here, two of them are shown as feature volumes generated. Which proce- 
dure is selected depends on the application. For example, the upper case 
would be chosen for the machining, because it selects features accord- 
ing to machinability. Our feature cancel operation method can create 
concave feature volumes as shown in Fig. 12. 

5.2. EXAMPLE OF DETECTING AFFECTED 
RANGE AND MAINTAINING FEATURE 
REGION TREES 

Fig. 13 shows an example of detecting the affected range when a slot 
feature is removed. In this example, three faces, flO, fll, fl2 in the slot 
feature are detected as changing parts. Each face is included in featmes 
ribl and rib2, the method detects ribl and rib2 as features in the design 
view which are directly affected. Each range is enclosed by dotted lines 
and chained lines. In addition, the features which have indirect contact 
with these features are detected. The features enclosed by solid lines are 
features which might be affected by the detected features, because they 
are children of the above-detected features. 

Fig. 14 shows an example of a region-tree change when a slot feature 
is cancelled. Two rib features are merged into one rib feature, and two 
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circular slot features change into the holes in the design view. Two step 
features and two holes become child regions of the base region in the 
manufacturing view. 

Since our method maintains the consistency of regions and their bound- 
aries, it is not necessary to decompose intermediate shapes into feature 
regions at each step. However, since feature types change in the cancel 
operation, it is necessary to re-recognize the type of features whose faces 
are adjacent to the removed feature. 



blind slot1 blind slot2 
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Figure 13 Example of detecting affected range 




Figure I 4 Example of region tree change: object (a), region trees of CAD (b) and 
CAM (c) 
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SUMMARY 



We have proposed a method which represents a product model as 
a feature model with multiple views. The feature is defined as a re- 
gion which is composed of connected faces by the edges with the same 
convexity. The model has more than one set of features, feature trees 
corresponding to an individual view and a feature dependency graph 
which represents the relation among features in different views. The re- 
gion is expressed by a similar structure to the half edge data structure, 
and manipulated by region Euler operations. A method of maintaining 
the correspondence of the region in the feature cancellation using re- 
gion Euler operations, is described. By this method, it becomes possible 
to cancel features continuously in multiple and different sequences from 
those of the feature creation. Prom the representation of the feature 
model, it becomes possible to express the relation of design features and 
manufacturing features in the product model, and to detect the features 
which can be changed independently from the sequence of the feature 
creation, and the design and manufacturing features on which the shape 
change has an affect. 

Our future research will study application of the method to process 
planning for machining and assembling, a method of maintaining con- 
sistency of feature dimensions in cancellation operations and a method 
of checking the validity of a machining sequence. 
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Abstract: This paper outlines new trends in geometric modelling, showing how 

systems are moving from a geometry-based approach to a physically-based 
approach. The possibility to simulate the actual behaviour of a product is at 
the basis of Virtual Prototypes that are becoming a common practice in 
today’s product development process. As a consequence, also interaction 
modalities and techniques have to be improved in order to satisfy new 
system requirements and functionalities. The research work described in 
this paper shows how haptic interaction techniques represent an evolution 
of current interaction technologies providing intuitive and realistic 
modalities for interacting with virtual applications. In particular, the paper 
describes a research work we have carried out integrating haptic 
technologies together with physically-based modelling and simulation 
techniques. 

Keywords: haptic interaction, physically-based modelling, non-rigid material 

modelling, virtual prototyping, human-computer interaction. 



1. INTRODUCTION 

This paper addresses issues related to new evolution trends in 
geometric modelling and CAD systems, focusing on physically-based 
modelling and haptic interaction. 

In current geometric modelling systems, supporting both solid and 
surface modelling, the shape of the objects is constant and non- 
deformable. Basically, objects are described by means of their geometry 
and topology, and modifications can be performed by roto-traslation 
transformations applied through their graphical representation. Physical 
properties of the objects are mostly considered as attributes associated 
with the geometry within the model data structure. 




As we can notice everyday, the world is not made of just rigid objects. 
Actually, the objects shape can change, and that may depend on several 
factors like the previous objects status, on forces exerted on the objects, 
on constraints, etc. Therefore, the objects shape can be described as a 
function of time and of internal and external context: 

Shape =f(time, int/ext context) 

In order to take into account all these aspects, the trend of modelling is 
about to move from a geometry-based approach to a physically-based 
approach, where geometry is not the only piece of information defining 
an object (Cugini, 1999). In physically-based modelling, the object 
description includes a set of physical characteristics, such as mass, speed, 
viscosity, etc. Besides, it is possible to model external forces acting on the 
object, obstacles the object interacts with, collisions between object parts, 
etc. 

Several research works have been presented and published recently on 
topics related to physically-based modelling (Cugini, 1999), 
(SIGGRAPH, 1999), underlying new technological trends and 
expectations the users have about these new modelling features. In fact, 
physically-based modelling applies to several fields, going from industrial 
sectors (like automotive, food, clothing industry) to medical field (Cugini, 
1999) (Rizzi, 2000) (Westwood, 1999). 

The possibility of simulating the actual behaviour of the products, 
beyond their geometry, is at the basis of Digital Mock-Ups (DMU) and 
Virtual Prototypes. These are complex virtual models of products that 
enclose information so that virtual prototypes can be used in place 
of/together with physical mock-ups. Visual technology is today 
sufficiently advanced, and the rendering of DMUs can be very realistic. In 
fact, visual rendering techniques have evolved and improved in the last 
decades, offering very good and realistic representations of models. 
Conversely, human computer interaction techniques have not progressed 
much in the last two decades. Because of fast evolving and spreading of 
use of 3D model representations, we aspect that consequently interaction 
modalities and media evolve in more suitable techniques, that satisfy the 
requirements of these new applications. 

Let us briefly analyse how human-computer interaction is performed 
in today’s system and which is the trend for future communication 
modalities. 
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Currently, human-computer interaction is mainly based on the WIMP 
(Window-Icon-Mouse-Pointer) paradigm where communication between 
user and computer occurs through devices like the display screen and the 
mouse. If we consider geometric modelling applications, we notice that 
there are several spaces where models and their representation exist 
(Figure 1). Geometric models have a 3D geometric description given in a 
3D Geometric Modelling Space. 3D geometric models are mapped into a 
2D representation -in a 2D Representation Space- in order to be displayed 
to the user on a flat monitor. 

Most of the systems support the representation of the functional 
relations among geometric objects. It is possible to define a family of 
possible shapes that satisfy some relational rules. These are used for 
defining an object instance obtained assigning some values to a set of 
functional parameters -in a Functional Representation Space. The user is 
interested to see both the entity and the parameters defining that geometry, 
and the relations among the geometries. This is done, for example, 
showing a feature tree in the 2D Representation Space, that is a symbolic 
structure representing the relations among the objects. 



Functional ftepre^ntation 
Space 




Geometric Modeling 
Space 



2D Representation 



F.0r 

Physically- based modeling 



J L 





SD 




Figure 1. Model and Representation Spaces. Interaction flow from the system to the user. 



More advanced systems support physically-based modelling 
techniques (Cugini, 1999). Object shape is anyway represented as a 
sequence of images on the flat monitor. 

The fact that the user interacts with 3D models through their 2D 
representation might cause problems in correctly perceiving and 
disambiguating the objects represented (Faconti, 2000). 
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Conversely, let now see how the user interact with models (Figure 2). 
Today, the user mainly interacts with models through their representation 
shown on the flat screen, pointing at the object, or at part of it to be 
manipulated, using a mouse. We can consider two types of interaction. 
One type of interaction is meant to be performed on the object 
representation with the only purpose to change its representation (zoom 
in/out, pan, change of viewpoint, etc.). A second type of interaction 
concerns the modification of the model, that has to be done through the 
modification of its representation on the screen. 

In the case of functional models, the interaction on geometric elements 
is integrated with the interaction through the schematic representation of 
the relation tree, that is a 2D symbolic representation that allows the user 
to modify the relations among the parts, effecting then the representation 
of the object shape. While the interaction with the physically-based model 
of an object is not directly supported in today’s systems. 




Figure 2. Interaction flow from the user to the system. 



In order to make virtual prototypes completely efficient and effective, 
the users should be able to directly and intuitively interact with the model, 
as s/he is used to do with physical mock-ups. This implies that it should 
be possible to touch the product, disassemble its parts, check its 
behaviour, weight, deformability, etc. And the best would be to be able to 
do all that without considering the intermediate steps related to the 
geometric and functional models seen so far. 

This type of interaction modality is not completely available today. In 
fact, most advanced current systems, so called Virtual Reality systems. 
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mainly support the navigation within the virtual models, through 
interaction provided by sophisticated display devices (head-mounted 
display, goggles, etc.), and 3D input devices like spaceballs and gloves. 
Some new devices, named haptic devices, have been recently introduced 
in order to add realism to the interaction, joining haptic perception to the 
common visual one (SIGGRAPH, 1998). The implementation of haptic 
interaction with rigid objects is supported by device libraries (SansAble). 
The current research interest is in integrating haptic interaction with 
physically-based modelling. These devices would give a complementary 
support to the overall perception of the object (Figure 3). This new 
interaction technology and modality support users in perceiving physical 
properties of the objects modelled (it is soft, the surface is rough, etc.), 
and it would help users in solving ambiguous situations given by the 2D 
representation of 3D models (Faconti, 2000). Besides, it is a first step 
allowing users to use their natural skill they have when interacting with 
the physical worlds, also when they interact with the digital world 
(Bordegoni, 1998). 



i Functiortal Representation 




Figure 3. New trend in human-computer interaction: haptic interaction. 



In this paper we show how the introduction of these new trends - 
physically-based modelling and haptic interaction- are the leading edge of 
the development of future generation of CAD and geometric modelling 
systems. The following sections of this paper present the approach we 
have followed for simulating in real-time the behaviour of non-rigid 
objects, so as to be able to support haptic interaction. 
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2. HAPTIC RENDERING OF NON-RIGID 
OBJECTS 

The main topic of our research concerns the integration of haptic 
interaction and physically-based modelling. 

We have developed a non-rigid material simulator (NRM Simulator) 
for modelling and simulating non-rigid materials behaviour (Denti, 1996). 
The environment allows us to describe non-rigid objects through a 
discrete model, known as particle-based model. An object is described by 
a set of particles distributed in space and related by means of internal 
forces and constraints. Depending on the type of material to be simulated, 
different discretization rules and force distributions are used. The 
environment also allows us to define and simulate some external forces, 
constraints and obstacles interfering with the objects. In this way, we 
are able to simulate the behaviour of a non-rigid object when grasped and 
manipulated. 

In order to improve realism of interaction with physically-based 
models, we have explored the possibility of using haptic devices. Before 
going into details in the description of our work, we shortly introduce 
what haptic interaction is. Haptic interaction is an interaction modality 
based on the use of haptic devices that augments human-computer 
interaction with the sense of touch. Haptic devices are input/output 
devices allowing users wearing them to feel a realistic tactile 
representation of 3D objects. 

Haptic interaction is based on haptic rendering, that is the tactile 
counterpart of graphic rendering. The basic idea of haptic rendering is 
quite simple. A positional transducer measures the current position of a 
user’s finger, the position is compared against the objects defined in the 
virtual scene, and if an interference is detected the proper reaction force is 
computed and sent to an actuator acting on the user’s finger. This must 
be repeated in a loop running at a convenient frequency. Previous work 
on haptic rendering has showed that the tactile perception is much more 
sensitive than the sight with respect to the minimum time interval needed 
to distinguish two different perceptions, hence while an image refresh rate 
of 30 Hz as used in the movies is enough to cheat the eye, a force refresh 
rate of about 1000 Hz appeared to be necessary to perform realistically 
haptic rendering (Massie, 1993). Figure 4 shows the haptic rendering loop 
of one of the most common haptic devices, the PHANToM device 
(SensAble), we have used in our experiments. 
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Figure 4. PHANToM haptic rendering loop. 

Running the haptic rendering loop shown uninterruptedly at a rate of 
1000 times per second is the main source of difficulties in haptic 
rendering. One intrinsic problem is that the typical time slice duration of 
an operating system is in the range 50-200 ms, which means that 
whenever the process or thread running the rendering loop loses a time 
slice due to multitasking, it also loses about a hundred loop cycles, which 
makes the resulting haptic rendering unacceptable. Multitasking, however, 
cannot be avoided as we normally want the haptic rendering to be 
augmented by interactively displaying the manipulated scene, and also the 
operating system always has its own processes running in background. 
Satisfying solutions to this problem include using multiprocessor 
computers and/or modifying the operating system scheduling policy, or 
using dedicated hardware ranning the rendering loop on its own. 

Besides that, the major problem encountered is that running the loop 
at 1000 Hz means that the time available for the computation is less than 
1 ms, which is enough for rigid object simulation, but is not enough for 
non-rigid object simulation, at least using our non-rigid material 
Simulator on currently available PC hardware. 

Hereafter, we describe some results of experiments we have made to 
estimate the ratio between available and required computational power to 
perform this kind of simulation (De Angelis, 1997). 

2.1 Integration of haptic rendering with a pre-existing 
NRM Simulator 

The computational cost of simulating a non-rigid object using our 
NRM Simulator depends on the number of particles describing the object, 
but also on other variables, like the constraints among the particles, the 
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type and number of internal forces used and the stiffness of the material, 
just to mention some. While this implies that it is not appropriate in 
general to describe the computational cost of the Simulator as an 0(n) 
function where n is the number of particles, it is however possible to get a 
qualitative idea of that function by performing some measurements on a 
test case where all variables except n are kept as much as possible 
constant. 

A test has been executed on different objects having a number of 
particles equal to i^ for i = 2, 3, 4, ..., i.e. regularly discretized cubes 
having 2, 3, 4, ... particles along their side. 

For each object, the average time for one iteration was determined; the 
results are reported in Figure 5. The tests were executed on an DEC 
Alphastation 500 running at 400 MHz. 

As it can be seen, most of the diagram is dramatically above the 1 ms 
value, and it is also non linear. However, the test setup was based on a 
quite accurate physical model while less accurate simulations run faster. 
Additional tests run with a simplified setup led to better results; the best 
result for a very simplified model made of 4 particles was 0.4 ms per 
iteration. We can conclude that a computer faster by 2 or 3 times would 
probably have accomplished the task, but the simulated object was made 
by just 4 particles while real applications require hundreds or thousands 
of particles to properly represent the given objects. Even taking into 
account that computer speed keeps doubling every 18 months (Moore's 
law), this approach won't be useful for real applications for several years. 




Figure 5. Computational time as a function of the number of particles on an Alphastation 

500 running at 400 MHz. 
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2.2 



Off-line simulation 



As discussed above, the simulation run using the pre-existing 
physically-based simulator (Denti, 1996) is limited by the computational 
cost of the simulation. Running the rendering loop at 1000 Hz requires to 
perform the computation in just one thousandth of a second, and the most 
complex object we were able to simulate in such a short time using our 
currently available hardware was a highly simplified model made by just 
four particles, where "highly simplified" means that most of the simulator 
capabilities were disabled. 

A workaround to this limitation, which we name off-line simulation, 
consists of performing the simulation before the haptic rendering and to 
just use computation results at run-time. This was successfully 
implemented on special cases, like some object geometries having 
particular symmetry properties exhibiting the same physical behavior in 
every point of their surface, if they are made of a homogeneous and 
isotropic material. Examples of such geometries are spheres, the 
halfspace. If a random point on the surface of a soft sphere is pressed, the 
behavior (shape deformation and reaction forces) is exactly the same as 
any other point of its surface, being a function of the depth of the 
penetration relative to the surface shape in rest conditions. The same 
observation also applies to the halfspace and, with reasonable 
approximation, to other object geometries like “long” cylinders and 
“large", and “flat” boxes, if the interaction happens far enough from the 
ends or edges. 

The basic idea of this experiment is that, as in all these cases the 
object reaction is a function independent of the actual point where the 
interaction takes place, depending only on the penetration depth of the 
interaction point, it is possible to pre-compute this function once, and 
apply the results wherever the actual interaction happens. Hence, the 
computation is divided into two different stages: off-line computation and 
run-time computation. This part of the computation can be done using a 
true physically-based simulator, with no constraints on computational 
time. A random point on the chosen object surface is pushed towards the 
inner of the object, along a direction normal to the surface and at a speed 
low enough to make the contribution due to dynamics and damping 
negligible. During the simulation, data are collected for later run-time 
rendering. A finite set of positions (only the penetration depth is 
significant) is fixed prior to the simulation, and whenever one of these 
positions is reached during the simulation, data relative to the reaction 
force and the surface deformation are registered. At run time, the actual 
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position of the user is read, the corresponding penetration depth is 
determined and is compared with the set of known depths used in the off- 
line simulation phase. The actual reaction force and surface deformation 
are determined by interpolation. Figure 6 shows two screenshots of an 
execution of the program. The little sphere represents the user’s finger 
position in the virtual scene; the user is exerting different pressure in 
different points of the halfspace. 




Figure 6. Soft halfspace deformation simulated using pre-computed data. 

The results were encouraging: the combination of tactile and visual 
stimuli was quite “realistic" and anybody who tried the application shared 
the same opinion. 

However, there are some observations on the generality of the 
approach. Other objects having special geometrical properties, like the 
sphere, could have been easily implemented. More objects, having less 
special properties, could also have been handled under some conditions, 
like “long" cylinders or pipes being manipulated far enough from the ends, 
or “large" boxes being manipulated far enough from the edges. But there 
is no straightforward solution for arbitrary geometries. 

The strategy of performing the simulation once, and applying the 
results anywhere the interaction happens, would not work with arbitrary 
geometries as their behavior changes from point to point. Performing a 
number of off-line simulations in different parts of the object may seem 
feasible, but the amount of pre-computed data would grow proportionally 
to the number of sampled points, and this would also lead to expensive N- 
dimensional interpolation at run-time. 

Multi-finger manipulation is another problem if this approach is used. 
When more than one finger is used to interact with the object, the 
resulting deformation and forces cannot always be expressed as a 
combination of the deformations and forces due to the single fingers. 
Examples of such manipulations are when the user squeezes the object 
with two objects, or pinches it. 
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Moreover, this approach can only deal with local deformations of the 
objects, but cannot handle deformations that are global or depend on the 
history of the manipulation. Examples of such manipulations are bending 
a pipe, or making a knot. 

Due to these observations it follows that this approach has a limited 
application domain hence suffers of lack of generality. 



3. REAL-TIME SIMULATION OF HAPTIC DATA 

The experiment described in this session is based on the conclusions 
of the two former ones, the first one concerning direct integration of a 
pre-existing NRM Simulator with the haptic technology and the second 
one concerning off-line pre-computation of the haptic data. 

We have seen that if the 1000 Hz rendering paradigm is followed 
strictly and a complete physically-based model is used, then real-time 
simulation is not possible yet. We have also seen that the off-line pre- 
computation approach lacks of generality and can be successfully applied 
only to a few special cases. Furthermore, it can be observed that human 
manipulation is mostly a qualitative process; hence a NRM Simulation for 
haptic rendering is not required to supply exact data. 

According to these observations, the basic idea of this last experiment 
is to implement an approximated, but fast, NRM simulator, and to 
perform the haptic rendering even though the 1000 Hz frequency is not 
reached. According to this approach the simulation is always tied to the 
real-time, and the precision depends on the computational power. The 
faster the computer is, the more accurate the results are. In this way we 
can today perform the real-time simulation on our currently available 
hardware, though the accuracy is poor. 

Real-time simulation of haptic data is achieved by: 
a) Overcoming the 1 thousandth of a second time limit for the 
computation. The haptic rendering loop is now asynchronous to the 
simulation loop, and follows the computation with a certain delay by 
interpolating the results that are supplied at a lower frequency (figure 7). 
The time available for the computation in this case is higher of a factor 
equal to the number of milliseconds of delay. For example, a delay of 30 
milliseconds, almost imperceptible, increases of 30 times the available 
computing time. As demonstrated in some research work, the tactile 
perception relies on the images received by the eye. The same finger 
stimulation can be perceived as different shapes depending on the images 
displayed on the monitor. At a typical image refresh rate used in 
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TV/cinema, which is 30 Hz, the same image is displayed for 33 ms long, 
and we don't mean to go any faster to save CPU cycles for the simulation. 
According to that, it is "useless" to change the force vector output by the 
haptic device before 33 ms, as the eye is still receiving the same image. 

b) Developing new software for approximated simulation. Running a 
high-fidelity simulator with most of its features turned off is useless and 
much slower than simpler software that just lacks those features. The 
high-fidelity simulator was written before that real-time needs arose, with 
no computational time constraints, having accurate results as the main 
goal. The high-speed approximate simulator that is currently being 
developed has speed as the only purpose -in order to support real-time 
haptic interaction- and whenever a trade off is possible between 
performances and accuracy, the choice is for speed. This simulator is still 
particle-based and using a spring-damper approach. 

/'l^orceN 

VVectot/ 



10-500 Hz 1000 Hz 




Human 

Manipulation 



NRM 

Simulation 



Figure 7. Asynchronous rendering model. 

A prototype of a simulator implementing these concepts is running 
and is able to process a 1000 particles model from 20 to 50 times per 
second on normal PC hardware (20 Hz on a P-133, 50 Hz on a PPro-200). 
This allows the approximation of real-time haptic rendering of the model, 
by introducing a short delay as described above. As faster computers will 
be available, the model processing frequency for a given number of 
particles will increase, thus allowing shorter delays and more accurate 
results. 

An example of haptic interaction using our prototype is shown in 
Figure 8. The figure shows a sequence of screenshots from the execution 
of the simulator. The user is interacting in real-time with a simulated soft 
cube using a PHANToM device. The sphere represents the user’s finger. 
The experiment implementation reached the expected results. Real-time 
haptic rendering was possible at the expense of completeness of physical 
model, but generality has been preserved in that no assumptions have 
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been made on the simulated models. The approach has showed to be 
feasible, and the obtained performances to be satisfying. 




1 




Figure 8. Example of haptic interaction with a soft cube. 



4. CONCLUSIONS 

This paper has presented some considerations about the evolution of 
human-computer interaction according to state-of-the-art systems and 
technology. It has been argued that systems are moving from a geometry- 
based to a physically-based approach. In that, geometry is not the only 
piece of information defining an object, but aspects concerning physical 
characteristics of the object have to be considered and included into the 
model. We have also argued that as a consequence of this change, the 
interaction between user and system requires to change accordingly. 
Devices providing force feedback have appeared recently, allowing the 
users to perceive physical features of the objects in an intuitive way. 

In the second part of the paper we have described a system prototype 
we have developed that aims at coupling haptic interaction and 
physically-based modelling, into a real-time simulation environment. The 
prototype developed is running and performs multi-finger manipulation of 
non-rigid objects. It is currently being used for modelling and testing the 
realism of virtual models of non-rigid products. 
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Abstract: In assembly modelling, it is necessary to capture the relative positions of 

components in the assembly. Many such problems concern constraint 
representation and its manipulation such as constraint reduction. This paper 
formulates the constraints as groups of rigid body transformations and 
proposes a constraint reduction procedure, based on Lie algebra. Then, this 
approach is applied to the constraint representation and reduction in an 
assembly model. 
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1. INTRODUCTION 

In extending solid modeling technology to the modeling of assemblies, it 
is important to capture the relative position of each component to other 
components. Many such problems concern the representation and 
manipulation of constraints on the relative positions of components. 

A number of research papers have described various types of constraints 
and their manipulation, such as constraint reduction, in the assembly model^^' 

As shown in Figure 1(a), in the assembly model, assembly is represented 
by its components and their connections which are represented as contact 
relations between the features of the components. The relative position of the 
components are constrained by the constraint derived from the contact 
relation. As shown in Figure 1(b), the relative position of the (rigid body) 
components is described by a transformation matrix corresponding to the 
displacement between the coordinate systems of the components. The 
constraint is defined as the subgroup of the group SE(3) (Special Euclidean 




group) formed by all the transformation matrices. However, it is not so clear 
how many types of constraints should be considered. Constraint reduction is 
the procedure that computes a single net constraint from multiple constraints, 
according to the operation determined by the configuration (c/7, cf2) of the 
constraints (See Section 5 about the configurations of constraints in detail). 
However, since the reduction procedures for this constraint representation 
need the complete table of reduction rules or complicated symbolic matrix 
operations, it is not easy to compute the subgroup of transformation matrices 
which represents the reduced constraint. 




Figure I. An assembly model, constrain representation and constraint reduction. 

In this report, in order to solve these problems, the constraint 
representation and reduction in the assembly model is made clear 
theoretically as follows: 

(1) Constraints are defined as the subgroups of 5£(3) based on Lie algebra. 
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It is well-known that SE(3) is a Lie group, and that the Lie group has a 
one-to-one correspondence to a linear vector space, called Lie algebra, 
by exponential mapping as shown in Figure 1(c) The Lie algebra of 
SE(3) has a basis of six and it is easy to derive all the subalgebra because 
only finite combinations of the basis are checked. The subgroup of the 
Lie group also has a one-to-one correspondence to the subalgebra of the 
Lie algebra. Therefore, by deriving the Lie subalgebra, the 
corresponding Lie subgroup can be derived. 

(2) Constraint reduction procedure is proposed based on Lie algebra as 
shown in Figure 1(c). In addition to the correspondence described above, 
the operations of the constraint reduction for the Lie group also 
correspond to that of Lie algebra. By using Lie algebra, the constraint 
reduction can be represented as a problem of solving linear equations. In 
this report, as the configuration of the constraints, two types of 
configurations are defined. The first one (cfl), called constraints in 
parallel, is the configuration of two constraints which are specified 
between two rigid bodies. The other (cf2), called constraints in series, is 
the configuration of two constraints which are specified between rigid 
bodies via another rigid body. 

(3) This approach is applied to the constraint representation and reduction in 
an assembly model. 



2. RIGID BODY TRANSFORMATION 

The relative position of a rigid body to another can be described by a 
homogeneous transformation matrix corresponding to the displacement from 
the coordinate system of the latter body to that of the former body. The set of 
all such matrices forms a group SE(3), the special Euclidean group of rigid 
body transformations, which can be represented by the following equation: 

SE{3)= ^rans{x, y, z)R^{<l))Ry{6)R^()l/)^x, y, z,(j),9,y/ e r} (1) 

where Trans(x,y,z) represents a translation by a vector (x y z)‘, Rx(!^), Ry(Q), 
and Rz(}\f) represent rotations about the Cartesian axes x, y, and z, which are 
defined as the following equation: 
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3. LIE GROUP AND LIE ALGEBRA 

GL(n,C) denotes the group of regular complex matrices with matrix 
multiplication. It is well-known that a group G is a linear Lie group if G is a 
closed subgroup of GL(n,C). Since it is easy to show that SE(3) is a closed 
subgroup of GL(n,C), SE (3) is a linear Lie group. 

Assume that G is a linear Lie group. The linear Lie algebra g of G is 
defined as the following equation: 

g = {x 6 gl{n,c}exp{tx)e G, t e r} (3) 

where gl(n,C) is the set of all the square complex matrices. The Lie algebra g 
of a Lie group G is the tangent space to G at the identity, whose dimension is 
the same as G. 

The exponential map is defined as follows: 

OO Y ^ 

*=o '‘• 

In Lie algebra g, a product [X,L] (X.TGg), called the Lie bracket, is 
defined as follows: 

[X,Y]=XY-YX. (5) 
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Let se{y) denote the Lie algebra of SE(3). Any element X of je(3) can be 
expressed as follows; 

( 6 ) 

(=1 



where a € R, Lj , • • • Lg are the standard basis for se(3), which are represented 
as follows: 



"0 


0 


0 


r 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


\ 






J 


^0 


0 


0 


0 


0 


0 


-1 


0 


0 


1 


0 


0 


lo 


0 


0 


0 



"0 0 0 O' 

0 0 0 1 
0 0 0 0 ^ 

0 0 0 0 

V / 

'0 0 1 o' 
0 0 0 0 
" -1 0 0 0 ' 
^0 0 0 0 ^ 



^0 0 0 0 ' 

0 0 0 0 
0 0 0 1 
0 0 0 0 

J 

'0 -1 0 o' 
10 0 0 
‘ “ 0 0 0 0 
0 0 0 0 ^ 



(7) 



L Li satisfy the following equations: 



exp(xL, ) = rra«5 (x,0,0)l exp(>L 2 ) = Transit, y,0)i exp(zZ, 3 ) = Transit, Q, 2 ), 
exp((/iL4 )=RM\ exp(0L5 ) = (0), exp(vtf.g ) = /?, (y^) 



Table 1 shows the bracket products of all the combinations of Li,...,Li. 



Table I. Bracket product [A,B] of Li,...Lg. 
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4. CONSTRAINT REPRESENTATION 



The subset h of the Lie algebra g is a subalgebra of gif h is closed under 
the bracket product, that is, if [X, Y]eh whenever X and Y belong to h. Since 
all the elements of the subset are represented by the linear combination of 
the basis, the bracket product between the elements can be represented as 
follows: 



[X,Y]= 



/vv Nv ^^Y r 1 



M 



Nx Ny 



(9) 



i=I 7=1 



where a, ,)3y e R, Lf and Ly are the basis, Nx and Ny are the numbers of the 
basis. Therefore, by checking the bracket product of the basis, it is possible 
to check whether h is a subalgebra or not. When a Lie group G and a Lie 
algebra g of G are given, it is well-known that there is a one-to-one 
correspondence between a Lie subalgebra h of g and a Lie connected 
subgroup H of G. Therefore, by deriving all the Lie subalgebra from se{3i), 
all the subgroups of SE{?>) can be derived. In this report, the constraints are 
defined by using these subgroups. For example, let’s consider the subset 
determined by L/ and L 4 . From Table 1, it is clear that this subset is closed 
under the bracket product, and that this subset forms a subalgebra of 5^(3). 
The corresponding subgroup of SE{2>) can be described as follows: 

C = •^xp(xL, +<»L4 '\x,<l>e r}= •^xp(xL, )exp(<^L4 }x,<l>e r} 

= ^ rans (x,O,oK(0)|x,^eR} 

The constraint represented by this subgroup is denoted as C^. In the same 
way, ten types of constraints are derived as shown in Table 2. 



Table 2. Derived constraints. 
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5. CONSTRAINT REDUCTION 



If the relative positions of two rigid bodies are constrained by two or 
more constraints, the net effect may be reduced to a single constraint. Such a 
procedure is called constraint reduction. Two types of configurations of 
constraints are defined in this report. The first one, called constraints in 
parallel, is the configuration in the case of two contact relations {CRa and 
CRb) which are specified between the features of two rigid bodies (A/ and 
A2) as shown in Figure 2 (a). The other, called constraints in series, is the 
configuration in the case of one contact relation (C/?a) which is specified 
between the features of two rigid bodies (A7 and A2) and the other contact 
relation {CRb) is specified between the feature of one of these rigid bodies 
(A2) and the feature of another body (A^) as shown in Figure 2 (b). 





Figure 2. Constraint reduction. 

The reduction procedure for the constraints in parallel is defined as the 
procedure for deriving the following constraint as shown in Figure 3 (a): 

= ^,,XDI\\d,,XDI\ = 0 , 2 ^ 2 ', ( 11 ) 

= '^„XZ)2“,'|XD2-,'D22Z)f2‘D„ =£),‘,’Z),2TZ),“2*D„,X€ H b] 
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where Dije SE(3) is the displacement from the coordinate system Fai of the 
rigid body A, to the coordinate system FfjAi of the feature j of A„ and Ha and 
Hb are the subgroups of the displacements from F/my to FfiA 2 and from Ff 2 Ai 
to Ff 2 A 2 as the representation of contact relations CRa and CRb, respectively. 
If the specified contact relations are consistent, the following equation is 
satisfied: 

( 12 ) 




Figure 3. Constraint representation. 

Therefore, Equation (11) becomes the following equation: 

\X = DYD -^ , X e , y e } 

= Ai ({^1^ e Wa \y e Hb (13) 

= Dn{HAnDHBD-^)D2l 

where D = D,",'D, 2 . Therefore, by computing the following equation as 
shown in Figure 2(a) and Figure 3(b), the reduced constraint represented by 
Equation (13) can be obtained. 



Ca Cb 



(14) 



where Ca=Ha , Cb=DHbD ' . 

It is known that the product set of Lie subgroups corresponds to the 
product set of the corresponding Lie subalgebra. Thereby, in Lie algebra, the 
constraint reduction procedure can be defined as the procedure for deriving 
the following subalgebra as shown in Figure 2(a): 
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(15) 



hcA^hcB 

where Lie algebra (or subalgebra) of constraint C is denoted as he. By 
representing the Lie subalgebra (hcA and hca) with the basis (if and Lf ) of 
Lie algebra shown in Table 2, Equation (15) is represented by the following 
equation: 




where Na and Nb are the numbers of basis. That is, the reduced constraint 
can be obtained by deriving a, and that satisfy the following equation: 

Na Nb 

'£a^Lt=^P^DLfD-' (17) 

i=l (=1 

Next, before showing the other reduction procedure, the composition of 
constraints (C, and Cy) is defined as follows: 

CrCj=^Y\XeCi,YeCj}. (18) 

The reduction procedure for the constraints in series is defined as the 
procedure for deriving the following constraint as shown in Figure 3(c): 

D22HsD;I = {d„xd2-,‘|x e Hs\ 

= d,,(hj,dHsD-^)dd;1 

where 0 = 0^^022, DijeSE{3) is the displacement from the coordinate 
system of the rigid body A, to the coordinate system of the feature j 
of Ai, and Ha and Hb are the subgroups of the displacements from FfiAi to 
FfiA 2 and from Ff 2 A 2 to FfiAs as the representation of contact relations CRa and 
CRb, respectively. By computing the following equation as shown in Figure 
2(b) and Figure 3(c), the reduced constraint represented by Equation (19) 
can be obtained. 
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Ca Cb =M]... Mm ■ (Ca o Cfl) • Nj... N„ (20) 

where Q =Ha, Cb =DHbD'\ Mi... M„ and Ni... N„ are the constraints that 
satisfy the following equations: 



Ca - Ml.. . Mm • (Ca n Cb), 


(21) 


CB=(CAnCB)N,...N„. 


(22) 



The Lie algebra hMi,...,hMm and hNi,...,hnn are represented by the basis of 
and hcA and hcB, respectively, which are not those of hcA<~^hcB as shown in 
Figure 2 (b). The Lie algebra hui,...,hMm and hm,---,hNn satisfy the following 
equations: 



hcA = h\u®. . .®hinm® ( hcA<~^hcB ) (23) 

hcB = ( hcA<~^hcB )® Hni®. ..® hnn (24) 

where ® means the direct sum. 



6. EXAMPLES OF CONSTRAINT REDUCTION 

When two contact relations {CRa and CRb) in parallel which represent 
cylindrical contacts are specified as shown in Figure 4(a), the elements hcA 
and hcB of the corresponding constraints Ca and Cb can be represented by 
xL]+<j)L 4 and D(x’Li+<j)’L 4 ) Z) ' from Table 2, respectively. The elements of 
hcA<^cB satisfy the following equation: 

—D(x Lti+ij} L 14 ) D * (25) 

If the center axes (x-axes) of cylinders are parallel, D can be represented 
by the following equation: 

D=Trans(a,b,c)RJa) (26) 

where b^O, or c^O. By substituting D into Equation (25) and deriving the 
basis, the following equation is obtained: 
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xLii'\-(j)L4 — ^1'^^ (cL,2~hL/3~^L/4). 



(27) 



By solving it, the following solutions are derived: 

x=a:’, <l)’=0. (28) 

Therefore, Q n Cb is obtained as follows: 

n Cg = ^xp(a:L| jjx e r}= ^ rans(x,0,0)|j: € r}. (29) 

This constraint allows only prismatic motion for A2 with respect to A; as 
shown in Figure 4(b), and it is denoted by Tv 

When two contact relations (CRa and CRb) in series which represent 
cylindrical contacts are specified and the center axes (x-axes) of cylinders 
are parallel as shown in Figure 4(c), the elements of hcA and hcB of Q and Cb 
are represented by xLi+<l)L4 and D(xL]+<j>L4) D ‘= x’L]+<j)’(cL2-bL3+L4) 
which are the same as the example above. Since the base of hcA<~^CB is Li, 
the base of Hmi is L4 and that of hfn is cL2-bL3+L4. Therefore, Ca -Cb is 
derived as follows: 

CaCb=M\- {Ca 

= •^xp(0L4 )|^ e R} '^xp(xL,)|xe r} •^ xp((^'(‘^L2 -bL^ +Z.4)]|^'e r} 

= ■^xp(xL, )exp(0Z-4 )|x, (j) e r}- ^ exp(^'L4 )D ~' |^'e r} 

= ^rans{x,0,0)Rx <t> e r}- ^R^ |^' e r} 

This constraint means the composition of two constraints as shown in 
Figure 4(d), and it is denoted by C„ •/?„. 




Figure 4. Examples of constraint reduction 
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7. CONCLUSIONS 



In this report, in order to make theoretically clear the constraint 
representation and reduction in an assembly model, the group theory was 
applied to them as follows: 

1 . Based on Lie algebra, it was made clear that there were ten types of 
subgroups in SE(3), and the constraints were represented by using them, 

2. A constraint reduction procedure was proposed based on Lie algebra. By 
using Lie algebra, the constraint reduction could be represented as a 
problem of solving linear equations. 

3. This approach was applied to constraint representation and reduction in 
an assembly model. 
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Abstract This paper describes a robust method for the Boolean set operations for 
solid models. The method always produces a consistent solid model re- 
gardless of numericla errors, by employing symbol processing algorithms 
which satisfy its topological constraints. The degeneracies of the solids 
are obtained according to the ambiguity caused by the given tolefances 
and numerical errors, which decide the resolution of calculation for the 
set operation. 

Keywords: Set operation, symbol processing, topology, robustness, tolerance 

1. INTRODUCTION 

In recent years, solid modeling systems including parametric modeling func- 
tions, as the central components of CAD/CAM systems to establish digital 
processes through the product life cycle, have been widely applied to the de- 
sign and manufacturing of mechanical parts or industrial products. However, 
there still remain serious problems in the current solid modeling systems con- 
cerning robustness and flexibility. Therefore, we carry out this research with 
the aim of establishing a robust method for the Boolean set operations for solid 
models, that is a method which can always produce a solid object which is 
valid within the prescribed precision regardless of numerical errors. In order to 
achieve this goal, we perform the following studies. 




1 We generate only valid solid objects without failures, satisfying the topo- 
logical consistency conditions by means of symbol processing algorithms 
which automatically satisfy the topological constraints. 

2 We maintain the overall topological consistency of the solid by sym- 
bolically detecting those local regions where topological inconsistency is 
caused by numerical errors of geometric calculations, and modifying them 
as ambiguous regions. 

3 We extend these methods for polyhedral solids to non-manifold solids and 
curved solids. 

Various approaches have been made towards robustness of the set operations. 
The approaches are classified in two categories: one using exact arithmetic and 
the other using fioating point arithmetic. The approaches in the first category 
use either variable length multiprecision rational numbers (Beno93) or finite 
precision exact numbers(BanRos96; Fort95; Sugilri89). In these approaches, 
one needs not worry about numerical errors. But these approaches are confined 
to polyhedral solids since many geometric algorithms for curved solids depend 
on iterative approximation methods. 

In the approaches in the second category, each geometric calculation is ac- 
companied by numerical errors, but one must construct a topological struc- 
ture for the output solid based on these geometric calculations. In order to 
do this construction, tolerances are generally used for the incidence tests be- 
tween geometric entities. However, using a fixed tolerance value, the results 
of different incidence tests may contradict each other(AgrReq94; Zhu93). Ap- 
proaches solving this difficult problem include those using adaptive or local tol- 
erances(Jack95; Seg90), and those using symbolic reasoning(Hoff89). In both 
approaches, the algorithm gets rather complicated while inconsistencies are not 
completely avoided. In contrast to these approaches which use tolerances for 
the incidence tests, Sugihara(Sugi94) proposes a completely robust and consis- 
tent algorithm, which uses no tolerances and does no incidence tests, for the 
intersection of convex polyhedra. This approach, which puts emphasis on topo- 
logical consistency and treats numerical values secondarily, seems promising for 
the development of robust geometric algorithms. But currently, its application 
to the set operation is limited to the intersection of convex polyhedra, while 
applications to the construction of Voronoi diagrams(SugiIri92) are successful. 

We take a similar approach to Sugihara’s one, but we extend it to all the 
kinds of set operations for any type of solids. We use tolerances for obtaining 
degenerate states of input solids such as coincidences of two faces, an edge and 
a face and so on, which are rather preferable for industrial users because they 
regard such ambiguous states by the numerical errors as coincident ones. 

First, we have developed a method(Naka97) for the construction of the in- 
tersection graph between two polyhedral solids, which is the first stage of the 
Boolean operation. The method, in order not to be affected by numerical er- 
rors, determines the connection of the intersection lines based on the topological 
connectivity properties of the edge-face intersection points represented symbol- 
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ically by face names. The method employs a new algorithm for the detection of 
the degeneracy such as vertex coincidence and edge crossing, by constructing 
clusters of the intersection points which represent the set of intersection points 
not distinguishable numerically and topologically. We construct the intersec- 
tion graph based on the connectivity between the clusters and the intersection 
line segments. 

Second, we have presented a method(Naka98) for the construction of the 
topological structure of the output solid - the latter part of the Boolean op- 
eration. Here, using the face-based representation(Higa95) as a basis for the 
topological structure of a polyhedral solid, instead of the conventional pointer- 
based structures for the boundary representations, we have introduced a new 
structure which explicitly holds the topological constraints for the model. These 
topological constraints represent the coincidence or degeneracy detected during 
the Boolean operation along with those intended by the designer in a uniform 
manner as constraints between the faces of the solid. By this structure, we are 
able to avoid the expansion of inconsistency in solid model data caused by accu- 
mulated numerical errors when Boolean operations are applied iteratively, and 
are also able to represent the intentions of the designer within a solid model. 
At the same time, this solid structure represents non-manifold solids uniformly 
with manifold solids, and forms a category of polyhedral solids closed under 
Boolean operations. 

Third, we have developed a method which generates a valid solid model when 
numerical errors exceed the designated tolerances. This is a main theme of this 
paper. We detect the inconsistency of topology caused by the numerical errors, 
by finding out an unclosed part of the intersection graph and a contradictory 
coincidence relation. We then modify the topological structure so as to treat 
the concerned part as an ambiguous region by changing the tolerances, while 
the global topological structure remain the same. This generates a consistent 
topological structure according to the designated precision, which is partly 
made larger by the numerical errors. 

In this paper, we describe concepts of set operation by symbol processing 
in Section 2. Then, we propose robust algorithms against numerical errors 
in Section 3. After presenting their application examples in Section 4, we 
summarize the paper. 

2. SET OPERATION BY SYMBOL 
PROCESSING 

2.1. Generation of intersectin graph 

An intersection graph is a graph whose edges are the valid intersection line 
segments between two input solids, and whose vertices are the endpoints of 
these segments. Here, valid intersection line segments are those parts of the 
intersection lines between face planes (the infinite plane on which the face lies) 
of two solids, which lie on the valid regions of both faces. 
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The construction of the intersection graph is performed in the following 
steps: 

1 Calculate all edge-face intersection points and associate a symbolical rep- 
resentation to each intersection point. 

2 Make clusters of the intersection points based on their symbolical con- 
nectivity. 

3 Extract valid intersection line segments based on the symbolical connec- 
tivity of the clusters. 

We first calculate the intersection points between edges and face planes of 
the two solids, and associate each intersection point a triplet of face names 
as its “symbol”, which represents the connectivity property of the intersection 
point. 

When an edge e of solid Si intersects a face plane g of solid 52, and the 
two side faces of e are fi and / 2 , then the symbol of the intersection point is 
defined as follows: 

■ First, define the direction of edge e so that the face fi is to the right as 
seen from outside of S\. 

■ When e penetrates g from inside to outside (of 82 )^ then the symbol is 

■ When e penetrates g from outside to inside, then the symbol is {g, f 2 ,fi)- 

The symbol of the intersection point represents the “connectivity” in the 
following sense. When we define the direction of the intersection lines so that 
the faces of solid A are on the left (and the faces of solid B on the right) on 
the intersection solid Af)B, these directed intersection lines are represented by 
pairs of face names (/, g), where / is a face of A and p is a face of B, Then, we 
can represent symbolically which intersection line “comes into” an intersection 
point and which “goes out” as follows: 

where the faces of solid A are denoted by numbers and faces of B by alpha- 
bets. Whether an intersection line “comes into” or “goes out” is determined 
by whether or not the ordering of the face names is the same as that in the 
symbol of the intersection pont. 

In degenerate cases such as vertex- vertex coincident or edge-crossing cases, 
multiple edge-face intersection points exist in a very small region. In these 
cases, the determination of valid intersection segments and their connections 
becomes a numerically subtle problem. For example, in an almost edge-crossing 
case (Fig. 1), a small numerical error may lead to a wrong decision on the 
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(c) Inconsistent case 

Figure 1 Connection of intersection lines in nearly edge-crossing cases 






(a) Vertex-face coincident case: (b) Edge-crossing case: 

{(a 3 2), (a 3 1), (a 1 2)} {(a 1 2), (b 2 1), (1 b a), (2 b a)} 



Figure 2 Clusters corresponding to degeneracy 



ordering of edge-face intersection points on the intersection lines, and then the 
intersection segments cannot be connected correctly as illustrated in Fig. 1 (c). 

In order not to be influenced by numerical errors, we should detect the 
degeneracy by a non-numerical method, or at least utilize non-numerical in- 
formation in the detection of degeneracy. Therefore, we exploit the symbolical 
connectivity relations of the intersection points to make the “clusters” , namely 
the sets of intersection points which are not distinguishable topologically or 
numerically, and should be considered as identical. 

The clusters are constructed by the following algorithm: 

When the symbols of two edge-face intersection points have the same input 
or outputj and these points are nearer than the prescribed tolerance, we 
put them in a same cluster. 

By this algorithm, the multiple edge-face intersection points corresponding 
to degeneracy are made into clusters (Fig 2). 

In order to construct the intersection graph, we must extract the valid seg- 
ments out of the infinite intersection lines between the face planes of two solid 
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Figure 3 Extraction of valid segments 




FCT 

1: (2,4,3) 

2: (1,3,4) 

3: (1,4,2) 

4: (1,2,3) 

5: (6,7,8) 

6: (5,8,7) 

7: (5,6,8) 

8; (5,7,6) 
Vertex Constraints 
{(1,2, 3), (5,6,7)} 




Face Connection Table 

1 : (3 5 8) 

2 : (4 9 6) 

3 : (1 8 10 5 4) 

4 ; (2 3 7 9) 

5 ; (I 6 3 10 8) 

6 : (2 9 7 5) 

7 : (4 6 9) 

8 : (1 5 10 3) 

9 : (2 4 7 6) 

10: (3 8 5) 



Vertex Constraints 
(1,2, 3,4, 5,6}, 
(3,4, 5, 6,7} 

Edge Constraints 
(3, 4, 5,6} 

Face Constraints 
{ 1 , 2 } 



(a) 



(b) 



Figure 4 Data structure for polyhedra 



(Fig 3). Using the connectivity properties of the clusters which are derived by 
those of the intersection points, this extraction can be performed completely 
non-numerically as presented in (Naka97). 

2.2. Generation of topological structure 

We adopt a face-based data representation augmented by the constraint 
conditions which represent the degeneracy detected in the Boolean operations 
or intended by the designer, following the idea which looks upon the faces as 
the most fundamental among the various entities constituting a solid model 
(Higa95). By adopting this structure, we can avoid the expansion of inconsis- 
tency by accumulation of numerical errors, at the same time gaining flexibility 
to the designer’s intension. 

The topological structure of the output solid is constructed by making face 
loops by a symbolical procedure similar to the process desribed in the previ- 
ous subsection. This method is simpler than the usual method which cuts the 
surfaces of input solids along the intersection and then sews together the ap- 
propriate parts to make the output solid, and more robust against numerical 
errors. 

The polyhedral solids, which are the inputs and outputs of our set operation 
algorithm, are represented by the following structure: 

1 Face connection table. 
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2 Geometric data (equation coefficents) for each face plane, 

3 Topological constraints. 

The face connection table is defined as the set of all adjacent face loops of 
all faces in the solid. Here, an adjacent face loop is a face boundary loop repre- 
sented as a list of face names. Topological constraints represent the degeneracy 
in the solid, and are constituted by the following three lists: 

■ Vertex constraints — list of face sets consisting of four or more faces and 
sharing a same vertex, 

■ Edge constraints — list of face sets consisting of three or more faces and 
sharing a same edge, 

■ Face constraints — list of face sets consisting of two or more faces which 
are coincident, (with same or opposite directions) 

This structure has the ability to represent the non-manifold solids such as 
shown those in Fig. 4. 

The topological structure for the output solid of Boolean operation is con- 
structed by the following steps: 

1 Generate the set of clusters and vertices which are to become the vertices 
of the output solid, by determining the IN-OUT of each vertices of each 
solid against the other solid. 

2 Generate the set of coaxial faces, which are the set of three or more faces 
sharing a same line. 

3 Extract the face set for the output solid from the set of clusters con- 
structed in step 1, and make the face loops for each face by connecting 
the relevant clusters based on their connectivity. 

4 Generate the topological constraints for the output solid from the clusters 
and coaxial face sets. 

For example, when we calculate the intersection An B of two cubes A and B 
shown in Fig. 5 (a), the edge-face intersection points and those vertices which 
lie inside of the other solid are the vertices for An B shown in Fig. (b). We 
make the face loops based on symbolical connectivity as shown in Fig. (c), and 
obtain the Face connection table for An B shown in Fig. (d). 

3. ROBUST ALGORITHMS AGAINST 
NUMERICAL ERRORS 

3.1. Intersection graph for degeneracy 

The intersection graph on the occurrence of degeneracy is unified into one 
from those obtained by perturbing one of the input solids by a small distance. 
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(a) Solids A and B 



(b) Vertices and intersection points 
for A n B 



(b 1 3) 3 (1 2 3) 

b 1 2 



(lb a) a (a 2 1) 



A(1 2 3)^ 
-i(b 1 3)-^ 
A(iba)^ 
-^(a2 1)X 



1: 2,3,b,a 
2: l,a,c,3 
3: l,2,c,b 
a: 1, b, c, 2 
b: l,3,c,a 
c: a,b,3,2 



(c) Loop of face 1 in A fl 5 (d) FCT(Face Connection Table) 

of AnB 



Figure 5 Set operation by symbol processing 



Namely, it represents multiple states. Fig. 6 shows an example for the case of 
edge-crossing. One intersection point has four edges joining two normal states 
here, although an intersection graph usually consists of intersection points with 
two arcs: coming in and going out edges. The graph is made automatically by 
connecting the clusters some of which consist of four symbols of the intersection 
points. Next, we show the case of face coincidence using Fig. 7. The graph 
is similarly unified from two states. Some nodes of the intersection graph 
have three edges here, because there exist singular intersection points, which 
have odd-number edges, such as those on face-face coincidence and face-edge 
coincidence. In these cases, intersection lines lie upon existing faces or edges 
and disappear there. But since there remain intersection point symbols on the 
coincident faces, we can connect them as intersection segments. 

Based-on above discussion, we introduce the condition of the intersection 
graph to be consistent. 



The intersection graph must consist of one or multiple loops which share 
some segments in the singular cases. 
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(a) Non- degenerate state 1 
Figure 6 



(b) Degenerate state (c) Non- degenerate state 2 

Multiple states for edge-crossing 




(a) Non -degenerate state 1 (b) Degenerate state (c) Non- degenerate state 2 

Figure 1 Multiple states for face coincidence 



3.2. Numerical errors and tolerance 

We use two types of tolerance in this research. One is an on-tolerance for 
the vertex-face coincidence, and the other is a cluster tolerance for unifying 
intersection points. The on-tolerance makes a vertex coincident to a face to 
obtain an intersection point certainly for the opposite position of the vertex 
against the face because of the numerical errors, when the distance from the 
vertex to the face is within the tolerance range. For the case that both end 
points of an edge are on a face, the edge is regarded to be coincident with 
the face. On the other hand, the cluster tolerance obtains valid intersection 
segments inside the face boundary by combining intersection points reversely 
ordered along the intersection due to numerical errors. 

In the above judgment, we suppose that the numerical errors are smaller than 
the tolerances. Now, we discuss the relation between the numerical errors and 
the tolerances for the consistency of the intersection graph. When the errors 
are larger than the on-tolerance, intersection lines are possible to be missed, 
added by mistake, or connected to false edges according to how the incident 
edges to the vertex cross the face, but the intersection graph is kept consistent 
corresponding to the given results. However, when the errors are larger than 
the cluster tolerance, the intersection loop is open because intersection point 
symbols determined using wrong valid segments cannot be connected. If one 
changes the tolerance value larger to avoid the above cases, he or she can con- 
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nect the concerned part of the graph, but more false intersection points are 
included which are for example those outside the face boundary. We should 
select appropriate intersection points so as to make a consistent topology in- 
stead of selecting a suitable tolerance value, because the larger tolerance cannot 
satisfy all the necessary conditions. 

3.3. Removal of inconsistency 

We describe algorithms to detect inconsistency of the intersection graph and 
to correct it. 

When intersection segments have open ends, they are deleted until they 
reach the existing loops based on the judgment that they are false addi- 
tional intersections. However, when an intersection point supposed to he 
reliable is to be deleted in the above procedure, we should not delete it. 

The reliable intersection point is determined by the fact that it is not within 
the on-tolerance, that is, its edge surely intersects with the object face. 

To make a consistent intersection graph for this case, we have to close the 
open ends of the intersection segments. By making the cluster tolerance 
larger, remaking and connecting the clusters again, we can connect them 
because they are open by the wrong decision for the valid segments. 

Next, we consider the case of the contradiction for the coincidence among 
faces and edges. The coincidence is determined from the following facts. When 
both vertices of an edge are on a face, the edge is considered to be coincident 
with the face and a relation of co-axial of three faces is made. When a co-axial 
relation among four faces exists, two edges are coincident. Further, when a 
face has more than two pairs of co-axial relations with another face, the faces 
are coincident. However, when an edge intersects with a face with a very thin 
angle, there happens a contradiction such that its one vertex is on the face 
and the other vertex is out of the face, but the intermediate intersection point 
made by edge-crossing with another edge is set to “on” for the face. In this 
case, the edge should be changed to be on the face so as to be consistent for 
the degeneracy. When such cases occur side by side, a compound contradiction 
is made. To cope with these, the next algorithm is introduced. 

Two clusters which share three faces are made to have a co-axial relation 
when they cannot he unified because of the topological constraints and the 
distance among the intersection points from each cluster is large enough, 
while they are made to be one cluster for the distance within the tolerance. 
To be consistent through the entire process, the vertices of the edges newly 
made co-axial are changed to be “on” the faces and the other coincidence 
relations are checked again. 

We explain the above algorithm in Fig. 8 by the example shown in Fig. 7. 
Two blocks are located so that two faces from each block are almost coincident. 
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(a) = 10 ® (b) Error is larger (c) = 10 * (d) £c = 10 * 

{no degeneracy) 

Figure 8 Example of processing for consistency 



If intersection calculations are strictly done without errors for the in-out judg- 
ment of intersection points against the boundaries of faces, the output solid is 
generated without degeneracy as shown in Fig. (a). When the numerical errors 
are larger than the tolerance, the intersection graph is not closed as shown in 
Fig. (b). So, the cluster tolerance is changed larger locally and automatically, 
and the output becomes to have some degeneracy. Instead of giving larger nu- 
merical errors, we set the cluster tolerance Sc larger. For Sc = 10”^, one edge 
is changed to be incident with a face as shown in Fig. (c), and for a larger 
tolerance as Sc = 10~^, face coincidence is generated as shown in Fig. (d). 
We get valid outputs which satisfy the given precision, that is resolution of the 
calculation, according to the tolerance values. 

4. APPLICATION EXAMPLE 

We apply the above algorithms to some examples. We implemented them on 
Mathematica (Wolfram Research Inc.) and later in Common Lisp. All numer- 
ical calculations are carried out in double precision floating point arithmetic. 

First, we check the results of the set operation for two unit cubes, when 
one of them is rotated around x,y,z axes by angle 6. Fig. 9 shows input 
solids and an output of union in case of 0 = 30°. We change the angle from 
1° to 10“®° and vary the on-tolerance e and cluster tolerance Sc from 10“^ 
to 10“^®. Table 1 shows some results for 6 = 0.001°. Here, numbers of in- 
tersection point symbols(S), clusters(C), intersection segments(I) and reduced 
intersection segments(R) are described. By the numbers, we can classify the 
patterns of outputs according to the degeneracy. Table 2 shows various out- 
put patterns for various values of 6 and tolerances. For each 0, certain value 

(left column) exists, and when e is larger than or equal to that, two solids 
cannot be discriminated. Output patterns are classifled by values of Sc into 
local coincidence. Pattern 1 and Pattern 2. Two main patterns are shown in 
Fig. 10 with intersection graphs. Pattern 1 has 8 clusters all made of multiple 
intersection segments, and Pattern 2 has four clusters of edge-crossing and 12 
normal intersection points which is the same to the case of 6 = 30°. When e 
is smaller than and larger than or equal to cartain value (right column). 
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r ' J ' : 




(c) Intersecting cubes {cl) Intersection lines 



(b) Cube B 

Figure 9 Output solid for 0 = 30° 



Table 1 Outputs of various tolerance values {0 = 0.001°) 



Sc 

£ 




l.OE-2 
... l.OE-4 


l.OE-5 


l.OE-6 
... l.OE-9 


l.OE-10 
... l.OE-11 


l.OE-12 


l.OE-13 


l.OE-14 
... l.OE-15 


0.01 


o 


48 


48 


48 


48 


48 


48 


48 




ta 


8 


8 


8 


8 


8 


8 


8 


l.OE-4 


11 


24 


24 


24 


24 


24 


24 


24 




la 


24 


24 


24 


24 


24 


24 


24 




B 


54* 


72* 


84 


84 


84 


84 


84 






8 


8 


8 


16 


16 


16 


16 




I 


21 


18 


24 


24 


24 


24 


24 




El 


21 


16 


18 


18 


18 


18 


18 


l.OE-10 


s 


48 


48 


48 


48 


48 


48 


48 




c 


8 


8 


8 


16 


16 


16 


16 


l.OE-14 


I 


18 


18 


18 


18 


18 


18 


18 




R 


18 


18 


18 


18 


18 


18 


18 




s 


44 


44 


44 


44 


44 


44 


44 


l.OE-15 


c 


8 


8 


8 


16 


16 


16 


16 




I 


18 


18 


18 


18 


18 


18 


18 




R 


18 


18 


18 


18 


18 


18 


18 



S: Number of edge-face symbols(*: co-axial relations are modified), C: Number of clusters, 
I: Number of intersection segments, R: Number of reduced intersection segments 



additional intrsection segments exist and they are deleted as open loops. At 
these e values, if Sc is larger than or equal to local coincidence where 

some pairs of faces are coincident is output by modifying the inconsistency of 
topology adding co-axial relations. Further, when both tolerances are small for 
0 = 10~^° and 6 — 10”^°, Pattern 2 cannot be output because of open loops 
of intersection graphs, instead they are modified to Pattern 1 by enlarging 
Sc- From the table, we understand that, for a larger tolerance, an output has 
more degeneracies and its resolution is getting worse to maintain its topological 
consistency. 
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Pattern 2 (Cluster connections) 



Figure 10 Output patterns of set operation for cubes 



Table 2 Output patterns of various values of 9 and tolerances 



0 


Coincidence 


Local 

coincidence^ 


Pattern 1 


Pattern 2 


Additional 

segments 


m 


£ > 0.1 


(e > 10"^) 
A(ec > 10"*) 


£c > 10"® 


£c < 10“^ 




mi^ii 


e > 0.01 


(e > 10"^) 
A(ec > 10"®) 


£c > 10"® 


£c < 10“® 




ijjjjiii 


jB9||[ 


(e > 10"') 
A(£c > 10"“) 


£c > 10~* 


£c < 10"® 






■HI 


(e > lO-^*) 
A(£c > 10"®) 


£c > 10"® 


£c < 10" 






jjBHj 










mi 






£c > 10"^® 


(£c < 10"'^)* 


mmi 


im 




■Mnaai 




— 





f: co-axial relations are added 

♦: £c is enlarged and inconsitent graph is changed into Pattern 1 
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(d) 4th union 



(e) 5th union 



(f) 5th int. graph 



Figure 12 Repeated union of solids 




(a) Union (b) Difference (c) Intersection 

Figure 13 Face coincidence for six-sided prisms 
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Next, we repeated above set operations each time with a random rotation 
angle to confirm the consistency against the accumulation of errors. Fig. 11 
shows results of sixth and seventh intersections along with the intersection 
graph which has 1572 clusters for the seventh intersection. Fig. 12 shows 
results of fourth and fifth unions along with the intersection graph having 2778 
clusters. 

Last, we pick up examples for face-face coincidence. Three six-sided prisms 
are located in the position where four pairs of faces are coincident. The results 
are shown in Fig. 13. In Fig. (a) union, four pairs of faces are coincident in 
the same direction, and in Fig. (b) difference, in the opposite direction along 
with edge-edge coincidence in the non-manifold state. 

Our method generates valid outputs according to the given resolution. This 
looks similar to the adaptive tolerance method, but our method is quite differ- 
ent from it on the point that our method generates only a valid solid topologi- 
cally. On the other hand, the approach using exact arithmetic needs so much 
computation costs for calculating a too small range of intersections which are 
meaningless in the practical engineering. Nevertheless, it needs special treat- 
ments for coincidence calculations. Contrarily, the pure topology-oriented ap- 
proach needs not such special treatments, but its outputs include mismatch of 
geometry and topology according to positional errors of the calculations, which 
sometimes exceed the resolution of the object. 

5. SUMMARY 

We have proposed algorithms for robust set operations even in the case that 
the numerical errors are larger than the given tolerance. Through the applied 
examples, we have obtained the following conclusion. 

1 We obtain a valid output of a set operation without failure by symbol pro- 
cessing which generates an intersection graph according to the topological 
constraints. 

2 The output solid varies corresponding to the tolerance and numerical 
errors which decide the resolution of the calculation. 

Our future research is to extend this approach to curved solids. Part of it 
is now being developed. This research is partly supported by Grant-in- Aid for 
Scientific Research (A) (NO. 103558005) of the Ministry of Education, Science 
and Culture of Japan. 
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SOLID MODELING USING BOUNDARY INTEGRAL 
EQUATIONS 
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Abstract 

This paper describes a method of solid modeling using boundary integral 
equations and three-dimensional polyharmonic functions. This method 
requires arbitrary points and lines on a free-form surface of a solid model. 
The free-form surfaces of the solid model are searched, after solving the 
discretized integral equation. In this paper, the integrated polyharmonic 
functions are derived. These functions effectively smooth the obtained 
surface even if functions of low order are used. The complicated and smooth 
free-form surface of the solid model can be expressed by only one surface 
patch. In order to investigate the efficiency of this method, several examples 
are presented. 

Key Words: Modeling, Drawing, Surface Generation, CAD, Boundary Element 
Method, Design 

1. INTRODUCTION 

In defining a free-form surface in interactive CAD, surfaces are 
generated using a Bezier spline and a B-spline^’^. In the method using the 
B-spline, points must be assigned in a gridiron layout. Partial differential 
equations (PDE) are used to generate many kinds of free-form surfaces^. 
However, PDE cannot use scattered data. Optimization techniques are used 
to generate a smooth free-form surface, which is a B-spline surface"^. A 
method using soft objects has been proposed^’^,but it is difficult to define an 
exact position of points on a surface. On the other hand, the radius spline is 
proposed^’®. The author has proposed a method using boundary integral 
equations and polyharmonic functions in order to generate a 2.5-dimensional 
free-form surface^’^®’^^ In the above-mentioned two methods, points can be 
assigned arbitrarily instead of using a gridiron layout, making it easy to 
generate a free-form surface. In the method using the integral equations, it 
is quite simple to generate a 2.5-dimensional free-form surface. 

This paper describes a method of solid modeling using boundary 
integral equations and the three-dimensional polyharmonic functions. In 




this paper, a fictitious big box, in which a solid is defined, is considered. 
In order to obtain a smooth surface using lower-order polyharmonic 
functions, a new function, which expresses a state of a uniformly 
distributed polyharmonic function in a spherical region, is introduced. A 
new integral equations are proposed using these new functions. 

2. THEORY 

2.1 Fundamental equation 

In this theory, the Poisson equation, which is used for heat conduction 
analysis with heat generation, is applied to define a solid geometry. In the 
one-dimensional case, linear interpolation, as shown in Fig.l, can be 



described by 

. ( 1 ) 

where is dVdx^. The term T **2 corresponds to an unknown point heat 
source. Smoother interpolation is obtained by 

( 2 ) 

Vo)'T2=-r3 . (3) 

From Eqs.(2) and (3), the following equation can be obtained. 

V(,)^.=T3*’ (4) 



This equation is the same type of equation as that for the deformation (Tj) 
of a thin beam with an unknown point load (T** 3 ). The unknown point load 




(a) Linear interpolation (b) Beam for interpolation 

Figure. 1 One-dimensional interpolation 




Figure.2 Fictitious thin plate for interpolation 
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(T** 3 ) can be obtained inversely using a value of T j at several points, as 
shown in Fig.2. The term T ^2 corresponds to the moment of the beam, and 
the term T ^2 both ends of the beam is assumed to be 0. The obtained 
curve corresponds to the natural spline. 

In the two-dimensional case, interpolation can be describe by (Ochiai 
and Yasutomi^^, 2000) 

V(2)"r,=-n (5) 

V (2)^V-n . (6) 

where V From Eqs.(5) and (6), the following equation can 
be obtained. 

V(2)^,='r3 (7) 

This equation is the same type of equation as that for the deformation (T j) 
of a thin plate with an unknown point load (T** 3 ), as shown in Fig.2. The 
unknown point load (T** 3 ) can be obtained inversely using a value of T j at 
several points. The smoother free-form surface can be obtained using a 
uniformly distributed load (T** 3a) on area A instead of a point load (T** 3 ). 
(Ochiai and Yasutomi, 2000) A 2.5-dimensional free-form surface can be 
obtained using the above-mentioned method. Figure 3(a) shows a line of 
given boundary geometry and arbitrary internal points. Figure 3(b) shows 
an obtained shape . 

In the three-dimensional case, the Poisson equation, which is used for 
heat conduction analysis with heat generation, is applied to define a solid 
geometry. Solid geometry is assumed as the part of which values are less 
than zero . It is assumed that the value T^ at an arbitrary point P satisfies the 
Poisson equation 

V^T, = -T^ , (8) 

The term T 2 is a function of (x,y,z) including infinite values. It 
corresponds to the sum of approximated 




(a) Given data (b) Obtained shape 

Figure. 3 2.5-dimensional shape 
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R 



Figure.4 Notations for new function 



curvatures d^T,/^y^and The surface of the solid is an 

iso-surface with value 0. The three-dimensional i-th polyharmonic function 
T*i(P, Q) and its normal derivative dli*Jdn can be given by^ 



T*i(P,Q) = 



43t(2i - 2)! 



3T*i (2i-3)r^‘-" dr 
dn 4jt(2i-2)! dn 



(9) 

( 10 ) 



Denoting by r the distance between two points (P,Q), where P and Q are 
the source point and the observing point, respectively. 

In order to obtain a smooth surface using lower order polyharmonic 
functions, a new function T*iA> which expresses the state of a uniformly 
distributed polyharmonic function in a spherical region with radius A, as 
shown in Fig.4, is introduced. 



T*iA =J^J^“j^"T*iad0d(j)da 



( 11 ) 



The newly defined function T’ja and its normal derivative are shown 
explicitly. These functions are given by using r similarly in Eqs.(9) and (10), 
though the functions obtained from Eq.(ll) are the functions of R. 



T,a = 
T*,a = 
T*2A = 

T*2A = - 



3r 

3A^ - r" 

6 

Vr 

6r 



2 A' 

r + — 



r^-15A^-1 0rW 
120 



r>A 


(12) 


< 

VII 


(13) 


r>A 


(14) 


< 

VII 


(15) 



The term T 2 in Eq.(8) can be divided into several terms as follows*"”: 
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(16) 

where T **2 is a Dirac-type function, which has a value only at a point and 
similarly has the value only on a line and T ^2 on a surface. Moreover, 
point T^ 2 a line T^ 2 a ^re related to the new function T 2 a- On the other 
hand T '^2 T'^ja are concerned with dT/dn and dTiJdn, which correspond 
to the double layer along a form of a surface. Equation (8) can be written as 
follows: 



V'T'',= -(T''2+T^+TS+T'’2+T^+TVT'’2a+T''2a+T'’2a) (17) 

Generally, the next equation 

1 +T® .,+n,A+T° +Th.,A+n,A) (is) 

is assumed. Moreover, in the case of i=I, we assume T'^h_j= 0 and we 
obtain 



V^^=-(TV,+T\,+T^i+TV,+TVi+T^,a+T^,a+T^ia+T'',.,a) (19) 
Considering the fictitious box as a boundary f , the value at an 
arbitrary point is given by Eqs.(8) and (16)'^(19) and Green’s second 
identity as follows^ ": 



cT'',(P) - -^(-l)'j;{T-,(P,Q)^!^-^I^£i5)T'',(Q)}<jr(Q) 

- - y (-l)‘T-i (P, q)T',„ (q) 

- il(-i)'T-,TS.,dr, - ^T»...dr„ 

- 2X,(-l)'T''*T'M.drs - Y(-iyT-«(P,q)T'i.„(q) 

- (-l)‘r.T‘-,...dr, - (- 1 )' ^T»„.dr„ (20) 



where Fs, Fl and Fp show the forms of T^j, and T*^j. On the smooth 
boundary F c=0.5, for the inside of the boundary c=1.0 and for the outside 
of the boundary c=0. 

2 . 2 Unit normal vector Unit normal vector on a surface is important 
in CAD. Differentiating Eq.(20) with x,,, the next equation is obtained. 
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aT\(P) 



dx. 



-2(-')7r< 



dT i d^T i 



where 






T''i(Q)}dr(Q) 



y j; (-1)' - y (-1)' iliMr',., (q) 



Uyy 
?7. 



i jT- V r / i\i i rrD 



dx, 



-T^.idFL - 



g/J-')' 



dX|^3n' 



T^Kidr, 



(- 1 ) 



i 3 T iA T,s V / 1 \i iA(P,q)^p 



dx^ 



-r^Adrs ->(-!)■ 



dx. 



T"i.iA(q) 






' ^ “ T“,.,.dr„ , 



dX|jdn' 



( 21 ) 



dT*i _ 

dXk 

a^T’i 

dx,jdn 



2 i -4 



(2i-3)r„r 
4ji(2i-2)! 

_ ‘>k ‘ 

4jt(2i-2)! 



[n,+r.,(2i-5)^] 

on 



( 22 ) 

(23) 



Functions ^TjA/^x^are given as follows: 



dT*iA _ 


dr 




r>A 


(24) 


dx, 


3r^ dx. 






5T lA 


r dr 




r^A 


(25) 


dx, 


3dx, 






3T 2A 


A"(r'-5A') 


dr 


r>A 


(26) 


dx, 

dT*2A _ 


30r^ 

r^-5rA^ dr 


dx. 


r^A 




(27) 




30 dx, 




dx. 







The Nj component of a unit normal vector is given by 

dT^(P) 

dT^(P) dT^(P) 

^ dXi dXj 



(28) 
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3. NUMERICAL PROCEDURE OF INTEGRAL EQUATION 
As it is difficult to treat the integral equation (20) analytically, they are 
discretized and treated numerically. Various examples using integral 
equations can be shown. In this paper, the term T'’ 3 a and 1=2 are used. We 
obtain the following equations from Eqs.(lT) and (19). 

V^T,=-T''2 (29) 

(30) 

Denoting the number of points as M, we obtain the following integral 
equations from Eqs.(29) and (30) 






aT''i(Q) ST’i_v 



an 



an 



T^(Q)}dr-2T*2AT’’ 3A(m) 



m=l 



(31) 



cT'' 2(P) = r{T^-^^^^^-^T^(Q)}d^(Q)+2T^AT%^ (32) 

an an 



The boundary T is discretized by the constant elements. Replacing and 
aT^i/an by vectors T| and V^, respectively, and expressing Eq.(31) as 
matrices, we obtain^^ 

HJ,=GiVi+H2T2-G2V2-G^r3 , (33) 

where Gj, Hj, G 2 , H 2 and G **2 are the matrices with the following 
elements for a given boundary point ’e’: 



=j;T't(P,Q)dr. 


(34) 


H,ej = + f 

^ 2 ” Jrj an ^ 


(35) 


G 2 , =/J*2(P,Q)dr. 


(36) 


Hjej = f 

an ^ 


(37) 


G^ek =T* 2 Ak(P,q'’) . 


(38) 


Ej is the discretized boundary. Notations p and q 
points instead of P and Q. When the case of 1= 
following equation is obtained from Eq.(32): 


are used for internal 
■2 is considered, the 


H,T2=G.V2+G^T■’3, 


(39) 



215 




where G"*, is the matrix with elements 

G lek = T 1 a(P, Q ) . (^0) 

Moreover, using the internal points with value TCp’’^) which is related to 

T'^ 3 A> we obtain 

T(p'■)=-H3T,+G3V,+H,T2-G4V,-G^T'■3 , (41) 

where G 3 , H 3 , G 4 , H 4 and G ’’3 are the matrices with elements 

0^1 -/J'.(p',Q)dr, (42) 

G<.I -XT’i(p'.Q)<Jr, (44) 

f W^(P^Q) 

-Jr, — s; 

G’’3«* -T’2A(p^,q*') . (46) 

Assuming T 2=0 and using Eqs.(33), (39) and (41), we obtain 

Gj -G^ \ / H,T, 

0 G, G^ V 2 = 0 (47) 

G3 -G4 -G-aJ^raj [h3T,+T(p-)^ 



Using the above equation, V,, Vj and T ’’3 can be obtained. The value at 
an arbitrary inner point can be obtained by Eq.(31). 

Using the above method, a solid can be defined. Voxels can be used to 
show a solid object. Scanning inside the region, a small voxel is created if 
the value at the point is smaller than zero. This method can be easily 
applied to stereolithography. The other method is shown in Fig.5. First, 
coarse triangular patches are given, and normal vectors are given using 
Eq.(28) at the middle point of each side of the triangle. Searching the point 
of value zero, four new patches are made. Repeating this process, smooth 
surfaces can be obtained . Similarly, marchine cubes method can be used. 




Figure.5 Generation of new surfaces 
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4. NUMERICAL EXAMPLES 

In this method, a fictitious big box, in which the solid is defined, is 
considered. The value of the box surface is assumed to be +1. The surface 
of the box is divided into elements, as shown in Fig. 6(a). In the simplest 
example, the free-form surface, defined by nine points on the surface and 
one internal point (Fig. 6(b)), is obtained using several functions and 
parameters. As shown in Figs.7(a)^(e), the surface becomes smooth by 
increasing the number i of function TV If the same number i is used, the 
surface defined by T*{a is smoother than that defined by TV The surface 
becomes smooth with increasing parameter A. Using the constant elements 
and M internal points and dividing the boundary of the fictitious big box 
into N , the simultaneous linear algebraic equations with (IN+M) 
unknowns must be solved. If T* 2 a is used with a larger value of A, the 
shape in Fig.7(b) is similar to the shape in Fig.7(c) and the calculation time 
is much shorter than that using T* 3 . 

To construct a shape with two projections, several smooth solids are 
created with the surface points as shown in Fig.8. The point with value +1 is 
given in the middle of the two projections in order to avoid connecting them. 
In this method, a solid is defined only by points, and Fig. 9 shows the voxel 
shape obtained from these points. It is a possibile to apply this method to 
stereolithography. If voxeles are used to construct the shape, the shape is 
unclear. The triangular patches are used to avoid this. First, the rough 
triangular patches are given, the fine triangular patches are calculated by 
using the method shown in Fig.5. Figures 10(a) and (b) show the shapes 
obtained using T*f and T* 2 a> respectively. 

As a useful application of this method, a human face is obtained from 
surface points. Figure 11(a) shows the given surface points in the front 
view. Though points on the top of the head and the side of the face are not 
given as shown in Fig. 11(a), a smooth surface is created through the 
calculation. Giving the patche by an operator requires far too much time, 
so 20 rough triangular patches are given using only 12 points as shown in 
Fig. 11(b) . After repeating the calculation as shown in Fig.5 four times, a 
human face can be obtained from the given points as shown in Fig.lO. 
Function T* 2 a with A=0.05 is used. It became clear that smooth solid 
modeling can be carried out using a limited amount of data . 

Ray casting^"* for modeling solids is effective for the present method. 
Surface points on the Venus de Milo are shown in Fig. 13(a), and Fig. 13(b) 
shows the side and front views of the Venus de Milo obtained by ray casting 
and Eq.(47). A solid can also be defined by lines instead of points. Figure 
14(a) shows the given lines, and the obtained solid is shown in Fig. 14(b). 
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A=0.1 



Figure. 7 Example of obtained shapes 




Figure . 8 Shape with two projections Figure.9 Obtained voxel shape 




(a) n^,A=0.3 (b) T *3 

Figure. 10 Obtained shape 



2 





(a) Given surface points (b) Given patches 

Figure* 11 Given surface points and patches Figure. 12 Obtained shape 




(a) Given points (b) Obtained solid 

Figure, 13 The Venus de Milo 




(a) Given lines (b) Obtained solid 

Figure.l4 Solid using lines 

5. CONCLUSION 

It has been shown that a smooth solid can be easily modeled using the 
boundary integral equations and three-dimensional polyharmonic functions . 
The smooth surface of a solid is defined only by points, therefore a smooth 
surface can be obtained by rough solid definition using points on the surface. 
A whole solid surface can be defined by only one surface patch. New 
functions, which express a state uniformly distributed with a polyharmonic 
function, are derived, and a new integral equation using these is shown. 
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Using these new functions, the simultaneous algebraic equation becomes 
small . 
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1. INTRODUCTION 

In the early stages of industrial design, industrial designers draw many concept 
sketches in order to define the shape of the product. In this process, industrial 
designers create images of the product in order to be confirmed the objecture of 
the design and identify and develope the concept. We propose a new shape 
model called a density spatial model (DSM) to support this idea-developing 
phase of industrial design. Initial ideas, involving several basic shapes of the 
proposed product, become the foundation for developing many variations of 
the form of the product. Therefore, and shape model used in the early stages of 
industrial design must provide the ability to generate many variations for 
further discussion and proposal. In order to realize such a shape model, we 
modified the shape model traditionally used in the field of computer animation. 
Several shape models have been introduced for use in computer animation in 
order to model soft organic shapes. Such shape models include the Blobby 
Model by J. F. Blinn, and the Metaball by Nishimura, et al. The former models 
the equipotential surface (equi-energy surface) of hydrogen atoms and 
expresses the shapes by implicit surfaces, producing shapes using shape 




primitives. We modified and extended the Blobby Model to develop the DSM, 
which is able to model soft organic shapes and rigid geometric shapes requiring 
fewer shape primitives than conventional organic shape modelers. Shapes are 
modeled using one consistent method in the DSM. The internal conditions 
(strengths and reducing factors of the point charge models) of the DSM are 
determined from the shape of the passing-points net constructed from the group 
of points defined by the defined shape. An equipotential surface is created by 
approximating the shape of the passing-points net. This procedure is called the 
inverse transformation of the DSM, and allows the conditions of the electric 
charge models to be determined rapidly by solving simultaneous equations 
involving only a few charge models. In conventional CAD systems, shape 
creation operations based on surface patchs are performed using the control 
points of the surface patch. In a similar way, the inverse transformation of the 
DSM is used in the shape creating operation with the passing-points net. An 
explicit function form of the equipotential surface is made by the DSM, 
representing the boundary of the shape and the space, and is called a equal 
density surface. The ability to observe and process the equal density surface 
directly is crucial to industrial design. Using the equal density surface speeds 
up display of the DSM. In conventional CAD systems, mean curvature and 
total curvature are used as evaluation criteria for surface manipulation. The 
mean curvature and total curvature are derived from the equal density surface 
of the DSM to evaluate the results of surface manipulation. As the DSM ia 
based on an exponential function, a complete connection with a plane can not 
be made. We attempt to create a smooth connection by applying a surface 
connecting function to the equal density surface to be connected to the plane. 
The same procedure is used to connect two equal density surfaces. In industrial 
design, the industrial designer first determines the basic structure of the product 
shape and later adds edges, comers, surfaces and fillets, etc. In the DSM, 
geometric primitives and density primitives are combined to form an equal 
density solid with uniform density. The equal density solid can then be 
combined with additional geometric primitives and density primitives to form a 
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new equal density solid. Equal density surfaces are mapped on to an equal 
density solid by shape mapping. This kind of shape operation is intuitive and 
free from the many shape operating parameters that confuse industrial designer, 
and is therefore suitable for use in the idea-developing stages of industrial 
design, where trial-and-error is frequently used. 



2. DENSITY SPATIAL MODEL 

2. 1 Shape Primitives of Density Spatial Model 

The shape primitives used in the DSM are geometric and density primitives. 
Geometric primitives have uniform density values, and include such forms as 
rectangular solids, cylinders, spheres, ellipsoids, and one-leaf hyperboloid 
rotation bodies. Density primitives represent free-form shapes with density 
gradients, including plane-based primitives, pipe-based primitives, sphere- 
based primitives, and blobby shapes. The plane-, pipe- and sphere-based 
primitives are spetial electric charge models. An object is constructed by 
performing shape operations for a number of shape primitives. Shape 
primitives are given positive or negative density values, and two shapes can be 
added, subtracted, and multiplied together. 

2.2 Basic Theory for Density Spatial Model 

The potential at a point (x, y, z) in space is expressed as the linear combination 
of the potentials of the various point-wise electric charges defined in the space. 
In this study, the potentials are called density values. The range of density 
values taken by the electric charge models of the density primitives is referred 
to as the influencing range. Outside this influencing range, the density value 
taken by density primitives is considered to be 0. Shape primitives with density 
gradients sometimes produce unexpected result. For this reason, shape groups 
are introduced. A shape group is a classification scheme for shape primitives. 
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Figure 1. Density spatial model 

The fusion of shape primitives is limited within the shape group. As shown in 
figure 1, density primitives and geometric primitives of the same shape group 
can be combined. The density values of the combined shape are changed to a 
uniform value. A combined shape that has a uniform density is called an equal 
density solid. The equal density solid, and density and geometric primitives can 
be repeatedly combined to form new equal density solid. As shown in formula 
(1), Fik(x,y,z) is the density value of the i-th density primitive in the k-th shape 
group. 



Fj^(x,y,z) = Di^(x,y,z)exp(-ai^rj^) (1) 

Here, aik is the reducing factor of the entire shape primitive, and rik is the 
distance of the shape primitive from the reference plane, line or point. As 
shown in figure 2, in the case of the plane-based primitive, rik is the length of 
the perpendicular segment from the point immediately above the primitive to 
the reference plane of the primitive. Dik(x,y,z) is the density distribution 



Equipotential surface (Fjj^) Plane-based primitive 




/ Density distribution surface/(D^) 




Reference plane of 
plane-based primitive 



Figure 2. Plane-based primitive 
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surface. As shown in formula (2), Gjk(x,y,z) is the uniform density value of the 
j-th geometric primitive in the k-th shape group. 

(Interior of primitive shape) 

(Exterior of primitive shape) 






( 2 ) 



In the interior of the shape primitive, the uniform density value De (or 0) is 
given. As shown in formula (3), Rk(x,y,z) is the sum of the total density value 
of the geometric primitives at point (x,y,z) and the uniform density value of the 
shape group to which the shape has belongs. 

n 

Rfc (x, y, z) = ]£ Gji, (x, y, z) + Q, (x, y, z) (3) 

j=i 



Here, Qi(x,y,z) is the uniform density value of the first equal density solid 
defined for a given shape group, and Gjk(x,y,z) is the density value of the j-th 
geometric primitive in the k-th shape group. Once the shape of the shape group 
is fixed and the equal density solid is created, the equal density solid can be 
incorporated into other shape groups. If other shape primitive groups do not yet 
exist, or the defined shape group will not be incorporated into other shape 
groups, only the total of density value of the geometric primitives will be 
obtained using Formula (3). The equipotential surface representing the shape of 
the DSM is expressed as 



(x, y , z) = ]£ (x, y, z) + H, (x, y , z) - D, (4) 

i=l 

Here, Fik(x,y,z) is the density value of the i-th density primitive in the k-th 
shape group expressed in Formula (1). As shown in formula (5), Hk(x,y,z) is the 
uniform density value of the equal density solid of the k-th defined shape 
group. 



Hk(x,y,z> 



= D, (R^(x,y,z)>Dj 



( 5 ) 



[=0 (Rk(x,y,z)<Dj 
Here, Rk(x,y,z) is the sum of the total density value of the k-th shape group at 
point (x,y,z) and the uniform density value of the equal density solid of the 
defined shape group. Formula (6) describes the condition for the uniform 
density value of the equal density solid of the k-th shape group. 
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( 6 ) 



Qk(x,y,z) 



= De (E,(x,y,z)>0) 



[=0 (E^(x,y,z)<0) 

Here, Ek(x,y,z) is as expressed in formula (4). Formula (7) defines the DSM 
equation expressing the shape of an object in terms of the equal density solids 
of shape groups. Domain S is the shape of the object, and Qk(x,y,z) is the 
uniform density value of the equal density solid of the k-th shape group. 



S = Hx,y,z) 



^Qk(x,y,z)>D. 



(7) 



k=l 



The shape of the object is represented by the domain with total density value 
exceeding the density value for the presentation. Hence the shape of the entire 
object is the sum of domains occupied by shape groups. 



3. EQUAL DENSITY SURFACE AS A SURFACE PATCH 
3 . 1 Inverse Transformation of Density Spatial Model 

One way of forming a shape, is to define the points that the shape will pass 
through. Therefore, the DSM also needs this kind of shape operation 
procedure. This procedure is similar to the conventional parametric surface 
patch. As shown in figure 3, on the reference plane of a plane-based primitive, 
the set of points (passing-points net) through which the equipotential surface 
defining the shape passes through is defined. The inverse transformation of the 
DSM is a procedure to obtain, from the position of the passing-points net, 
information on the internal conditions (strength and reducing factor for electric 
charge model) of a group of point charge models distributed on the reference 
plane of a plane-based primitive. The point charge models can be distributed at 
equal intervals or at random; however, these models must be positioned 
directly below the nodes of the passing-points net. The number n of point 
charge models must be equal to the number of nodes, excluding peripheral 
nodes on the extreme edges that do not have a point charge model directly 
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Figure 4. Reducing factors and 
Passing-points net 



below them. As shown in figure 4, the reducing factor adk for each point charge 
model on the reference plane of the plane-based primitive can be obtained 
using the equation. The variables hk, hmk and rmk denote the height of k-th node, 
the mean height of surrounding k-th node and the mean distance of surrounding 
k-th node respectively. And amin is constant. 

llog(hk/hn,k)exp(ai(hic-hnik))| 



‘‘dk = 



mk 



+ a^ 



min 



( 8 ) 



The strength Ddk of each point charge model on the reference plane of the 
plane-based primitive can be obtained by solving the set of simultaneous 
equations. 




Figure 5. Equal density surface Figure 6. Example of passing-ponts net 
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CiiXi+Ci2X2+-+CinXn=De 
C2 iXi +C22X2 + •+C2nXn =Dg 



.^nlX] +Cn2X2"i ^C[,nXn-Dg 



( 9 ) 



Here, 

Xk=Ddk (10) 

Cjk= exp|^-adk[^(uj-ukf +(vj-vkf j-aihj j (11) 

The coordinate (uj,vj,hj) is the position of j-th node of passing-points net. The 
coordinate (uk,vk) is the position of k-th point charge model. Then, the internal 
conditions of the plane-based primitive are determined. As shown in figure 5, 
the equipotential surface approximating the passing-points net (fig. 6) is 
formed. 

3.2 Explicit Function Form of Equipotential Surface 



The explicit function form of the equipotential surface defining the shape 
derived from formula (4) is shown in formula (12). Here, ai is the reducing 
factor of the entire plane-based primitive. Di(u,v) is the density distribution 
surface given by formula (1). 

hj(u, v) = T|]og(Dj(u, v))- log(Dj} (12) 

In industrial design, it is essential that it be possible to directly observe and 




Figure 7. Connection of equal density surfaces 
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control the equal density surface. As shown in figure 5, the use of the equal 
density surface allows faster presentation of the DSM. 

In conventional CAD systems, total curvature and mean curvature are used for 
evaluating the surface characteristics of a proposed product. The mean 
curvature and total curvature are derived from the equal density surface of the 
DSM to evaluate the results of surface manipulation. We control the shape of 
the equal density surface by varying the reducing factor of the point electric 
charge models distributed on the reference plane of the plane-based primitive. 
3.3 Smooth Coimection of Equal Density Surfaces 

As the DSM is based on an exponential function, it is impossible to achieve 
complete connection with a plane, and even connection between two plane- 
based primitives has its difficulties. Figure 7 shows a smooth connection 
between two equal density surfaces on two plane-based primitives. As shown in 
formula (13), the surface connecting function si(u,v) is applied to the equal 
density surface in the overlapping domain to achieve smooth connection. 

h,(u,v) = ^^{log(Di(u,v))- log(Dj} (13) 

4. SHAPE OPERATIONS BY DENSITY SPATIAL MODEL 

4. 1 Shape Operations 

An object is constructed by set operations on a number of shape primitives. 
Shape primitives are given positive or negative density values, and two shapes 
can be added, subtracted, and multiplied together easily. 

As shown in figure 8, if a pipe-based primitive (part of a pipe) with a negative 
density value is added to the rectangular geometric primitive around the edge, 
and a sphere-based primitive (part of a ball) with a negative density is added 
close to a vertex of the geometric primitive, a round corner is formed on the 
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Figure 8. Round comer 



Figure 9. Smooth blending 




Figure 10. Shape mapping 



Figure II. Example of shape mapping 



edge and at the vertex of the geometric primitive. As shown in figure 9, two 
disjoint geometric primitives (rectangular) and a plane-based primitive with a 
uniform density distribution surface can be joined via a non-uniform reducing 
factor surface, forming a smooth connection between the two primitives. 
As shown in figure 10, shape mapping is the shape operation procedure in 
which an equal density surface formed on a plane-based primitive is mapped 
onto a geometric primitive. Figure 11 shows equal density surface mapped onto 
a rectangular primitive. 

4.2 Example of Industrial Design using Density Spatial Model 



Figure 12 shows an example of an application to industrial design. Figure 12 



230 







Figure 12. Example of industrial design 

is a sample of product shape variation. Figure 12 is made by shape mapping 
onto the surfaces of two cylinders that form part of the basic structure of the 
proposed shape. 



5. CONCLUSIONS 

(1) Anew shape model, the density spatial model, has been proposed to aid in 
the idea development process of industrial design. 

(2) The inverse transformation of the DSM was also presented. This is a 
process to define the internal conditions (strength and reducing factor of 
electric charge model) from a passing-points net, defined as the points 
through where an equipotential surface of the shape passed. 

(3) An explicit function form of the equipotential surface of the DSM, an equal 
density surface, was derived. The presentation of the DSM is made faster, 
making it possible to directly observe and control the design surface. 

(4) As an evaluation criteria for shape operations based on the mean and total 
curvatures of the equal density surface, was derived. For smooth connection 
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of equal density surfaces, surface connecting function was introduced. 

(5) Shape mapping, to map an equal density surface onto an equal density solid 
of the DSM, was proposed. The function was implemented in a computer, 
and shape operations were performed by shape mapping. 
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Abstract This paper proposes a new free-form surface design methodology named 
Streamline Modeling. The popular conventional surface construction 
method is to generate free-form surfaces by determining positions of 
their control points for Bezier, NURBS and other free-form surface for- 
mulations. They adopt a design strategy to use various blending func- 
tions to mix their control points’ positions to define their shapes. Al- 
though they have nice geometric characteristics such as the convex hull 
and variation diminishing properties and they are frequently used in 
CAD/CAM as well as CG fields, they have potential instability of their 
curvature and variation of curvatures. Therefore in the Streamline Mod- 
eling, instead of blending positions, we adopt a design strategy to blend 
directions of given tangent vectors to define fair curves called stream- 
lines and furthermore to blend the tangent vectors of these streamlines 
to generate isoparametric lines of a free-form surface. In this paper, we 
use unit quaternion curves in integral forms to blend tangent vectors 
to generate streamlines and isoparametic lines of surfaces as well. This 
enables us to control their curvature and variation of curvature more 
than is possible with traditional parametric representations. 

The Streamline Modeling balances the efficiency of the design process 
and the fairness of the designed surfaces. The quality of the surface 




examples shown in this paper is acceptable for industrial applications 
as well as CG animation. 

Keywords: Streamline modeling, free-form surface 

Introduction 

Bezier and NURBS(Non-Uniform Rational B-Spline) surfaces are those 
of the most popular surface representations due to their nice geometric 
characteristics such as convex hull and variation diminishing properties 
[1]. The main idea of their surface construction shceme is to blend po- 
sitions of points called control ones to define surface shapes. 

However they have potential instability of their curvature and vari- 
ation of curvatures: their curvature and variation of curvatures may 
change dramatically by repositioning their control points and have very 
complicated curvature or variation of curvature profiles because they are 
not parametrized by arc length and the curvature formulation have a 
square root term of polynomial functions as a denominator even though 
they are polynomial surfaces. We should investigate methods to use the 
arc length parametrization and to control tangent vectors directly. For a 
two-dimensional curve, a method that more directly control the tangent 
vector is the clothoid construction [2, 3, 4]. The clothoid, or Cornu spi- 
ral, is a plane curve defined parametrically in terms of Fresnel integrals 
as 






( 1 ) 



where the scaling factor irB is positive and the Fresnel integrals are 

,2 



Cs{u) = / cos— — au, 

Jo 2 

/ \ n I 

Sn{y') = J sm-^du. 



( 2 ) 



The main objective of the clothoid construction is to specify its constant 
length tangent in terms of the trigonometric functions of a parameter 
proportional to the arc length, although this maJces integration necessary 
to obtain its final shape. Since parameter t is proportional to the arc 
length, the curvature and variation of ciurvature of the clothoid are given 
by simple functions of t-a linear function and a constant. Makino and 
et al.[5] developed a method to generate piecewise clothoid segments 
connected with continuity for specified connection points and tangent 
vectors there for the trajectory design of robot manipulators to enable 
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smooth acceleration changes. Their method can be interpreted to blend 
tangent vectors by a quadratic functions in a two-dimensional plane. 

In this paper, we have developed a new method to blend tangent 
vectors in three-dimensional space and proposes Streamline Modeling 
methodology for free-form smrafce design where stremalines are gener- 
ated based on our method by specifiying their tangent vectors and a 
surfaces is constructed as a set of these streamlines by blending their 
tangent vectors instead of their geometrical positions. 

1. BASIC CONCEPT OF STREAMLINE 
MODELING 

We would like to construct siurfaces as sets of isoparametric lines called 
streamlines as shown in Figure 1. Assume that a surface is given by 
S{s,t). Each streamline has a constant parameter value <o and starts 
from a point on S{sq, to) in the positive or negative s direction. As shown 
in 1 (a) So may be equal to the minimum value tmin or the maximum value 
<mox of t, or another value as shown in 1(b). 




Figure 1 Streamlines as isoparametric lines 

We prefer to specify the first derivative dS{s,t)/ds = s{s,t) with 
respect to the arc length parameter s as streamlines. If it is given, 
S(s,t) can be defined by 

S(s,t) = S(so,t) + f s{s,to)ds. (3) 

Jso 

If s < So, the above equation should be interpreted as 

/ «o 

s{s,to)ds. (4) 

Equation (3) tells us that by giving an isoparametric line at s = so 
in parameter t direction and the first derivative s(s,t) in parameter s 
direction over the whole parameter space, we can construct a surface. 
Since parameter s is the arc length, the length of each streamline depends 
only on the maximum value of s and we can make them dependent on t. 
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From Equation (3) the first derivative of S{s,t) with respect t, i.e. 
dS{s,t)/dt = t{s,t) is given by 



t{s, t) 



dS{s,t) 

dt 




ds{s,t) 

dt 



ds 



(5) 



where to = dS{so,0)/dt. Note that even though paramter s is the arc 
length, t is not because the norm of t(s, t) is not guaranteed to be equal 
to 1. 



2. B-SPLINE QUATERNION CURVE 



Kim et al. [7] proposed three types of quaternion curves-Bezier, Her- 
mite, and B-spline. In this subsection, we review the B-spline quaternion 
curve, since we use it for our new curve and surface in this paper. An k- 
th order B-spline cmrve C{u) is defined with the B-spline basis functions 
which are defined by the following recurrence relation [8]: 



B; 



1,1 




1 

0 



if Uj < It < Uj+i 

otherwise 



( 6 ) 



and 






U ^ Ui . V 

, y'i-hk - U 









(7) 



For given control points Pj, i = 0, ...,n, the B-spline curve can be 
reformulated in the following cumulative form: 



n 

C{u)=Po + J^APihk{u), 

i=l 



( 8 ) 



where 



AP i — Pi P j_i 



(9) 



and 



Bi^k{u) 



j=i 

<1 if u > Ui+k-i (W 

^0 if u < Ui 
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By converting C{u) to q{u), Pq to qo, APj to Wj, and summation to 
quaternion multiplication, the corresponding quaternion curve is ob- 
tained in a cumulative form as follows: 

n 

q{u) = go n exp(wiJ5i,*;(u)), (12) 

i=l 



where 



Wi = log{q^}^qi). (13) 

This B-spline quaternion curve is C*^~^-continuous and locally control- 
lable with the control quaternions {qi} and the angular velocities {wj}. 

Note that the above formulation is using the local frame. If the global 
frame is adopted, the sequence of the rotations of Equation (12) is re- 
versed and the equation is reformulated by 

1 

q { u ) = ( n exp(a)iBi,fe(u)) ) go. (14) 

i=n 

3. BLENDING TANGENT VECTORS 

The unit quaternion curves proposed by Kim et al. [7] preserve most 
of the algebraic and differential properties of the original spline curves, 
and we chose them, especially the B-spline type, for blending tangent 
vectors. 

However, the specifications of direction and orientation are not the 
same and an infinite number of rotations is possible to change one direc- 
tion to another. This suggests that we miist reconsider how to determine 
oji in Equation (14). Tangent vectors U instead of qi, i = 0, ...,n are 
preferable for our purposes to define a unit quaternion curve because qi 
is not unique for its corresponding U. 

If the length of a streamline is I, s varies from 0 to I and it differs from 
the parameter u of a B-spline curve, whose parameter can be normalized 
(0 < ti < 1) by changing its knot vector. Hence assume u = s/l, 
Equation (14) becomes 

1 

g(“) = g(y) = 0<U<1. (15) 

i=n 

We can now use the B-spline unit quaternion curve q{u) to define the 
tangent vector of the streamline s{s) as follows: 

a{s) = q{u)voq{u)~^ (16) 
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where vq is an arbitrary unit vector. 

Here is a simple interpolation problem. Find a fair curve whose tan- 
gent vectors at its initial and end points are given. One possible answer, 
preferable in our sense of fairness, is a circular arc, because if we ro- 
tate its tangent with a constant angular velocity, the resulting curve is 
a circular arc, which has a constant curvature. 



z 




Figure 2 q = (cos p, 0, cos a sin /3, sin a sin /3) for a given t 

For the given two unit tangent vectors to = and ti = 

the geodesic curve 'yto,ti (^) connecting the end points of two unit 

tangent vectors to and ti is a great arc between the two end points and 
is given by 



7to,ti («) = QtoM («) to qtolti (“)> (17) 

where 

Qto,hiu) = exp(u • uJto,h)- (18) 

uJtoM is an angular velocity of the rotation, and its direction is equal to 
a cross product [to, ti] of to and ti, as shown in Figure 3. It is given by 

where is the angle between to and ti and vtoA i® ^ vector 
whose direction is equal to [to,ti]. 

The above uto,ti makes 7to,ti(w) satisfy 7to,«i(0) = and 7to,«i(l) = 
ti. The resulting curve, whose integrand is 9(o,ti(it)^o9t^|ti(t*)) is a cir- 
cular arc. Furthermore, depends on only to and ti and does not 
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Figure 3 The axis of the rotation 

depend on the choices of 90 or 9i that are not unique for to and t\. If we 
use ijJtoM — log(9^^9i) (similar to Equation (13)), the resulting curve is 
generally not a circular arc. 

3.1. BLENDING TANGENT VECTORS BY 
B-SPLINE UNIT QUATERNION CURVE 

Based on the discussion in the previous subsection, for Equation (14), 
we use Ui given by 

Ui = ^sin~^(|[ti-i,ti]|) (20) 

instead of log(qj^\^i) to define our new B-spline unit quaternion curve. 
The above Wj makes sense in the global frame because it is defined by 
vectors in the global frame. This is the reason why we adopted the global 
frame instead of the local one. 

Figure 4 shows differences between curves generated on the unit sphere 
by Kim’s original B-spline quaternion cmrve and our new one. The curves 
are traces of the end points of the tangent vectors controlled by the unit 
quaternion curves. 

We uses the B-spline quaternion cmve proposed here to blend the 
tangent vectors. Similarly, Bezier and Hermite unit quaternion curves 
can be defined based on their cumulative forms. 

4. EXAMPLES OF QI SURFACES 

In this section, we show several examples of QI surfaces in Figure 7-11 
designed using our prototype system. 

4.1. DESIGN TOOL 

To design streamlines, we must specify several unit tangent vectors. 
Specifying a unit vector is equivalent to specifying a point on the Gaus- 
sian sphere, a unit sphere in 3D space. Our prototype system provides 
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Figure 4 Comparison of two unit quaternion curves; Green curve: based on Kim’s 
original (it depends on the choices of qi), Red curve: our proposed one, Blue curve: 
great arcs between two end points 



the users with a design tool to select a point on the sphere to specify a 
tangent vector. As shown in Figiu'e 5, the users can pick the end point of 
a tangent vector on the sphere and drag it to an arbitrary position. Or, 
as shown in Figure 6, they can pick an arrow corresponding to a tangent 
vector and drag it. The arrows have specially shaped heads according to 
their index numbers; the users select one of them, even though several 
arrows are oriented in the same direction. To help the users know the 
property of the streamlines being designed, a curve traced by the end 
point of the tangent on the sphere is drawn with a color indicating the 
curvature of the streamline corresponding to the selected tangent vector 
sequence. 




Figure 5 Points on the Gaussian sphere to specify tangent vectors. The curve on 
the sphere is a trace of the end points of the tangent vector; red color indicates high 
curvature and blue, low curvature of the corresponding streamline. The color changes 
from red, yellow, green, or cyan to blue according to the curvature. 
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Figure 6 Arrows corresponding to tangent vectors 



4.2. INTEGRATION 

One drawback of a surface is that integration is necessary to obtain 
its shapes. Our prototype system performs integration using Simpson’s 
method, a standard numerical integration method. Although we re- 
ported on hardware to accelerate integration for streamlines in another 
paper [10] , changing the interval of Simpson’s method enables the system 
to trade-off accuracy and integration speed. Initially, a larger interval 
is used to speed up the integration for better interactivity; in the final 
stage, a smaller interval is used to obtain an accurate shape. 

For better interactivity once the integration has been performed, the 
calculated points are preserved and used for display until the curve or 
surface is modified. They are approximated by a B-spline cmve or sur- 
face for display, as well as data transfer to other systems, as explained 
in the following subsection. 

4.3. APPROXIMATION BY B-SPLINE 
SURFACE 

B-spline surfaces are standard representations of free-form curves and 
surfaces and many CAGD, CAD/CAM, and CG systems use them as 
their data exchange formats. Our system can approximate QI surfaces 
by B-splines. The least square method is used for approximation to 
minimize the total value of square of the distance of the corresponding 
points of QI and B-spline surfaces. If the total value is larger than a given 
threshold, a new knot is inserted to the knot vector in each parameter 
direction. These processes are repeated until the total value becomes 
less than the threshold. 
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4.4. B-SPLINE QI SURFACES FOR 
INDUSTRIAL APPLICATIONS 

Several examples for industrial applications are given below. After de- 
signing key surfaces using the quadratic B-spline QI surface formulation^, 
each example is approximated by B-spline siufaces and transferred to 
commercial CAGD software. A total geometrical object is constructed 
to model a car or a ship based on these smrfaces. 

5. CONCLUSIONS 

We proposed the Streamline Modehng based on our new method to 
blend directions of tangent vectors. In the Streamline Modeling, the de- 
signers can manipulate isoparametric lines of the surface called stream- 
lines by specify their tangent vetors and the system blends these tangent 
vectors to generate the surface instead of blending their positions. The 
designers can pay attension to and manipulate intrinsic flows of surafce 
shapes by controling their streamlines. 

The concept of the Streamline Modeling is quite different from tradi- 
tional surface modeling strategies. Therefore in the future we will apply 
the methodology for various fields of geometric designs. 

Notes 

1. Note that for a given tangent vector t, q does not uniquely satisfy t = qvoq~^ y as an 
infinite number of rotations is possible to change vq to t. Assume vq = (1,0,0). q is given 
by, for example, cos -f v sin = (cos ^3,0, cos a sin/?, sin a sin/?) as shown in Figure 2. 

2. The length of an isoparametric line la{t) of each B-spline QI surface is given by a 
quadratic function which satisfies ls{0) = Isih) = Is, side and ls(lt/'2) = Is, center- 
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(a) Approximation of a QI surface 
by B- spline 



(b) Tangent vectors in s direction 




(c) Tangent vectors in t direction (d) B-spline approximation 




(e) Gaussian curvature (f) Mean curvature 



Figure 1 B-spline QI surface example: Car model No.l 
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(a) Contour lines 



(b) Rendered model 



Figure 8 B-spline QI surface example: Car model No.l 
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(a) Tangent vectors in s direction 




(b) Contour lines 



(c) Rendered model 



Figure 9 B-spline QI surface example: Car model No. 2 
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(a) Tangent vectors in s direction (b) Tangent vectors in s direction 
for head of the ship for tail of the ship 




(c) Contour lines of the ship (d) Rendered model of the ship 




(e) Another view of the ship (f) Several flowers 




(g) Tangent vectors in s direction Rendered model of the flower 

of the flower ^ ^ 

Figure 10 B-spline QI surface example: Flower 
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Abstract In this paper, the operational symbol representation of the B-B (Bern- 
stein Bezier) surface on the simplex is discussed and the de Boor-Fix 
formula is derived. In addition, two forms of the interpolation poly- 
nomial on the simplex are given. From this, the relation between the 
BezierBezier control points and the data points of the B-B surface on 
the simplex is revealed. 

Keywords: B-B surface, deBoor-Fix formula, interpolation polynomial 

Introduction 

Let V* € = 0, ...,m be (m + 1) affinely independent points in 

R^. The barycentric coordinates of X G R^ with respect to = 
0, are denoted by t i.e., 



m m 

x = '£tiVi, ^u = i 

i=0 i=0 




Thus, Ctm := {t := {to,h, € i2"^l0 <U<l,i = 0, = 

1} is the standard m-simplex. We shall use the standard multi- index 
notation, for any a := (ao) Q;i, •••, am) € and t := G 

Qrni define 

|q:| := oq + ai -h ... -|- Oimi 

a! := ao!o!i!...Q!ni!, 

Assume that f{t) is a vector function defined on the simplex 0,^ (i.e., 
the mapping from to R'^), Pa '•= /(^)i|a = called as the 

data points of f{t), and 6“, |al = n, are denoted as the Beizer control 
points (i.e., the B-net coordinates). 

The operational symbol representation of the B-B surface on simplex 
has been discussed by several authors (see [deBoor, 87]). Due to the 
shift operator and the difference operator are Unear and commutative, 
they could bring a great convenience for the representation and opera- 
tion of the B-B surface on the simplex. In this paper the operational 
symbol representation of the B-B surface on the simplex Qrn is discussed. 
Moreover, two forms of the interpolation polynomial on simplex fimare 
given. Based on this, the relation between the Bezier control points and 
the data points of the B-B surface on the simplex fim is revealed. 

1. OPERATIONAL SYMBOL 

REPRESENTATION AND DERIVATIVE 
FORMULA OF THE B-B SURFACE 

We first introduce the shift operator E := (Eo,Ei,...,Em), i.e.,ba ■= 
E°‘bo := Eq° E^'^ ...E^ bo where 6o is a nominal symbol, subscript 0 := 
(0, 0, ...,0) € ba is the Bezier control points, and denote that 

tE := toEo -|- tiEi -h ... + tmEm- Then the n-th degree B-B surface on 
the simplex ilm can be expressed by 

B”(t) := Y. E 

|a|=n \a\=n 

= = (tErbo ( 1 ) 

|a|=n 

where B^{t) := is the Bernstein polynomial basis function of degree 
n on the simplex 

Let t, t € f2m be two different points. The directional derivatives of 
B”(t) in the direction r := i — t is given by the chain rule: 

DrB^it) := DrB^{t + rr)|r=o 
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= Driit + Tr)E)^\r^o = n{rE){tE)^^-'^% ( 2 ) 

High derivatives are obtained by iteration of this process: 

:= ( 3 ) 

To make use of the conventional notation [Boehm et. al., 84], we de- 
note that 6 q* ^\t) := {tE)^^~^^bo, 6q(<) := ba and introduce auxiliary 

points := {E)^b^ for |a| = k, then fc-th order direc- 

tional derivative of B^{t) can be written in form 

D^B^{t) := ^ ^^^ {rE)'‘{tE)^^-'‘'>bo 

“ 7;r^ ^ 

^ \a\=k 

= E B‘a(r)6<.“-‘'(t) (4) 

\a\=k 

or alternatively in form 

DiB^it) := , ,^, {tE)^^-'^'>{rE)% 

[n — A:)! 

Expressions (4) and (5) provide two different computation order for 

2. THE DEBOOR-FIX FORMULA FOR THE 
B-B SURFACE ON SIMPLEX 

The deBoor-Fbc formulae are linear functions dual to the B-spline 
basis [deBoor,78j. In the special case of the Bezier curve, they can be 
written as follows [Lee,89j: 

'■i = i E(" - »^)!(! )B<‘>(0),i = 0.1, ...,n (6) 

"■ it; * 

where B{t) := I]”=:o(^){l “ is the Bezier curve of degree 

n. In the case of the B-B surface on the simplex, [Zhao and Sun, 88] 
have found the dual bases of multivariate B-B polynomials. Now, we 
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generalize directly the formulae ( 6 ) by using the result obtained in the 
previous section. 

In fact, by making use of the following notations: for any a, /? € 
/d < a means that: 



A 


< Q;j,z = 0 , 1 , 




a 


Q!0 OL\ OLm 




E 


■■= E E E . 




0^0 


/3oO/3l=0 0m=Q 




(“) 


t ^ 
II 


= (^ 


1 0 


otherwise 


a 


:= (Q:o,...,Q:i-i,Q!i+i,. 





(7) 



for a fixed i(0 < i < m) 



:= er — e\ forfc 7 ^ 






k=0^k^i 

we have the following result: 

Theorem 2.1 

For any a G |a| = n, and any fixed i,0 < i < m, the Bezier 

control points ba of the n-th degree B-B surface on the simplex can be 
expressed by 



a 



^-0 ^ 



( 8 ) 



Proof: In fact, for any i,0 < i < m, and all a € |a| = n, 

m m 

ba : = E^bo = n ^Yl{Ek-Ei + Ei)<^>‘bo 



k=0 

m ak 



k=0 



= n 'EQm-Ei)^'‘Er^% 

k=0,k^iPk=0 



a - m 



= EQ n {Ek-Eif'^Er^^o 

p=0 ^ k=0^k^i 



( 9 ) 
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On the other hand, form (3) we have 



k=0,k:^i 

r)\ 

77 ? 

Prom (8) and (9) we obtain (7), this completes the proof of the theorem. 

3. THE INTERPOLATION POLYNOMIAL 
ON A SIMPLEX 

Let f(t) be a function defined on the simplex and Pa:=/(^),N 
n, the data points of /(t). We introduce the following notation: 

where = {ntk){ntk — l)...(ntA: - at + 1) is the factorial poly- 

nomial, then the n— th degree interpolation polynomial of f{t) on the 
simplex can be written as follows: 

Pn{t)= E (11) 

|a|=n 

where Po is a nomial symbol. In fact, for any \(5\ = n, we have 

= E (12) 

\a\—n 

This is the Langrage type interpolation polynomial. 

Let i := (to, consist of the m independent compo- 

nents of t except ti, for any fixed i^O < i < m. Correspondingly set 
a := G Z'^. Define the following difference 

operator 

m 

A^:= n 

/c=0,A;^z 

where := Ek—I, and / is the identical operator. Then the n-th degree 
interpolation polynomial of f{t) on the simplex can be written as 
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follows: 



Pn{t)= E 

|Q|<n “• 

In fact, for any ^ G \fi\ < n, we have 

" « ~ .h a! ^ 

|a|<n 

”L ^ /5.(“ib) 

= n E 

jfe=0,A;9«^2Qfc=0 

m 

= n E^'P-o = Pq 



(13) 



(14) 



k=0,k^i 



This is the Newton type interpolation polynomial. 

Now we suppose /(t) = /(*), where tj = 1 — to — ••• — U-i — <t+i — 
... — tm. Recall := e*^ - e*, we have: 

Drkf{t) := T>r/(t + 7T*^)|r=o 

= {Dk-Di)f{t)=Dkm 

where Dk := Introduce the notation 



where 



s$- = n « 

k=0,k^i 



£)/3fc (ttfc) 



(15) 

(16) 

(17) 



is the Stirling numbers of the first kind [Richard, 54]. They satisfy the 
following recurrence relation 

- kSf (18) 

Here we assume that 5 q = 1, = 0 if A: > 0, and 5^ = 0 if t > fc. A 

table of can be found in [Richardson, 54). Thus we have the following 
theorem: 

Theorem 3.1 

For any fixed i,0 < i < m, and any /9 G Z^,\^\ < n,we have 



D^Pn(e^) = Z 



"J^caAa 



a! 






(19) 
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where of := 11^=0, 

Proof: Prom (14) and (12), we have 



^?i’n(e') = n D>^kPn{t)\t=e^= n D^kPnmi=^ 

k=^,k^i k=0,k^i 



|a|<n 



According to (16), 



(IIcf‘)(«*)'">li=o 



k^i 

k^i 

= nl^l^!5| 



( 21 ) 



and substituting (20) into (19), we obtain (18). This completes the proof 
of the theorem. 



4. THE RELATION BETWEEN THE BEZIER 
CONTROL POINTS AND THE DATA 
POINTS OF THE B-B SURFACE ON THE 
SIMPLEX 12m 

Let E”(t) be the n-th degree B-B surface on the simplex 0,m,ba, 
|a| = n, corresponding to the Bezier control points, and Pa := S”(^) 
the data points. Now we may represent the Bezier control points ba % 
using the data points Pa- For any fixed z, 0 < i < m, and arbitrary 
a. € la| = n, according to Theorem 2.1 and Theorem 3.1, we 

obtain immediately 



^ f:(n-|3|)!(“)T>^B”(e*) 
^=0 ^ 



■ ^=0 A>/9,|A|<n 

1 ^ ^d!(n-|^|)!nl%|_3^^ 
n!,-^ (a-;S)!A! ° 

|A|<n/3=0 '■ 



sWp-0 



( 22 ) 
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where 



A^Pn 



= n ^k^'‘p-o= n (Ek-i)^'‘Po 

k=Oyk^i k=0,k:^i 

m \ 

= II E( 



k=0^k:^i /iib=0 



Mfe 



= E(-)(-i)'"'-'"'^''^o 

p=o ^ 



Substituting (22) into (21), we have 
ba = 



1 v-^ ^ a!(n — \P\)\n\^\S^ ^ 



n! ^ ^ (a — ;0)!A! _ ^ 

|A|<n/3=0 /x=0 






= ^ ? t. 

|/i|<n A>/x,|A|<n P=0 
(_i)|A|-i/i|(„_ |^l)y^la!5A 



/8 



(a-^)!(A!-/i!)M! 

Thus, we obtain the following result. 



Theorem 4.1 



(23) 



(24) 



For any fixed i,0 < i < m, and any a € |a| = n, we have 

6a = E <^P(^)PP 

jpj<n 



(25) 



where 



c'a = i E _ E E 

|M|<n A>/i,|A|<n ^=0 

(-l)l^l-l^l(n- l^|)!nl^ld!5| 
(d-^)!(A!-/ 2 !)/ 2 ! 

By means of Theorem 4.1, when given data points Pg, we can construct 
immediately the interpolation surface on the simplex f2,„ in terms of 
the B-B surface. This is useful in CAGD and scientific visualization[L. 
Wang, 1997, Z. Wang, 2000]. 
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Abstract: In the process of modelling the inner surface of resin parts for an automobile, 

we have usually offset competent surfaces of the outer model and relied on 
tedious joining operations to guarantee the integrity of the result. 
Consequently, considerable amount of manpower has been required for this 
process. 

It is well known that conventional methods based on repetitive offset of 
component surfaces have weakness of causing geometric deviation from 
neighbouring surfaces. We believe that the technique of offsetting a whole 
composite surface, which consists of geometric surfaces representing the 
object shape and their topological relationship, is highly effective to overcome 
the weakness. Our investigation, however, shows that no commercial CAD 
system using this technique has reached a practically satisfactory level in view 
of numerical stability. 

This report presents our own technique that we have developed to overcome 
the problem and meet the practical requirements. It includes global 
modification and recognition of topological changes in the offset composite 
surface. We believe that it has realized automatic modelling of inner surface 
for specific parts. 



1. INTRODUCTION 

Modelling of complicated inner surfaces of resin parts such as a bumper 
for an automobile has remained unsolved and we had to offset the outer 




surfaces repetitively surface by surface and underwent tedious joining 
operations using CAD. Particularly, for resin parts such as bumper, etc., 
variable offset is an important requirement from the viewpoints of improved 
strength for the mounting flanges and openings, material cost reduction, 
improvement of fluidity and so forth. Thus far we failed to have an effective 
means and have been obliged to concentrate CAD operation man-hours. 

Principally speaking, repetitive offset of component surfaces requires 
excessive manpower for adjusting geometric deviation of surfaces after the 
offsetting. Consequently, it is thought effective to make an overall offset of 
an object shape by expressing it with geometric and topological information 
(relations of connectivity between points, lines and surfaces, hereinafter 
referred to as the composite surfaces). On the basis of the fundamental 
studies*’’® on this method, commercial CAD systems have lately begun to 
materialize this idea. Our investigation shows, however, that these systems 
have not reached a practical level of application because of the following 
problems (see Table 1): 

a) Variable offset cannot be handled. 

b) If source surfaces are in continuity of tangent planes (continuity of the 
first derivatives), crack on the offset surfaces, if any, cannot be avoidable 
or repaired. 

c) The technique is not fully capable of handling cases where the 
topological relation changes before and after the offset. 

Problem a) means the lack of an essential function for the modelling of 
resin parts and problem b) is unavoidable as long as error is present in the 
connection of the source surfaces. Problem c) occurs when the offset 
exceeds the radius of curvature or the width of a surface. This is the problem 
that always accompanies the modelling of resin parts such as bumpers. 

This report presents our own overall offset algorithm which we have 
developed for practical application by overcoming the shortcomings of 
conventional method, reducing the surface modelling manpower and 
subsequently realizing the shorter lead time. 



2. PROBLEMS AND COUNTERMEASURES 

Table 1 indicates the measures taken for solving the shortcomings of the 
conventional method as found in the commercial CAD systems. 
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Table 1 Problems of Overall Offset of Composite Surfaces and 
Countermeasures 



p 


ProUcfn 


Reason 


1 


VariiMeofltBCcaAMK 
be handled. 


If tic source turfkca 
arein cuniiauily of 
tifft friaces. cradts 
aw CMnaMd OA iftr 
offset surfaces if etrar m 
fMcaeni Hi Ibe 
cMBKotiM of the 
surfaces. CblcubiioB of 
surface iMWiBLiioa is 
difficuli becaura Ibe 
furfMet are o««f lappiof 
evM if emended. 


2 


If source uBfacci are la 

contMBly ofitdianii 
plwies. crack on ike 
oOtei aurfaoei. If my. 
cMasu be avoiiied or 
rcfulicd 


3 


CasetBiKteihe 
tcpoloficBl rdabcNi 
ctnaces tiff lire aari 
after Ibe uffieiliit 
canara be fulf y bundled. 


llkldlfncolt•oor^M« 
tbescMce surfiKci 
whtcb are subtly 
daducaicri pmereing 
thetr io|Kilafrcat 
rdaiioo. 


It it dWicull 10 fMrare 
sarfaceariui becoune 
Ml valid or Bbcot 
adjuooB fcimian 
diudfet m ihe rrsadi of 
Ibe offKteina. 



Coumenneasiire 



emit m tofT«v«d 
bjraukinetiftolai 
i»o4ifk«i»on c4 die 
MBike. 



Sidbile diiioalioa CM 
tieakHfledliy 
imiiltfyiBic Ik nrfke 
lloMb. 



Vuiuii imfewfice 
t nOm 

ofcurMiuic of rtie 
«iiKMirH»MicdaiNt 
rile BijiMeBi bmCkm m 
c oB rid n eri. 



ftttned turfice iowseri 
riy riK ofVkf cdceeilMig 
ilB Bidri) of te nrfice) 
Krickderiaariilr 



lUrvmnI surface <lkr 
'Outalde Mi inr*ttr of riie 
lartoca becuBB invMifri 
by ri» is deleted 
MdilicadtiKefii 



t AlforilhBi) cDfcs «nth 
«tie fC|Hnikw«f 
iiBersectson pont (Ca. 
S-curteceiBierKciMB 

poiM 3-sutfaoe 
in tera ectto B poiai X 



< AIpnrihiBt dopes wirii 
riB loop Miieefcrcodc. 
<Eji. Inaer loopeiceBli 
rite outer loopk I 
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3. 



ALGORITHM 



Fig.l shows the processing flow that incorporates all of the measures 
indicated in Table 1 . 




Fig.l Processing Flow 



3.1 Geometric / Topological Recognition of Source 
Surfaces 

Folding angles of respective component surfaces are detected from the 
geometric relation of the source surface and the direction of offset to judge 
whether the surfaces are of convex, concave or AF (Almost Flat) 
combination. The AF combination refers to a combination of surfaces that 
can be regarded as being approximately in continuity of tangent planes. An 
offset base surface is an object global modification. The offset base surface 
refers to a surface expressed with its geometric information only. A surface 
expressed with its base surface and its boundary information is called a 
component (trimmed) surface. 
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If a surface combination is judged as convex, the length of extension of 
the offset base surface is calculated from the folding angle, the offset value 
and the distance from the component surface boundary to the base surface 
boundary. 

The sequential recognition of the global modification of a surface and the 
boundary path are made from the topological relation of the source surface. 

3.2 Calculation of Distribution Map of Displacement 

When a composite surface whose offset varies from do to dl is laid out as 
shown in Fig.2, distances ro and rl from a vertex V of the component source 
surface to the constant-offset boundary edge of do and to that of dl are 
obtained respectively. Then offset dO+d(r) of the vertex OV is obtained by 
defining a distribution map of displacement d(r) using a cubic polynomial. 
These offset values of OV of each source surface are averaged to determine 
its constant-offset value. 




cam|N»iM surface compcnlie surface comiusiie surface 



Fig.2 Variable Layout of the Vertex 



3.3 Base Surface Offset / Extension 

The base surface is constant-offset and if the result is a virtual image, the 
offset surface is deleted. Then the offset base surface is extended according 
to the extension obtained from the preceding item 3.1. 
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3.4 



Global Modification of Offset Base Surface 



An offset surface that corresponds to the AF combination boundary in the 
source surface as detected in the preceding item 3.1 is globally modified. 

Global modification refers to obtaining OS’(u,v) by deforming the offset 
base surface OS(u,v) as shown in Fig. 3 through the following equation 
which uses the boundary edges and their cross-boundary derivatives of the 
surfaces to be combined as its constraint conditions: 

OS’(u,v)=OS(u,v) + (OG’(u,v) - OG(u,v)) 

Where: 

OG(u,v) and OG’(u,v) represent the Gordon surfaces interpolated from only 
the boundary edges and their cross derivatives of OS(u,v) and those of 
OS’(u,v) respectively. 



Surface ituetpolited fmm 
tile cofitbiiiaKion oandition 




Fig.3 Constraint Conditions of Global Modification 

The global modification is applied to correct cracks and misalignment 
between the constant/variable offset surfaces. However, once combined 
surfaces become cracked again as become cracked as shown in Fig.4(a) 
unless the global modification is made in an appropriate sequence. To 
prevent this, a deformation sequence has to be established in advance so that 
a condition that the surfaces to be combined never be deformed again may 
be satisfied as illustrated in Fig.4(b). This is the meaning of the recognition 
of the sequence of a global modification. 
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Re-cf^acking 






(a) Example ol Inapproprtale eaquenoe ol global modticailan 






(b) Example ol apprapflaie eaquenoe of global modificallon 



Fig.4 Difference in the State of Combination by the Sequence of Global 

Modification 



3.5 Calculation of Surface Intersection of Offset Base 
Surface 

An AF combination boundary edge is formed through the processing 
described in the preceding item 3.4. In the case of an offset surface where a 
mixture of AF combination and convex/concave combination is present, it 
occurs that the surface intersection cannot be obtained from a generally used 
calculation of surface intersection or, even if the edge is obtained, it has 
subtle dislocation from the AF boundary edge, which may fail the boundary 
loop of a component surface from being closed. This is because the AF 
combination portion is in the overlapping state and the calculation of surface 
intersection becomes unstable in the vicinity of this singular point. 

This problem is solved by a pincer movement calculation of surface 
intersection. This method obtains a component point OP on the intersection 
of the offset surfaces of OSo and OSi from the surface normals No and Ni at 
a component point P on the intersection of the source surfaces of So and Si 
shown in Fig.5 applying a pincer movement calculation iteratively. This is a 
robust calculation method of surface intersection proper to the offsetting. 
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Fig.5 Pincer Movement Calculation Method of Surface Intersection 



3.6 Boundary Path Recognition of the Offset Surfaces 

Topological relation of the AF combined section of the offset surface 
remains basically unchanged from the source surface (with minor dislocation 
being absorbed, however). Conversely, topological relation of the 
convex/concave combinations change and it is difficult for us to foresee the 
topological relation after the change. 

In the first place, a primary loop is formed on the own surface (offset 
base surface Fig.6(c)(d)) by sequentially calculating the intersection points 
of the intersection curves between the own surface and its adjacent offset 
surfaces according to the sequence of the component surface boundary path 
(Fig.6(b)) as recognized in the preceding item 3.1. Now, if the adjacent 
surface is either a virtual image surface or reversed surface, it is already 
deleted. So the intersection with further adjacent surface is obtained and 
added to the primary boundary loop. If the intersection fails to be obtained 
notwithstanding the presence of the adjacent surface or if the intersection 
point of the surface intersections fails to be obtained, the surface intersection 
with further adjacent surface and its addition to the primary boundary loop 
are done likewise. Surfaces where the primary boundary loop is not closed 
should be deleted as the buried surfaces. 

Next, detect the intersection on the primary boundary loop of the own 
surface and separate the loops (Fig.6(e)). As the result, leave those loops 
having identical direction to the boundary loop of the source surface as the 
secondary boundary loops and delete all other loops in reverse direction 
(Fig.6(f)). The secondary boundary loops become the component surface 
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boundary loops of the own surface. Here, delete the surface where all the 
loops are in reverse direction as a reverse surface. 
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Fig.6 Recognition Process of Boundary Path 



4. APPLICATION RESULTS 

Photo. 1 shows the result of application of this algorithm to the front 
bumper. It shows that the offset surfaces vary smoothly without being 
cracked under the global modification. Moreover, as much as 71% of the 
offset surfaces to the source surfaces underwent topological changes, where 
the boundary path recognition detects the topological change correctly, 
enabling overall offset of a composite surface. 

Fig. 7 shows that the allocated manpower is by far reduced compared to 
the conventional case. In the present stage, however, approximately 6% of 
surfaces to the number of source surfaces fail to be formed. Therefore it is 
necessary to include the manpower for repairing the failed sections. 

Principal causes for the failure are as follows: 
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(a) Surface shape (design surface) 




(b) Inner surface shape (overall offset of composite surface) 3.0 to 3.3mm 

variable offset 



Photo. 1 Application Result to the Front Bumper 

(1) Source surfaces are cracked. 

(2) Fine-detailed source surfaces cannot be offset. 

All of those source surfaces are the component surfaces of some complex 
sections and these problems cannot be taken merely as the accuracy 
problems of the source surfaces. In other words, it must be taken up as the 
problem of the composite surface application technology in the future. 

We have reviewed the commercial CAD systems but none of them could 
make an overall offset of the bumper surfaces successfully. 
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Fig.7 Comparison of Modelling Manpower for Front Bumper 



5. CONCLUSIONS 

We have devised an overall offset algorithm of composite surfaces and 
started applying it for practical use. We are confident that the algorithm 
contributes much to the reduction of the surface modelling man-hours and 
the lead time, which were the initial target for our studies. 

We will be grappling with the following problems in the future: 

(1) Application of global modification technology to the healing of cracks in 
the composite surface. (Partial repair needed for the cracks of the source 
composite surface model or the cracks due to design modification) 

(2) Improved quality of variable offset surface. (Elimination of waving in 
the surface or folding between surfaces) 
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Abstract Recursively subdividing polyhedral networks, often called polyhedral 
subdivision, has become one of the basic tools in Computer Aided Ge- 
ometric Design(CAGD) for modeling complex surfaces. In this paper, 
we propose a set of rules for making fillet operations on polyhedral net- 
works. The fillet operations are implemented by subdividing a polyhe- 
dral network one step with given fillet values of edges of the polyhedral 
network. After fillet operations, we tried two basic recursive subdivision 
methods Doo-Sabin and Catmull-Clark to generate surfaces. Generally, 
the number of edges that meet at one vertex is no restriction and the fil- 
let values of every edge can be different. The fillet operations proposed 
here will strengthen the functions of Computer Graphics systems which 
use subdivision surfaces to model surfaces. 

Keywords: Recursive Subdivision Surfaces, Doo-Sabin surface, Catmull-Clark sur- 
face, B-Spline Curves, Fillet Operations 

1. INTRODUCTION 

1.1. BACKGROUND 

As jjolyhedral subdivision process provides a simple and efficient way 
to generate surfaces over polyhedral networks, it has been interested 
by a lot of researchers since the first two methods were proposed by 
E.E.Catmull, J.H.Clark[2] and D.Doo, M.Sabin[3] in 1978. A lot of ap- 
proaches were made or are being made to follow or extend polyhedral 
subdivision method. Nasri extended Doo-Sabin method to generate a 
surface which interpolates some or all vertices of a polyhedron[4],More- 




over, he proposed an algorithm to generate subdivision surfaces which 
interpolate B-spline curves[5][6]. J.Peters[9] extended the subdivision 
technology to generate surfaces by separating singular regions after a 
few steps of Doo-Sabin subdivision. M. Halstead et al.[10] proposed an 
interpolation method using Catmull-Clark surfaces. N.Dyn, D. Levin and 
J. Gregory [8] proposed a butterfly subdivision scheme. U. Reif[7] gave 
a serious analysis on the smoothness properties of subdivision surfaces 
such as Doo-Sabin and Catmull-Clark surfaces. Recently the success 
of CG animation system using subdivision surfaces developed by Pixar 
Animation Studios[ll] showed the recursive subdivision surfaces will be 
an essential role in modeling surfaces. 

1.2. DOO-SABIN AND CATMULL-CLARK 
SUBDIVISION SURFACES 

As in our approach, the surfaces are generated by Doo-Sabin and 
Catmull-Clark subdivision methods, we overview these two methods in 
this section. 

1.2.1 Chaikin’s algorithm. The fundamental idea of both 
Doo-Sabin surfaces and Catmull-Clark surfaces goes back to Chaikin’s 
[1] algorithm which generates a quadratic B-spline curve from a polygon 
by successively cutting its corners. Each subdivision generates two new 
points on each polygon leg at (1/4, 3/4). For a polygon with n vertices 
i^i)i<i<n^ polygon leg (Vi,Vi+i), two new points are given by the 
following: 

^*'+1 = \yi + 

Then the new polygon is linked by the new generated points V- ,V-' 
corresponding to Repeat the subdivision process, we can get 

a quadratic B-spline curve. 

1.2.2 Doo-Sabin and Catmull-Clark subdivision method. 

In 1978, D.Doo, M.Sabin[3] applied Chaikin’s idea to generating sur- 
faces. In Doo-Sabin’s method, surfaces are generated from polyhedral 
networks by successively cutting polyhedron’s corners and edges. The al- 
gorithm can be described as follows and illustrated in Fig.l, some terms 
proposed by Nasri[4] are used hereunder: 

1 For every vertex Vi of the polyhedron Pj, a new vertex F/, termed 
image^ is generated on each face adjacent to Vj, 
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2 For each face Fi of a new face, termed F-face^ is made by 
connecting the images^ the vertices V-s generated in step 1. 

3 For each edge Ei common to two faces Fi and F/, a new 4-sided 
face, termed E-face^ is made by connecting the images of the end 
vertices of Ei on the faces Fj and F/. 

4 For each vertex V^, where n faces meet, a new face, termed F-/ace, 
is made by connecting the images of Vi on the faces meeting at Vi. 

The image vertex V/ generated in step 1 is functions only of the vertices 
of Fi. That is: 

V'/ = E-«V', 

Where Vj are the vertices of the old faces and V- is the new vertex of 
Vj^ and aij are weights. 

n + 5 . . 

= iori = j, 



dij — 



3 + 2cos(27t(^)) 
4n 



for i ^ j. 



Fig. 1(a) illustrates the F-face^ E-face and V-face of Doo-Sabin’s sub- 
division method. The face of a polyhedron is closed in solid nodes and 
generated F-/ace, E-face and V-face are closed in hollow nodes. Fig. 1(b)- 
(e) illustrate a cube and make Doo-Sabin’s subdivision process over it. 
Doo-Sabin surfaces are composed of biquadratic splines. Using similar 
idea, Catmull and Clark implemented a cubic spline surface simultane- 
ously in 1978. Fig. 2 illustrates a Catmull-Clark surface generated from 
a cube. 



1.3. MOTIVATIONS 

Surfaces can be generated easily by subdividing polyhedral networks 
recursively, but complex or precise polyhedral networks have to be de- 
fined. For example, for getting a cylinder-like shape (Fig. 3(d)) with 
Doo-Sabin subdivision method, a polyhedron shown in Fig. 3(b) has to 
be defined, we can not get cylinder-like shape by subdividing a simple 
cube (Fig. 3 (a)). Over simple or rough polyhedral network, it is difficult 
to get the surfaces which designers want to model. According to the 
subdivision method (Doo-Sabin, Catmull-Clark etc.), special polyhedral 
networks have to be defined. Obviously, it is troublesome and inefficient. 
So for a system that uses subdivision method to generate surfaces, some 
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id} i^} 

Figure 1 Doo-Sabin’s method. (a) Three types of faces. (b)A cube. (c)The cube and 
its first subdivision. (d)The cube and its second subdivision. (e)The cube and its 
fourth subdivision. 
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(a) 



(b) 



Figure 2 Catmull-Clark’s method. (a) The cube and its first subdivision. (b)The cube 
and its fourth subdivision. 



operations have to be developed for supporting the subdivision method. 
In this paper, we propose a set of rules for implementing fillet operations 
, an essential process in design systems. In our method, according to 
fillet values of every edge of polyhedral networks, the initial polyhedral 
networks are subdivided one step using the rules proposed here, and 
then Doo-Sabin subdivision or Catmull-Clark process is carried out over 
the modified polyhedral networks. The number of edges that meet at 
one vertex is no restriction and the fillet values of every edge can be 
different. 

2. THE RULES OF SUBDIVISION IN FILLET 
OPERATIONS 

2.1. DEFINITIONS AND REGULAR 
PROCESS 

Before giving our rules, some terms should be defined. First is the 
fillet value. It describes the sharpness of an edge and is defined as the 
distance between an edge and a new parallel line, termed fillet line,, on 
the faces that the edge is common to. Each edge has two fillet values and 
two fillet lines. The two fillet values cdiU be different. The fillet value 
of an edge also can be 0. Now we assume the fillet value is not equal 
to 0. Similar to Doo-Sabin subdivision method, the fillet operations 
will subdivide the initial polyhedral networks and generate new faces 
F-face^ E-face and V-face according to initial polyhedra’s faces, edges 
and vertices. For describing our method smoothly, first, we make fillet 
operations on a cube with same fillet value for all edges. The fillet 
process can be described as follow steps (Referring to Fig. 4): 
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(a) 



(b) 





(c> 

Figure 3 A Cylinder-like shape generated by Doo-Sabin subdivision method, (a) 
A Cube.(b)The modified cube.(c)The cube and its third subdivision. (d)The fourth 
subdivision. 



V3 




Figure 4 The regular subdivision of fillet operations. Solid circle nodes are the 
vertices of the cube, hollow circle nodes are the fillet edge points. Solid square nodes 
are fillet face points. 
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[a} tb) 

Figure 5 The regular fillet operation on a cube, (a) A Cube.(b)The modified cube 
after fillet operations. (c)The fourth Doo-Sabin subdivision over modified cube. 



1 For each vertex Vi on a face Fg. an intersection point of two fillet 
lines^ corresponding to the two contiguous edges that have common 
end point Vi^ is generated. The intersection point called fillet face 
point termed VFsi (Solid square nodes in Fig. 4). 

2 For each edge Ei linking vertex 14, Vj and shared by face Fg. 
four intersection points of the Ei and fillet lines on the two faces 
Fg^Ft are generated, respectively. They are called fillet edge points^ 
termed P/^ , P^ and P/^ (Hollow circle nodes in Fig. 4). Cor- 
responding to Vj^ there are two points Pfj and Pfj are generated 
on edge but only one point between Pfj and P-j will be used 
to generate new faces, the useful point is termed Pij- Similarly 
corresponding to 14, the useful point is Pik- Here, the three points 
P?j, Pfj and Pij are same point. Three points Pfk 

same point too. For example, in Fig.4,Pdo, Hod and Poo are same 
point. 

3 For every face P^, a new face, termed as (P — face)i is generated 
by linking all fillet face points (Solid square nodes in Fig. 4) on 
the face face Pj. 

4 For each edge Ei linking vertices Vj^Vk^ common to two faces P^, 
P^, two new 4-sided faces, termed (P — face)gi and (P — face)^- 
are generated by linking {Wsj,Wsk,Pik,Pij) and {Wtj,Wtk,Pik,Pij), 
respectively. 

5 For each vertex V^, a 4-sided face termed {V — face)-^^ is generated 
on every face Pj that Vi is common to. It is linked by V^, the fillet 
face point Wji and two fillet edge points. For example, in Fig. 4 
the {V - /ace)oQ is linked by (Vo,Poo,H4o,-p2o)- 
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Figure 6 Rule 1. Fillet values are not equal each other. Solid circle nodes are vertices 
of the polyhedron, hollow circle nodes are fillet edge points. 



After subdividing the cube according to above steps, subdivision process 
will be carried out recursively. Fig.5 illustrates the procedure of making 
fillet operations on a cube with Doo-Sabin surface. 

2.2. RULE 1 

The above process is a special case. In general, the fillet values of the 
edges of a polyhedron are not equal each other. Here we give the rule 1. 
Referring to Fig. 6, for every edge Ei linking vertices (14, Vj), common 
to faces Fs and F^, the fillet values, distances between Pfj and Vj, P^j 
and Vj, are Ds and Df, respectively. If Ds is larger than Dt^ Pfj will 

be treated as useful fillet edge point Pij. Here the Vj must be a convex 

point on both Fg and Ff . 

2.3. RULE 2 

Referring to Fig. 7, for a face Fg and a vertex Vi of Fg, two edges of 
Fg having common end point Vi are Ej and F^. Corresponding to Ej 
and Ffc, the two fillet lines on Fg are Lj and Lj^. If the useful fillet edge 
points Pji and Pki are not FJ^ and F^^, respectively, through point Pji 
make a line parallel to Ek on Fg and get the intersection point A (hollow 
square node) on line Lj. Similarly, corresponding to Pki^ we get another 
intersection point B (hollow square node) on line Lk- Then the (V-face) 
on Fg corresponding to Vi will be two 4-sided faces {Vi^Pji^A^Wgi) and 
(Vi, Wgi,B, Pki). 
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Figure 1 Rule 2. V-face is constructed by two 4-sided faces. Solid square nodes are 
fillet face points. Hollow circle nodes are the fillet edge points. Small solid circle nodes 
means there are some faces between Ft and Fq. 




Figure 8 Rule 3. The fillet subdivision process of a concave point. 
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2.4. RULE 3 

If a vertex Vt on a face Fg is a concave point, two edges of Fg linking 
Vi are Ej and Ek- Corresponding to Ej and Ek-, the two fillet lines on Fg 
are Lj and Lk- Because the Vi is a concave point on the face Fg, the fillet 
edge points and P^- do not exist, the fillet edge points Pji and Pki 
are decided by the fillet lines on other two faces sharing Ej and Ek with 
face Pg, respectively. Similar to the rule 2, through point Pji make a line 
parallel to Ek and get the intersection point A on Lj. Similarly we can 
get intersection point B. Then the (V-face) on the face Fg corresponding 
to Vi is two 4-sided face {Vi^Wgi.A^Pji) and {Vi^Pki^B^Wgi). (Referring 
to Fig.8) 



2.5. RULE 4 

Referring to Fig.9, in some cases, for controlling recursive subdivision 
surfaces, some faces or concave faces are divided, even on a same plane, 
this means there are some edges shared by two faces that are on a same 
plane. In this case, the fillet operations will not be carried out and these 
edges are called un-boundary edges. Boundary edges are the edges shared 
by two faces which are not on a same plane. The fillet operations will 
be done only on the boundary edges. After fillet subdivision, the un- 
boundary edges are linked by new generated fillet face points or the new 
points on the fillet lines, correspondingly. For example, in Fig.9(a), Fg 
is a face including a concave point Vi, for controlling the final generated 
shape, an edge linking Vi and Vj is added. The fillet operations will not 
be done on this un-boundary edge. It will be modified by linking Wgj 
and Wgi. The Fig. 9(b) illustrates another case. 
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Figure 10 Rule 5. On surface Fg, the fillet value of edge Ei is 0. 



2.6. RULE 5 

In rule 1 to rule 4, we assume the fillet values of the edges are not 
equal to 0. If the fillet values of some edges are equal to 0, this means 
the fillet operations are not carried out on these edges. The edge will 
be made round by subdivision process. We give rule 5 to deal with this 
case. 

For an edge Ei linking vertices Vj and T4, shared by Fs and if the 
fillet value of Ei on the face Fs equals to 0. The V-face corresponding to 
Vj and Vk on the Eg will not be generated, the fillet face point Wgj and 
Wsk will be on the edge Ei. The fillet edge points on the edges Eq and 
of Fs, Pak and F^j, will be Vk and Vj, receptively. On two faces F/i and 
Ft 2 that meet at Vj and Vk and adjoin Ft and F^, receptively, the V-face 
corresponding to Vj and Vk will be modified. If the V-face is constructed 
by two 4-sided faces, the one adjoins Fg will not be generated. Only one 
4-sided face(4-sided shadow area in Fig. 10) is kept. If the V-face is only 
one 4-sided face, then it will be split into two 3-sided faces by linking 
Vj and the corresponding fillet face point W and the one adjoining Fg 
will be deleted. Only one 3-sided face(3-sided shadow area in Fig. 10) is 
kept, referring to Fig. 10. If the two fillet values of Ei equal to 0, the 
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(a) 



(b) 



Figure 11 Rule 5. The two fillet values of an edge are equal to 0. 

V-faces of two end points Vj and Vk will not be generated. Fig. 11 (a) 
shows the case that fillet values on both side of an edge are equal each 
other. Fig. 11(b) shows the general case. 

3. EXAMPLES 

In this section, we make fillet operations on some polyhedra with 
the above rules. For demonstrating the effect of fillet operations, we use 
Doo-Sabin and CatmulhClark methods to generate surfaces. Fig. 12 illus- 
trates fillet operations on a polyhedron with some vertices having valence 
four. The fillet values of each edge are different. Fig. 12(a) is the original 
polyhedron. Fig. 1 2(b), (c) are Doo-Sabin surface and Catmull-Clark sur- 
face generated form Fig.l2(a) after 5 iterations, respectively. Fig. 12(d) 
is the polyhedron after fillet subdivision process. Fig. 12(e), (f) are Doo- 
Sabin surfaces generated from Fig.l2(d). Fig.l2(g),(h) are Catmull- 
Clark surfaces generated from Fig. 12(d). Fig. 13 illustrates fillet opera- 
tions on a polyhedron with a vertex having valence six. Fig. 14 illustrates 
filler operations for modeling a mouse. Fig. 15 shows two other examples. 
Fig.l5(c),(d) show two schemes of making fillet operations on same initial 
polyhedron with different fillet values. Fig. 15(g) shows a club. Making 
comparison between the models generated from original polyhedra and 
the models generated from the polyhedra modified by fillet operations, 
we can see the effect of fillet operations clearly. 
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Fig. 1 2(a}0nginal Fig. 1 2(b)DoD/Sabin 
polyhedron surface of Fig.1 2{a) 



Fig.12(c)Catmul1/Clark Rg.12{d)After fillet 

surface of Fig. 12(a) operations on Fig. 12(a) 



Fig.12(e)Doo/Sabin Fig.l2(f)Doo/Sabin Fig. 12{g)Catmul I/C lark FigJ 2(h) Calm u ll/Clark 

surface ot Fig. 12(d) surface of Fig. 12(d) surface of Fig. 12(d) surface of Fig. 12(d) 

Figure 12. Fillet operation on a polyhedron with some vertices having valence 4, 



Flg.13(a)Original 

polyhedron 



Fig. 13(b) Doo/Sabin surface Fig.13(c)Catmull/Ctark surface 

after 6 iterations on Fig. 13(a) after 5 iterations on Fig. 13(a) 



Fig, 13(d) After fillet 
operations on Fig. 13(a) 



Fig.l3(e)Doo/Sabin surface 
after 1 iteration on Fig. 13(d) 



Fig. 1 3(f) Doo/Sabin surface 
after 5 iterations on Fig. 13(d) 



Fig . 1 3 ( g )Catm ul i/CI a rk su rf ace Fig .13(h) Catmu ll/CI ark su rf ace 

after 1 iteration on Fig,1 3(d) after 5 iterations on Fig. 13(d) 

Figure 13. Fillet operation on a polyhedron with a vertex having valence 6, 
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Fig.14(b)OcK5/Sabin surface 
after 5 tterations on Ftg, 14(a) 



Fig,14[c)Catmuli/C(ark surface 
afters iterations on FigJ4(a) 



Fig.14(a)Or^inal 

polyhedron 



Fig.14(e)Doo/Sabln surface 
after 2 iterations on Fig.14[d) 



Fig, 1 4(f) Doo/Sabir surface 
afters iterations on Fig, 14(d) 



Fig.14(d)After fillet 
operatbns on Fig. 14(a) 



Figure 14. Fillet operations 
for model irxg a mouse. 



Fig.14[g)Catmull/Clark surface 
after 2 iterations on Fig. 14(d) 



Fig.14(h)Catmull/Clark surface 
after S iterations on Fig. 14(d) 



Fig.15(d)Doo/Sabin 
surface after fillet 
operations on Fig. 15(a) 
with a small fillet value 
on the marked edge. 



Fig. 1 5(C) Doo/Sabin 
surface after fillet 
operations on Fig, 1 5(a) 
with a larger fillet value 
on the marked edge. 



Fig.15(b)Doo/$abin surface 
generated from Fig. 15(a) 



Fig. 15(a) Oroginal 
polyhedron. 



Fig.15(g)Ooo/Sabin surface 
after fillet operations on Fig. 15(e) 



Fig.l5(e) Oroginal 
polyhedron. 



Fig.15{f)Doo/Sabin surface 
generated from Fig. 15(e) 



Figure 15. Two other examples of fillet operations 
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4. CONCLUSIONS 

In this paper, some rules for implementing the fillet operations with 
recursive subdivision surfaces are proposed. The polyhedral networks 
modified by fillet operations can be used to generate both Doo-Sabin 
surfaces and Gatmull-Clark surfaces. The operations are simple and 
effective. Generally, there is no restriction on the number of edges that 
meet at one vertex, and fillet values on each edge can be different. It 
will strengthen the functions of systems that use subdivision method 
to model surfaces. There are some restrictions here. For example, if 
the polyhedral networks modified by fillet operations are used by Doo- 
Sabin method. We can not reach the round areas defined. For solving 
this problem, we will try to apply Non-Uniform Recursive Subdivision 
Surfaces[14] to our system in next step. 
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Abstract Surface-surface intersection is one of essential techniques in geometric 
modeling. A relatively robust algorithm to calculate intersections of 
parametric surfaces is a marching method which repeatedly calculates 
consecutive points on an intersection curve starting with a certain point. 
However, it is difficult to find starting points of all branches of intersec- 
tions especially when the branches form small loops. It is also difficult 
to trace a curve near singular points. Critical points which have par- 
allel normals on both surfaces are key points to solve those problems. 
We will, first, propose a Bezier normal vector surface which can exactly 
represent normal vectors on a Bezier surface. Then we will explain a 
new algorithm to find all critical points by using Bezier normal vector 
surfaces. All starting points of intersection curves are obtained with the 
algorithm. Furthermore, intersection curves can be robustly traced by 
using the critical points. 



Keywords; Surface-surface intersection. Critical point. Normal vector 




1. Introduction 

Geometric modeling is a key technique for many applications such as 
CAD/CAM. Surface-surface intersection is one of the toughest problems 
in this area, and many studies have been done on this (see Patrikalakis, 
1993). For instance, Miller, 1987, studied analytic methods that calcu- 
late intersections of natural quadric surfaces. However, orders of inter- 
section curves of parametric surfaces usually become too high to solve 
intersection curves analytically. Surface-surface intersection algorithms 
usually calculate sequences of points on intersection curves. 

There are mainly two approaches to calculating intersections of para- 
metric surfaces, i.e., recursive subdivision methods and marching meth- 
ods. The recursive subdivision methods recursively subdivide surfaces 
until the subpatches can be approximated by plane elements and cal- 
culate intersection curves as intersection polylines of those small plane 
elements (see Dokken, 1985). The methods require a lot of memory 
space and computation time if high precision is required. Furthermore, 
the methods cannot find all small intersection loops and cannot calculate 
intersection curves near singular points. 

The marching methods trace an intersection curve by repeatedly cal- 
culating consecutive points on the curve (see Barnhill and Kersey, 1990). 
These kind of methods can robustly and quickly trace intersection curves 
in usual cases. However there still remain some problems. The initial 
point of the intersection curve is one of those problems. It is difficult to 
find all starting points of intersection branches to be traced, especially 
when a branch forms a tiny loop. The second one is a junction point. 
The marching methods usually assume that an intersection branch is 
either a simple curve segment having both its ends on the boundaries of 
surfaces or a closed loop inside of the surfaces. They trace intersections 
by approximating the surfaces with their first derivatives, i.e., with their 
tangential planes. So they cannot trace the intersection curve beyond a 
junction point because the surfaces coincide up to their first derivatives 
so that they have the same tangential plane. Some methods can trace 
the curve beyond the junction point by investigating higher order deriva- 
tives (see Bajaj et al., 1988; Owen and Rockwood, 1987), they are not 
able to determine where the junction point are, though. Those methods 
require the exact location of the junction point beforehand. The last one 
is robustness. If two intersection branches closely approach each other 
forming like hyperbolic curve branches, the marching method might fail 
to trace the branch by jumping to the other branch. A critical point is 
a key concept to solve these problems. 
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Critical Points. 



This paper proposes a new technique to calculate all intersection curve 
branches of Bezier surfaces as well as to trace intersection curves robustly 
by using critical points. Section 2 specifies the usefulness of critical 
points in calculating surface-surface intersection and summarizes previ- 
ous studies. Section 3 explains the Bezier Normal Vector Surface which 
represents normal vectors on a Bezier surface and a method to calculate 
its control points from the original surface’s control points. Section 4 
proposes an algorithm for detecting all critical points based on Bezier 
normal vector surfaces. Section 5 shows how critical points are used to 
trace intersection curves robustly. Section 6 summarizes this paper. 

2. Critical Points 

Let us consider the intersection of two surfaces S(u, u) and R(5,t). 
Suppose a distance between those two surfaces is uniquely and contin- 
uously determined according to a point on S(u, u) so that a distance 
can be seen as a function of parameters u and u, v). Though there 
are several definitions of distances between two surfaces (see Cheng, 
1989; Market and Magedson, 1989; Kriezis et al., 1992; Higashi et al., 
1992), the differences among them are not essential for the discussion in 
this section except that the distance function 0(u, v) must be continuous 
in a certain domain. The function definition will be discussed in a later 
section. By taking the gradient of this distance function 0(u, v), a vector 
field in a parametric space is defined. Critical points are defined as zero 
points of this vector field, V</>(u, v). 

The starting point detection problem is very similar to the intersection 
loop detection problem. It is enough to subdivide the surfaces such 
that each subdivided surface includes no intersection loops and every 
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intersection curve crosses some boundaries of subdivided surfaces. Sinha 
et al., 1985, and Cheng, 1989, pointed out that at least one critical 
point must exist inside an intersection loop as shown on the left side 
of Figure 1 if the distance varies continuously. It is important that the 
distance field must be continuous, especially inside of intersection loops. 
Any intersection curve is split by isoparametric lines passing through 
the critical points. Sederberg, Hohmeyer and others proposed several 
criteria for detecting intersection loops rather than for detecting critical 
points. There are a lot of relations among those criteria. This paper 
focuses on the critical point detection because critical points are useful 
for robust and correct tracing as well as for loop detection. Grandine 
and Klein IV, 1997, pointed out that “loop detection” does not guarantee 
the correct topology of the intersection curves and presented a method 
which accomplishes it. However the method is based on so called turning 
points which include all critical points. The critical point detection is a 
important premise to accomplish the robust and correct tracing. 

A junction point is a critical point on intersection curves as shown 
on the right side of Figure 1. A critical point also exists around a 
near-junction point, such as somewhere between the closest points of 
two hyperbolic intersection branches. The marching methods that trace 
the intersection curves by approximating the surfaces with their first 
derivatives cannot trace the curves around those points where the sur- 
faces almost coincide up to their first derivatives. There have been some 
studies on tracing techniques which can trace intersection curves beyond 
the junction points by investigating higher order derivatives. Owen and 
Rockwood, 1987, showed a tracing technique which can follow intersec- 
tion curves of implicit surfaces including junction points. Bajaj et al., 
1988, and Charrot, 1993, gave tracing techniques applicable to parara- 
metric surfaces. Though the techniques might not be so stable to trace 
the intersection curves beyond the junction points, because it is difficult 
to locate the singular point accurately at which the techniques must in- 
vestigate the higher order derivatives. Both of the problems, i.e., starting 
point detection and tracing across singular points, are strongly related 
to the critical points. This paper concentrates on detecting all critical 
points to solve the problems. 

Cheng, 1989, mentioned an algorithm for finding critical points, but 
it was not complete. The algorithm traces a connecting curve which 
connects two singular points as well as an intersection curve. It as- 
sumed that a connecting curve crosses an intersection curve where a dot 
product of the normalized normal vectors of two surfaces has a local 
extremum value on an intersection curve. However this assumption is 
not necessarily true. Wang et al., 1991, and Kushimoto and Hosaka, 
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1991, proposed methods that detect critical points as intersection points 
of characteristic lines on the surfaces. However, it is not so cheap to 
calculate intersections of characteristic lines. Furthermore, there still 
remains an open question of how to detect all branches of characteristic 
lines. Kriezis et al., 1992, proposed both the sufficient condition of criti- 
cal point existence based on a rotation number of a distance vector field 
V0(u, u), and an efficient algorithm to find critical points. But the algo- 
rithm itself cannot guarantee completeness so that every critical point is 
detected, because the algorithm did not specify a necessary condition of 
critical point existence. Ma and Luo, 1995, proposed an improved test 
concerning a rotation number. But it cannot guarantee the complete 
detection because it still gives only sufficient condition of critical point 
existence. 

One of the most successful approaches to detect all critical points is a 
divide conquer method. Surfaces are subdivided until the necessary con- 
dition for critical points is not satisfied any more. The important char- 
acteristic of critical points is that a pair of critical points have parallel 
normal vectors. Thus, there must be points x G S(u, v) and y G R(s, t) 
such that the normal vector at x is parallel to the normal vector at y 
if the surfaces have some critical points. In other words, critical points 
may not exist if the Gauss maps of the surfaces do not have overlaps. 
The previous studies used this property as the necessary condition of 
critical point existence. 

It is usually very expensive to calculate a Gauss map of a surface. 
Instead, previous studies calculated its bound, which should be as tight 
as possible. If tighter bounds of normal vectors are obtained, then the 
surface subdivision may be stopped earlier. Sederberg and Meyers, 1988, 
proposed an idea called tangent cone in the context of loop detection. 
This method used hodographs which are loci of tangent vectors both in 
the u-direction and the u-direction on the surface. A tangent cone, which 
is generated from two bounding cones of hodographs, cannot be used for 
calculating a tight bound of normal vectors of the surface. Kriezis and 
Patrikalakis, 1991, used a rectangular pyramid instead of a cone. It usu- 
ally gave a tighter bound than a cone, but it was still loose. Hohmeyer, 

1992, suggested calculating the pseudo-normal surfaceN{u^ v) = Su^ Sy 
in Bezier form for the loop detection. He mentioned that both the abil- 
ity to represent each component function separately and the ability to 
multiply, and add, and subtract two such component functions are nec- 
essary to calculate the pseudo-normal surface, but did not show explicit 
equations to calculate their control points. Sederberg and Zundel, 1996, 
proposed a surface bounding pyramid which gives a relativebly tight 
bound of a surface. Though their study provides a surface bound rather 
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than a normal bound, it has an intimate relationship with a tighter 
bound of normal vectors. 

Even if a tight bound of normal vectors is available, this necessary 
condition, i.e., parallel normal vectors, is too weak to stop the subdivi- 
sion process of the critical points detection algorithm. Let us imagine an 
intersection of a plane and a hemisphere with a circular intersection loop. 
There is a pair of critical points inside of the intersection loop which have 
parallel normal vectors. At the same time every point on a plane which 
does not correspond to the critical point has a parallel normal vector. 
This means that the Gauss maps of the subsurfaces of the plane must 
have an overlap however finely the subsurfaces are subdivided. The ex- 
istence of critical points must be determined by the relative positions of 
the surfaces as well as their normal vectors. The correspondence check 
based on both the positions and the normal vectors can be accomplished 
by a Minkowski sum like operation in a three-dimensional space but is 
very costly. An overlap test of the surfaces in a three-dimensional space 
does not work as the correspondence check because the separate surfaces 
may have critical points. This issue of the relative surface position is 
closely related to the issue of the surface bounding cone construction 
such that the compliment of a normal bounding cone does not bound 
the surface in a global sense. This problem was discussed by Hohmeyer, 
1992, and Sederberg and Zundel, 1996, using an example of a surface 
shaped like a parking garage ramp. 

3. Bezier Normal Vector Surface 

A locus of unnormalized normal vectors on a surface constructs a 
surface. Hohmeyer, 1992, called it a pseudo-normal surface and pointed 
out the requirements for its calculation. In this paper we call this surface 
a normal vector surface. A normal vector surface composed of unit 
vectors is a Gauss map of the surface. If a normal vector surface is 
represented as a Bezier surface, its control polygon can tightly bound 
the end points of the normal vectors because of the tight convex hull 
property of Bezier surfaces. In this section the equation for calculating 
the control points of the Bezier normal vector surface from those of 
the original Bezier surface will be discussed in order to obtain a tighter 
bound of normal vectors. 

A Bezier surface S(u, v) of degree nxm is defined by (n + 1) x (m + 1) 
control points Pij as below: 



S(u, v) = 



n m 
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Here, Bf{u) = (”)«*(!— «)""* and Bj^{u) denotes Bernstein polynomials 
of degree n and m respectively whose product is given as below (see 
de Boor, 1987): 

BrWB”>(«) = (1) 

1 i+j ) 

The tangent vectors in u, u-directions, S„ and S„, are given: 

n— 1 m 

S>,u) = n 5] 5; 

K=0 L=0 
n m— 1 

S,(u,u) = mY, 

M=0N=0 



where QicL = P(/c+i) l~^kl and B.mn = Bm {n+i) — ^mn ■ 

The normal vector N(n, v) of the surface S(u, v), which is a common 
normal vector of the two tangent vectors, S„(u, v) and v), is given 
as below by using the product formula (1): 

N(u, v) 

= Su{u, v) X Sv{u, v) 

n— 1 n m m—l 

= E E E E 

K=0 M=0 L=0 N=0 
m— 1\ / n \ /m\ /m— 1\ 

^ ^ B]^~l,iu)Bt:^],\v) QklxKmn. (2) 

\k+m)\l+n) 



Equation (2) is a tensor product of Bernstein polynomials of degree 2n~l 
and Bernstein polynomials of degree 2m*~l. This indicates that a normal 
vector surface N(u, v) of a Bezier surface B(u, v) can be represented as 
a Bezier surface of degree (2n— l)x(2m— 1) defined with 2nx2m control 
points Nij as below: 



2n— 1 2m— 1 

N(n,t;)= E E Bf^-\u)B]^-\v)Nij. (3) 

z=0 j—0 

Thus we named this surface Bezier normal vector surface. By comparing 
coefficients of Equations (2) and (3), the control points Ny of the Bezier 
normal vector surface N(«, v) are given in the following equation: 



Ny = 



E E(V)Q)(T)r«')QK<-xR««. 

0<K<n-l 0<L<m 

0<M<n 0<iV<m-l 



( 4 ) 
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Figure 2 illustrates a Bezier surface and its Bezier normal vector surface. 
In both figures bold lines indicate the control polygons of the surfaces. 
The upper figure shows the original Bezier surface of degree 4x3 with its 
normal vectors. The lower figure shows the normal vectors translated so 
as their starting points coincide with the origin and the resulting Bezier 
normal vector surface of degree 7x5. 

Since a Bezier normal vector surface is a kind of Bezier surface, it has 
the following properties (see Farin, 1996). 

1 Convex hull property. 

A Bezier normal vector surface N(u, v) lies in the convex hull of the 
control polygon N^j. Thus, a convex cone of the control polygon 
Nij having its top at the origin can tightly bound normal vectors 
on the surface S(u, v). 

2 Subdivision. 

A Bezier normal vector surface N(u, u) can be subdivided at any 
parameter value of u and v by the de Casteljau algorithm. 

3 Invariance under affine parameter transformations. 

Both the original surface S(u, u) and the resulting Bezier normal 
surface N(u, u) are invariant under affine parameter transforma- 
tions. Therefore control points of subdivided Bezier normal vector 
surface can be calculated either by generating from the subdivided 
Bezier surface according to Equation (4), or by subdividing the 





Figure 2. A Bezier normal vector surface. 
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Bezier normal vector surface N(u, u) with the de Casteljau algo- 
rithm. 



Now we are ready for getting a tighter bound of normal vectors. Since 
a normal vector surface is tightly bounded by a convex hull of the control 
points of a normal vector surface, we can generate a convex cone which 
bounds the normal vectors. Let us begin with a condition for a convex 
cone existence where the convex cone contains all the control points. A 
convex cone can be seen as an intersection of half spaces defined by the 
planes on which the origin lies, because the apex of the convex cone is 
the origin. Thus the origin must be located at the outside of the convex 
hull of the control points if the convex cone exists. Figure 3 contrasts 
the two cases. The figure on the left indicates the case in which a convex 
cone exists and the right figure illustrates the case in which no convex 
cone can exist. In the possible case, the side faces of the convex cone is 
defined by silhouette edges of the convex hull of the control points when 
looking at the convex hull from the origin. 

Yamaguchi, 1996, have also derived the equation for calculating the 
control points of the normal vector surfaces of triangular Bezier surfaces. 
The normal vector surface of a triangular Bezier surface of degree n: 

s(u) = ^ sr(u)Pi, 

|i|=n 



can be represented as a triangular Bezier surface of degree 2n — 2 as 

follows: ^ „ „ 

N(u) = (u)Ni. 



|i|=2n— 2 

Here the notation is followed by Farin, 1996. Its control points are given 
in the following equation: 



Ni — ^2n-2\ (Pk-hei>< Pl-|-e 2 +Pk+e 2 ^ 1 ^ 1 + 03 + Pl-hei) • 

k+i=i V i ) 

|k|=n-l 

|l|=n-l 

The triangular Bezier normal surface also maintains the same character- 
istics as a tensor Bezier surface listed before. 





Figure 8. Condition for convex cone existence. 
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4. Critical Point Detection Algorithm 

In this section an efficient and complete algorithm for detecting all 
critical points based on a Bezier normal vector surface will be discussed. 
At the end of Section 2, the importance of the correspondence check 
was pointed out. Overlapping Gauss maps is a too weak condition for a 
critical point existence. Even an overlap test of the surfaces, in addition, 
may not be enough. The issue of the correspondence is strongly related 
to the definition of distance. 

4.1. Distance along a Constant Vector 

A distance function v) between two surfaces is introduced in the 
section 2. There might be several different definitions of distances ac- 
cording to the way of measurement. Previous studies adopted a mini- 
mum distance between two surfaces, because it maintains continuity 
at least. The distance field must be continuous, especially inside of in- 
tersection loops. Otherwise, a critical point may not exist inside of an 
intersection loop. 

In our study, a distance is measured along a constant vector n in- 
stead of a minimum distance. However, it is a problem to determine the 
constant vector to measure the distance. The vector must be carefully 
selected so that there must exist corresponding points on the surfaces 
along the vector. The concept of a visibility cone which is a represen- 
tation of locally visible directions of the surface can be used to select a 
proper vector. This concept is very useful for various applications, such 
as an accessibility check for NC measurement probes, a workpiece setup 
for machining, an assemblability check for robot operations, and so on. 
Though the term visibility cone given by Kim et al., 1995, is famous for 
mechanical applications. The concept of a convex cone in n-dimensional 
space was studied by Goldman and Tucker, 1956. 

A visibility cone is associated with a Gauss map. Let’s consider a 
tangent plane of a surface and the common normal vector at that point. 
The tangent plane separates a whole vector space into two half spaces. 
And any vector starting at the point and ending at some point in the 
bottom half space penetrates the surface from its upside to its downside 
at that point. The tangent plane and the common normal vector vary 
on the surface simultaneously. The locus of normal vectors stands for a 
Gauss map. And the intersection of the half spaces stands for a visibility 
cone. There exists a duality of a normal cone and a visibility cone. These 
cones are dual so that the faces of the visibility cone are perpendicular 
to the edges of the normal cone and the faces of the normal cone are 
perpendicular to the edges of the visibility cone. Thus the visibility cone 
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Figure 



A normal cone and a visibility cone. 



can be easily calculated from the normal cone. Figure 4 shows both the 
normal cone and the visibility cone of the tensor product Bezier surface 
shown in Figure 2 . 

Since every vector within a visibility cone penetrates the surface in 
one direction, there must exist corresponding points along a vector if the 
vector belongs to both of the visibility cones of the surfaces. A constant 
vector n for measuring a distance must be selected from the intersection 
of the visibility cones of the given surfaces. 

4.2. Sufficient Condition for Critical Point 

Let us explain the sufficient condition for critical point existence 
proved by Kriezis et al., 1992, before discussing the necessary condition. 
Since a distance is measured along a constant vector n, the distance 
function 0 (u, v) satisfies following equations: 

S(u, v) — R(5, t) = n 0(u, v). (5) 

By taking the gradient of the distance function 0(u, u), a vector field 
in a parametric space V(f){u^v) = {(j)u^(t>v) is defined. Kriezis et al. 
pointed out the sufficient condition for critical point existence based on 
a rotation number of this vector field. 

Definition 1 (Rotation number) A rotation number W{V(!)^^) of a 
vector field along a closed curve 7 is defined as below: 

W{V(l>,j) = — [ ^ud{(l>v) -(l>vd{(t>u) _ 

2tt + (j)jj 

This rotation number TV(V0, 7 ) counts the rotations of a vector while a 
point moves along the curve 7 in the parametric space. 
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Figure 5. Discrete vector field. 



Theorem 1 (Sufficient condition) If the rotation number 
is nonzero, then there must exist at least one critical point in the domain 
bounded by the closed curve 7. 

Based on this theorem Kriezis et al. proposed an efficient algorithm 
for detecting critical points. The algorithm approximates V0 at a lattice 
of points in the parametric space as shown in Figure 5, and approximates 
a rotation number around a quadrilateral by the four vectors in the cor- 
ners of the quadrilateral. If the approximate rotation number is nonzero, 
an accurate critical point is calculated by convergent computation start- 
ing with the quadrilateral’s center as an initial approximation of the 
critical point. The following equations can be used for the convergent 
computation if the distance is measured along a constant vector n: 



(S - R) • (n X S^,) = 0, (6) 

(S - R) . (n X S^) = 0, (7) 

• (Rs X Rt) = 0, (8) 

Sy • (Rs X Kt) = 0. (9) 



The first two equations are obtained by multiplying both sides of Equa- 
tion (5) by n X and n x respectively. The remaining two equations 
are obtained from the definition of a critical point. See the explanations 
on Equations (10) and (11) in the next section. 

An important point is that the above theorem gives only sufficient 
condition for critical point existence. By using finer lattice resolution, 
the algorithm can find more critical points. However it causes the more 
expensive computation. This approximation-based method cannot guar- 
antee to find all critical points. Ma and Luo, 1995, presented an im- 
proved test by extending the rotation number into a three-dimensional 
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vector field. However the rotation number is calculated with the discrete 
parameter space. The test cannot detect all critical points unless the ini- 
tial lattice crosses all of the Jacobian curves on which the Jacobian is 
zero. In this sense the test can be used only for the sufficiency check of 
the critical point existence. 

4.3. Necessary Condition for Critical Point 

The new algorithm to be proposed in this paper is based on neces- 
sary condition as well as sufficient condition. The algorithm guarantees 
the complete detection by subdividing the surfaces until the necessary 
condition is not satisfied. Before explaining the necessary condition, we 
have to point out that the corresponding critical points have parallel 
normal vectors. 

Lemma 1 (Normal vectors at critical points) The corresponding crit- 
ical points have parallel normal vectors. 

Proof. Equation (5) of the distance function (j){u^ v) yields the fol- 
lowing differential equations: 

= n (j)y. 

The terms of Hg and Ht can be eliminated by applying the multiplication 
of Rs X Rt to both sides of the above equations. Since a critical point 
is a zero point of the vector field V0, i.e., (pu = (t>v = 0^ a, critical point 
satisfies the following equations: 

• (Rs X Rt) = 0, (10) 

S^-(RsXRt) = 0. (11) 

Equations (10) and (11) imply that the normal vector of R is also or- 
thogonal to tangent vectors and S^; respectively. □ 

The necessary condition for critical point existence is given as below. 

Theorem 2 (Necessary condition) If a critical point exists, then the 
projections along the vector n of two convex hulls of surface control poly- 
gons Pij of the surfaces have overlap, and the convex cones composed of 
the origin and control polygons Nij of the normal vector surfaces have 
overlap at the same time. 

Proof. The definition of the distance measured along the vector 
n indicates that the corresponding critical points must lie on the same 
line parallel to the vector n. They must have parallel normal vectors 
according to the lemma 1. □ 



_ /-B-k ds __ dt V 

_ /■■-X ds dt . 

S^-(R,- + Rt— ) 
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Figure 6. Necessary condition for critical point existence. 



Figure 6 illustrates the necessary condition. Both of the overlapping 
checks, i.e., overlap of two projected surface convex hulls and overlap 
of two normal vector convex cones, can be calculated on a plane by 
projecting them onto a plane perpendicular to the constant vector n. 
Surface control polygons must be projected with parallel projection 
along n while normal vector control polygons N ij must be projected with 
perspective projection focusing on the origin. A property of overlap is 
very important. An edge of a convex cone corresponds to a control 
point of a Bezier normal vector surface while a vertex of a convex hull 
corresponds to a control point of a Bezier surface. Those points cannot 
coincide with a point on the surfaces except at their four corners unless 
the surface is degenerate. So, two normal cones sharing an edge, or two 
convex hulls sharing a vertex should not occur unless a critical point is 
located at a corner of a surface patch. 

4.4. Critical Points Detection Algorithm 

All critical points are efficiently detected by using the theorems con- 
cerning necessary condition as well as sufficient condition. The algorithm 
is as below: 

Critical point detection algorithm. 

Calculate control polygons Nij of two normal vector surfaces from 
the control polygons Pij of the original surfaces, 
while The necessary condition is satisfied with the control polygons 
Pij andNij. 

if The sufficient condition is satisfied, then 

Calculate a critical point and subdivide the surfaces^ the control 
polygons Pij and at the critical point into four subsurfaces. 

else 

Subdivide the surfaces j i.e.j Pij andNij, o.t their centers into 



300 




Figure 7. Critical point detection process. 



four subsurfaces. 

endif 

{Find critical points on each subsurface.} 

By using the sufficient condition, a critical point is detected and it 
becomes a corner of subsurfaces so that the detected critical point will 
not affect the necessary condition any more. The algorithm can stop 
the subdivision very quickly. Figure 7 illustrates a subdivision process 
for detecting all critical points of the surfaces shown in Figure 10. The 
detected critical points are marked with o, ■, and x. In this example 
the critical point marked with x accidentally coincides with the corners 
of the subsurfaces, which could rarely happen. Thus, it could not be 
found by sufficient condition and many subdivisions were required until 
it was finally detected by the proposed algorithm. The other critical 
points were detected by the sufficient condition. The program avoided 
further subdivision around the points. 

5. Intersection Marching Algorithm 

An intersection marching algorithm that can robustly trace all inter- 
section curves by using critical points is discussed in this section. The 
algorithm starts with classification of critical points by the discriminant 
of the second order approximation of the intersection curve and by the 
estimation of the size of loops and gaps between intersection branches. 

5.1. Classification of Critical Points 

Critical points can be classified with a discriminant D of an approxi- 
mate curve of second order around the critical point. By taking a Taylor 
series expansion of Equation (5) up to its second derivative at the critical 
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Table 1. Classification of critical points. 





D>0 


D = 0 


D<0 


4>^o 


Loop point 


Parallel point 


Hyperbolic point 


4> = o 


Touching point 


Duplicated point 


Crossing point 



point, where 4>u = <j^v = 0 i the following equation is obtained: 

S — R + S„dn + — R<dt 

+ \ (Sundu"^ + 2Suvdudv + Syydv^ — Rgsds^ — 2Rstdsdt — littdt^^ 

= n ^ (^<l>uudu^ + 2<j)uvdudv + (f>yydv^'^ . (12) 



Thus the following equation represents the approximate curve of second 
order, i.e., a conic section, around the critical point: 

(l>uudu^ + 2(l)uvdudv + (f)vvdv^ + 20 = 0. (13) 

The discriminant D of the conic section is given as below: 

2 

D — (f^uu^vv J 

where 

0UW — Sun *N/?7— ((Rss*N)(/?i^t )/^ 7 

0 UU “ ^uv •N /77 {{^ss’^)V^ut^vt 

i^tt'^)^us^vs) /v 5 

0 t;i; = • N /77 ((R'SS*N)(/?|;^ 2{Rst'^)^vs^vt~\~i^tt’^)^vs } / V 7 

= n • (S^t X Rg), = n • (Sxt X R^), (^^;5 = n*(Si; xRg), 

(pyt = n-{SvXRt), 77 = n-N, N = RsXRt. 



Table 1 shows the classification of critical points. The inequality 0/0 
indicates that the critical point does not lie on the intersection curves. 
In this case, a critical point can be classified into either a loop point, 
a parallel point, or a hyperbolic point according to the discriminant 
£), which means that the nearest intersection curves may form either a 
loop, parallel lines, or hyperbolic lines respectively. The equation 0 = 0 
indicates that the critical point lies on the intersection. In this case, 
a critical point can be classified into either a touching point, a dupli- 
cated point, or a crossing point according to D, A touching point is 
a tangential point of two surfaces. A duplicated point indicates that 
two intersection curves completely coincide around its neighborhood. A 
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Touching point 




Duplicated point 

R(s.t) 




S(u.v) 



Crossing point 




Classification of critical points. 



cylindrical surface and a tangent plane have this type of intersection on 
their tangent line. Critical points can form a curve where every discrim- 
inant D is equal to zero. In this case no critical points can be found by 
the algorithm in the previous section because the algorithm assumes a 
finite number of critical points. Luo et al., 1995, presented a method for 
tracing tangential intersections by using second order derivatives. How- 
ever the initial point detection of the tangential intersection still remains 
an open question. Figure 8 illustrates the classification of critical points. 



5.2. Size Estimation of Loops and Gaps 

A distance of two surfaces (j) cannot be exactly equal to zero because 
of the nature of numerical computation. A floating point number is 
usually considered to be zero with a certain tolerance. Although 4> is 
small enough, the size of a loop or that of a gap between two branches, 
i.e., parallel lines or hyperbolic curves, can be big if two surfaces are 
nearly tangent. The size of a loop or that of a gap must be estimated so 
that it can be seen as a touching point, a duplicated point or a crossing 
point. 

Firstly a pair of critical points are refined so that they have collinear 
normals if the distance (j) is small enough. The refined critical point is 
the same as the critical point defined with the minimum distance. It 
is calculated by the convergent computation of the following equations 
instead of Equations (6) and (7) together with Equations (8) and (9): 

(S~R)*Rs = 0, 

(S-R)-Rt = 0. 
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The first two equations indicate that the two corresponding points are 
lying on the normal of the surface R. The remaining two imply the 
points have parallel normals. The original critical point is a good first 
guess for the convergence. 

Let’s consider the approximate curve around the refined critical point. 
By using the collinear normal vector at the refined critical point, = 

as the constant vector n, Equation (12) of the approximate 
curve can be divided into three parts, i.e., the constant terms, the terms 
of the first derivatives, and the terms of the second derivatives. The 
constant terms indicate the correspondence between the points, S and 
R. The terms of the first derivatives govern the displacement perpendic- 
ular to the collinear normal, i.e., the displacement on the tangent plane, 
which is given by a linear transformation, Sudu + Sydv. The terms of the 
second derivatives govern the displacement along the collinear normal, 
i.e., the deviation of the distance, which indicates an approximate inter- 
section curve of second order in a parametric space, (w, v)^ as shown in 
Equation (13). Since a conic section is mapped to another conic section 
with a linear transformation, we can estimate the sizes of loops and gaps 
with those of approximate conic sections in the real space. 

5.3. Tracing Intersection Curves 

After classifying all detected critical points, the marching algorithm 
traces all intersection lines as below: 

Intersection Marching Algorithm. 

Find boundary points which are intersection points of one surface 
and the boundary of the other surface. 

Generate loop splitting lines which are isoparametric lines passing 
through loop points. 

Calculate loop splitting points which are intersection points on the 
loop splitting lines. 

while Boundary points remain to be processed. 

Trace an intersection curve starting with a boundary point. 
until Tracing reaches an endpoint, i.e., 
a boundary or crossing point. 

Continue tracing. 

Finish tracing at the end point. 
while Loop splitting points remain to be processed. 

Trace an intersection curve starting with a loop splitting point. 
until Tracing reaches an end point, i.e., 

the starting, boundary or crossing point. 

Continue tracing. 
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Boundary point 




Boundary point 




Figure 9. Tracing intersection curve. 




Figure 10. Tracing intersection curve. 



Finish tracing at the end point. 

Figure 9 illustrates the tracing process of the above algorithm. This 
algorithm can trace all intersection curve branches. Furthermore, it 
needs not trace the intersection curves across the singular points where 
it is difficult to trace intersection robustly because the algorithm provides 
a sufficient number of initial points for tracing. 
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We have implemented the technique and examined it in several cases. 
Figure 10 shows a result of surface-surface intersection. The figure shows 
critical points, starting points for tracing, and intersection curves cal- 
culated by the proposed algorithms. The algorithm succeeded to find 
all critical points and to classify them. Hyperbolic critical points are 
marked with o, loop critical points are marked with ^ and a crossing 
critical point is marked with bold x. It also succeeded to trace the 
intersection curves robustly. 

6. Conclusions 

This paper proposed a technique for solving the problems of marching 
methods, i.e., starting point detection and robust tracing across singular 
points, which are strongly related to critical points. The advantageous 
characteristics of our study are as follows: 

■ The relationship between critical points and the problems is clari- 
fied. 

■ A Bezier normal vector surface, which has good properties, is in- 
troduced. 

■ An algorithm for detecting all critical points based on a Bezier 
normal vector surface is proposed. 

■ An algorithm for robust intersection tracing based on critical points 
classification is discussed. 

Though the current algorithm is limited to polynomial surfaces be- 
cause it is based on a Bezier normal vector surface, it should be ex- 
tended to rational surfaces, which are commonly used in CAD systems. 
The normal bounds of rational surfaces are necessary for this extension 
Saito et al., 1995. Tangential intersection that can frequently arise in 
mechanical parts is also a future issue as noted in Section 5.1. 
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Abstract: Presented in this paper is a sweep-line algorithm for finding all intersections 

among polygonal chains with an 0((« + k) \og m) worst-case time complexity, 
where n is the number of line segments in the polygonal chains, k is the 
number of intersections, and m is the number of monotone chains. The 
proposed algorithm is based on the Bentley-Ottmann’s sweep line algorithm, 
which finds all intersections among a collection of line segments with an 0((« 
+ ^)•log n) time complexity. Unlike the previous polygonal-chain intersection 
algorithms that are designed to handle special only cases, such as convex 
polygons or C-oriented polygons, the proposed algorithm can handle 
arbitrarily shaped polygonal chains having self-intersections. The algorithm 
has been implemented and applied to 1) testing simplicity of a polygon, 2) 
finding intersections among polygons and 3) offsetting planar point-sequence 
curves. 



1. INTRODUCTION 

A polygonal chain, or chain for short, is a connected sequence of line 
segments and a polygon is a chain which is closed (and non self-intersecting). Chain 
is a basic and commonly used geometric entity in many area, and finding 
intersections within a chain or among several chains is one of the fundamental 
operations in CAD/CAM as well as in computer graphics. Application examples 
include hidden-line removal for freeform surface display, freeform surface trimming, 
and point-sequence curve offsetting. 




There are quite a few research results reported in the literature dealing with 
the line-segments intersection problem. Bentley and Ottmann^ introduced a sweep- 
line algorithm to find all k intersections among n line-segments with an 0((n + 
A:) log n) time complexity. Chazelle and Edelsbrunner^ presented an 0(« log n + k) 
algorithm which is known to be optimal but complicated to implement. Mehlhom 
and Naher^ presented a robust implementation scheme for the Bentley and 
Ottmann’s algorithm. There are also some research results directly dealing with the 
polygonal-chains intersection problem, but only for “special” polygon types such as 
rectangles*, convex^, simple^, or C-oriented^ polygons. To our best knowledge, there 
are no published algorithms to find intersections among general polygonal chains 

The line-segments intersection algorithms may be applied to the polygonal- 
chains intersection problem, but there are some major differences between the two: 

• The line-segments in a polygonal-chain are connected and linearly ordered, and 
this additional information plays a critical role when designing an efficient 
algorithm. 

• A point shared by two adjacent line segments in a polygonal chain should not 
be reported as an intersection. 

With a help of the above additional information, we will propose an efficient 
algorithm suitable for finding all intersections among chains, which is an extension 
of the Bentley-Ottmann sweep-line algorithm. The proposed algorithm will have 
0((« + A:) log m) worst time complexity, where m is the number of monotone chains 
(to be described later) and is always smaller, often much smaller, than n the number 
of line segments. In a typical point-sequence curve offsetting application (e.g. 
contour-parallel type pocketing tool-path generation), for example, m could be as 
small as two while n could be as large as ten thousands. Recall that the time 
complexity of the Bentley and Ottmann’s algorithm is 0((« + k)Aog n). 

Provided in the next section are basic terminology definitions and an 
informal description of the proposed algorithm, a formal description of the line 
sweeping algorithm is given in the section that follows. Applications of the 
algorithm are presented in the fourth section, followed by some concluding remarks 
in the final section. 



2. DEFINITIONS AND OUTLINE OF THE 
ALGORITHM 

Introduced in this section are some preliminary definitions, together with a brief 
outline of the proposed algorithm. A polygonal chain, or chain for short, is a 
sequence of connected line segments as shown in Figure 1-a. Throughout the paper, 
it is assumed that a chain does not contain a consecutive collinear sequence of line- 
segments: Consecutive collinear line-segments are merged into a single line-segment. 
The following definition of a monotone chain is borrowed from Preparata and 
Shamos^ 

Definition 1 (Monotone chain): A chain C is monotone with respect to a line L if 
C has at most one intersection point with a line L® perpendicular to L (See Figure 1- 
b). The line L is called the monotone direction and the line L° becomes a sweep line. 

Without loss of generality, we can use the x-axis as its monotone direction. 
While traversing a chain, each of the local “extreme” points (with respect to their x- 
values) are marked either as a left-extreme point or a right-extreme point as 
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follows: 



Deflnition 2 (Extreme point): A point in a chain is called a left-extreme {right- 
extreme) point if its x-value is locally minimum (maximum). 




(a) general chain (b) mcxx)tone chain w.r.t. line L 

Figure 1 A general chain and a monotone chain 

Construction of Monotone Chains 

Shown in Figure 2 are local extreme points of a closed polygonal chain 
consisting of 17 points (or 17 line-segments): There are two left-extreme points, PO 
and PI 1, and two right-extreme points, P6 and P14. For the moment, it is assumed 
that the chain contains no vertical line-segments. Then, the chain can easily be 
divided into monotone chains: Since a left-extreme point and a right-extreme point 
alternate, each sequence of line-segments starting from a left-extreme point to a 
right-extreme point (or vise versa) is identified as a monotone chain. During the 
process, it may be necessary to reverse the “direction” of some monotone chains so 
that each monotone chain starts from a left-extreme point and ends at a right- 
extreme point. Obviously, this splitting operation can be done in 0{n) time. 




Figure 2 Extreme points and monotone chains 
A vertical sweep-line is to be used in the proposed algorithm and it requires 
the chains contain no line-segments in parallel with the sweep-line, which is a 
fundamental limitation of the sweep-line method. However, a polygonal chain may 
contain vertical line-segments in which case the chain has to be rotated so that there 
are no vertical line-segments in the rotated chain. This sweep-line validation 
operation can be performed in 0{n) time, where n is the number of line-segments in 
the chain. 

Outline of the Monotone Chain Inter-section (MCI) Algorithm 

The main phase of proposed polygonal-chain intersection(PCI) algorithm 
works on a set of monotone chains. The properties of a monotone chain that 1) it has 



311 




no self-intersections among its line segments and 2) its points are in an increasing 
order of x- values allow an efficient use of the sweep-line method. For a brevity of 
explanation, we introduce a few data items: Vertex (v); Monotone-chain (MC); 
Front-vertex (/v); Active-chain-list {ACL)\ Sweeping-chain-list {SCL)\ Output- 
vertex-list (PVL). 

• Vertex (v) represents a point in a monotone chain and consists of its type 
(v.type), position {v.pos) and a pointer (v./wc) to the monotone-chain(s) to 
which it belongs. Initially, the type of a vertex is either left-most, internal, or 
right-most depending on its location in a monotone chain. An existing or newly 
created vertex corresponding to an intersection point becomes an intersection 
vertex. 

• Monotone-chain {MC) is a sequence of vertices (pointers to vertices). Initially, 
an MC does not contain intersection vertices. As the algorithm progresses, the 
vertex located right after the sweep-line is designated as the front-vertex 
(A/C/v) and the newly generated intersection vertices are added. The i‘^ MC is 
denoted as MC\. 

• Active-chain-list {ACL) is a list of “active” MCs (i.e. the ones that have not 
been completely processed yet) ordered by the x-value of their front-vertex 
(MC>.x). 

• Sweeping-chain-list {SCL) is a list of MCs being crossed by the sweep line. 
The MCs in the SCL are ordered by their y-values at the “sweep line crossing” 
point. 

• Output-vertex-list {OVL) contains all intersecting- vertices found while 
sweeping a vertical sweep-line from left to right. 

Depicted in Figure 3 is the progress of the monotone chain intersection 
algorithm. Initially, the sweep-line is located right before (actually in contact with) 
Vi. The major “state variables” appearing in Figure 3 are MC\, MCi, ACL, SCL, and 
OVL, In the figure, qi and q2 are intersection- vertices and the vertices enclosed by a 
rectangle are “current” front-vertices. Given below are step-by-step changes in the 
state variables as the algorithm progresses: 

1. Initial: Initially, there are two monotone chains, MCi and MC2, stored in the 
active-chain-list (ACL), and both the sweeping-chain-list (SCL) and OVL are 
empty: 

• MCi = {vi, V2, V3I MC.jv = Vi}; MC2 = {V4, V5I MC.fv = V4}; 

• ACL = {MCi, MC2}; SCL = O; OVL = (D; 

1) Select the front- vertex of the first MC in ACL (vi = MC\.fv) ; 

2) Advance the front-vertex of the selected MC by one {MC\.fv = V2) ; 

3 ) Reposition MCi in ACL w.r.t. its front- vertex’s x-value: ACL = {MC2, 
MCi}; 

2. After Vi: As the sweep-line crosses the selected vertex Vi, MCi is inserted into 

SCL since Vi is the left-most vertex of MCi. Thus, the state variables are 
updated as: 

• MC, = {vi, V2, V3I MC.jv = V2}; MC2 = {V4, V5I MC.jv = V4}; 

• ACL = {MCz, MC,}; SCL = {MC,}; OVL = O; 

1) Select the front- vertex of the first MC in ACL (V4 = MCi.jv) ; 

2) Advance the front-vertex of the selected MC by one {MCi.jv = vj) ; 
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3) Reposition MC2 in ACL w.r.t. its front- vertex’s x-value: ACL - {MCi, 
MC2}; 

3. After V4: As the sweep-line crosses the selected \^ex V4, MC2 is inserted into 

SCL since V4 is the left-most vertex of MC2. Thus, the state variables are 
updated as: 

• MCi = {vi, V2, V3I MCfv = V2}; MC2 = {V4, V5I MC./v = V5}; 

• ACL = {MCi, MC2}; SCL = {MCi, MC2}; OVL = O; 

Now 1) the two “sweeping” line-segments, V1V2 and V4V5, are intersected with 
each other, 2) the intersection point qi is inserted into MCi and MC2, and 3) the 
front-vertices of MCi and MC2 are changed to qi. Thus, the state variables are 
updated as: 

• MC| = {vi, qi, V2, V3I MC.fv = qj}; MCj = {V4, q,, V5I MC.fv = q,}; 

• ACL = {MCi, MC2}; SCL = { MC,, MC2}; OVL = O; 

1) Select the front- vertex of the first MC in ACL (qi = MC\.fv) ; 

2) Advance the front-vertex of the selected MC by one {MC\.fv = V2) ; 

3) Reposition MCi in ACL w.r.t. its front-vertex’s x-value: ACL = {MC2, 
MCi}; 

4. After q^: As the sweep-line crosses the selected vertex qi, 1) get MC2 which is 

intersecting with MCi at the intersection-vertex qi, 2) advance the front- vertex 
of MC2 by one (MC2./V = V5), 3) reposition MC2 in ACL w.r.t. its front- vertex’s 
x-value (ACL = {MCi, MC2}), and 4) swap MCi and MC2 in SCL. Thus, the 
state variables are updated as: 

• MC, = {vi, qi, V2, V3I MC.jv = Vj}; MC2 = {V4, q,, V5I MC.fv = Vj}; 

• ACL = {MC,, MC2}; SCL = { MC2, MC,}; OVL = {q,}; 

1) Select the front- vertex of the first MC in ACL (yi = ^Cxfv) ; 

2) Advance the front- vertex of the selected MC by one (MCifv = V3) ; 

3) Reposition MCi in ACL w.r.t. its front-vertex’s x-value: ACL = {MC2, 
MC}}; 
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Figure 3 Progress of the monotone-chain-intersection algorithm 
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THE MONOTONE CHAIN INTER-SECTION 
ALGORITHM 



Presented in this section is a formal description of the monotone chain 
intersection (MCI) algorithm which was informally described in the previous section. 
For a formal description, it is first required to provide a precise definition of an 
“intersection”, which may vary among different applications. 

One may identify that there are at least 7 types of intersections among 
monotone chains as illustrated in Figure 4. In the proposed MCI-algorithm, the first 
three types (i.e. regular, double-vertex, and single-vertex intersections) are always 
reported as proper intersections. The fourth one, the extreme-vertex intersection, 
which occurs when two monotone chains meet at their extreme vertex (i.e. start- or 
end- vertex), is not reported as a proper intersection if the two extreme vertices have 
the same identification (i.e. they came from the same point in a polygonal chain). 
Two or more proper intersections occurring at one point become a multiple 
intersection. The last two types, the partial- and full-overlap intersections (the 
hollow dots in Figure 4-f, g), are not reported as proper intersections. 




(a) regular intersection (b) double-vertex intersection (c) single-vertex intersection 




O"' 

(d) extreme-vertex intersection (e) multiple intersection 




(0 partial-overlap intersection (g) full-overlap intersection 

• : reporting intersection 
O : not report 

Figure 4 Proper intersections among monotone-chains (Solid dots) 

Again, to simplify the explanations somewhat, a few primitive functions to 
be used in the MCI-algorithm are introduced: 

• Monotone-chain(MC): 

• advance-fv-MC(Mr,): Advance the front-vertex of MCi by one position (i.e. 
now the vertex next to the previous front-vertex position is the front-vertex). 

• insert- fv-MC(MC/, v): If the existing front-vertex is not a right-most vertex 
and its position coincides with that of v then the vertex v replaces the 
existing front- vertex else it is inserted into MCi right before the existing front- 
vertex position and is set to the front- vertex of MCi. 

• Active-chain-list(^CL): 

• reposition-mc-ACL(MCi): Reposition MCi so that all the monotone chains 
in the ACL are ordered by the x-values of their front-vertices. If the left-most 
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vertex of a monotone chain and the right-most vertex of another one have the 
same x-value, the left-most vertex comes first. 

• Sweeping-chain-list(*S'CZ): 

• insert-mc-SCL(MC/): Insert MCi into SCL such that the MCs are ordered by 
the y-values of the “sweep-line crossing” points (Figure 5-a). If they have 
the same y- value, their sequence is determined according to their “slopes” at 
the sweep-line crossing point (Figure 5-b). 

• swap-mc-SCL( {MC/}): For a set of monotone chains {MCi) intersecting 
with the sweep-line at the same point, their sequence is reordered according to 
the “slopes” of the [MCj] at the sweep-line crossing point (Figure 5-b). 

• get-mc-SCL(p, {MC,}): Get all the monotone chains in the SCL that are 
passing throu^ a given point p (and return them in (MC,)). 

• General list operation functions (L = MC or SCL): 

• prev(L, e): Return the previous element of “e” (if not exists, return Null). 

• next(L, e): Return the next element of “e” (if not exists, return Null). 



sweep line 



sweep line 




(a) sort by y-coordinate 




y1 > y2 SCL: [..., mc1, mc2,...] slope2 > slopel SCL: [ . , mc2, mc1,...] 



Figure 5 Ordering of Monotone-chains in the Sweeping-chain-list 

Now we give a formal description of the MCl-algorithm to find all 
intersections among a set of monotone chains. The algorithm takes a set of m 
monotone chains {MCi, i=l ^rn) as input, and produces a set of intersections as 
output. For the time being, it is assumed that no more than two monotone chains 
intersect with each other at any one point (which will be removed later). Further, 
recall that the input monotone chains have been constructed such that they contain 
no vertical line segments: 



MCI-AIgorithm (monotone-chain-intersection algorithm) 

// No more than two monotone chains intersect with each other at any one point. // 

0. Input: A set of monotone chains {MCi, /=L./w) having no vertical line-segments; 

1) Initialize: 

ACL = {MCi, /=7../w}; //Active-Chain-List // 

SCL = O; // Sweeping-Chain-List // 

OVL = d>; // Output- Vertex-List) // 

for all MCi reposition-mc-ACL(MCi) ; 

2) while ACL is not empty do { 

2-0) MCa = the first monotone chain in ACL; 

V = MCa.fV; 
advance-fv-MC(MCa); 
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reposition-mc-ACL(MCa); 

2-1) case v of left-most-vertex { 
insert-mc-SCL(MCa); 
find-intersection(MCa, prev(SCL, MCa)); 
find-intersection(MCa, next(SCL, MCa)); 

} 

2-2) case v of internal-vertex { 

find-intersection(MCa, prev(SCL, MCa)); 
fmd-intersection(MCa, next(SCL, MCa)); 

} 

2-3) case v of right-most-vertex { 

MCp = prev(SCL, MCa); 

MCn = next(SCL, MCa); 

remove MCa SCL and from ACL; 

fmd-intersection(MCp, MCn); 

} 

2-4) case v of intersection-vertex { 

MCb = the MC intersecting with MCa; 

// stored in v.mc H 
advance-fV-MC(MCb); 
reposition-mc-ACL(MCb); 
swap-mc-SCL({MCa, MCb }); 
if (MCa = = prev(SCL, MCb)) then{ 
find-intersection(MCa, 
prev(SCL, MCa)); 
find-intersection(MCb, 
next(SCL, MCb)); 

} else { 

find-intersection(MCb, 
prev(SCL, MCb)); 
find-intersection(MCa, 
next(SCL, MCa)); 

} 

add V to OVL; 

} 

} // end of while // 

3) Output OVL; 

The time complexity of the MCI-algorithm is 0((« + k) log m), while n is the 
number of vertices, m is the number of the monotone chains, and k is the number of 
intersections: The initialization step can be done in 0(/w log m) and the while loop in 
step 2 iterates exactly n+k times, with each iteration executed in 0(log m) time by 
using a heap structure for ACL and SCL. In the algorithm, the function ‘Tind- 
intersectionO” attempts to find an intersection between two monotone chains (i.e. 
between the two line-segments, one from each MC, crossing the sweep-line). If an 
intersection is found, this point is inserted into both MCi and MC 2 to make it a front- 
vertex and then the {MCi} in ACL are reordered accordingly. Given below is the 
intersection function: 

Function find-intersection(MCi, MC2) 
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// LI, L2; line-segments defined by their start-vertex (.sv) and end-vertex (.ev) // 

1 . If (MCi s Null) or (MC 2 s Null) 
then return; 

2. // Construct two line-segments Li and L 2 // 

Li.ev = MCi.fV; Li.sv = prev(MCi, MCi.fV); 

L2.ev = MC2-fV; L 2 .SV = prev(MC2, MC2.fV); 

3. If (Li.sv = L 2 .SV) or (Li.sv = L 2 .ev) or (Li.ev = L 2 .SV) or (Li.ev = L 2 .ev) 

then return; // An extreme-vertex intersection is not reported as an intersection 
point if the tw^o vertices have the same id. (i.e. came from the same point) // 

4. if Li and L 2 intersect at p 
then {create a vertex v; 

v.pos = p; v.type = intersection-vertex', v.mc= { MCi, MC 2 }; 
insert-fv-MC(MCi, v); reposition-mc-ACL(MCi); 
insert-fv-MC(MC 2 , v); reposition-mc-ACL(MC 2 ); 

} else return; 



In order to handle the “multiple-intersection” case, Step 2-4 of the monotone- 
chain-intersection algorithm has to be modified as follows: 

Muitiple-intersection-module: 

2-4) case v of intersection-vertex { 

2-4- 1 ) get-mc-SCL(v.pos, S); 

// S: set of all MCs linked to v // 

T = S-{MQ} ; 

// MCai the selected MC containing v // 

2-4-2) for each MCj in T do { 

v.mc <= MCj ; // link MCj to v // 
insert-fv-MC(MCj, v) ; 
advance-fv^-MC(MCj) ; 
reposition-mc-ACL(MCj) ; 

} // end of for // 

2-4-3) swap-mc-SCL(S) ; 

// So, Si! first and last elements of S // 

2-4-4) find-intersection(so, prev(SCL, Sq)) ; 

find-intersection(si, next(SCL, Si)) ; 

2-4-5) addvtoOVL; 

} // end of case // 

By replacing Step 2-4 in the MCI-algorithm with the multiple-intersection 
module given above, we have a complete algorithm to find all intersections among 
monotone chains. Obviously, the time complexity of the multiple-intersection 
module is bounded by Step 2-4-3 (swap-mc-SCL(5)) which has 0(5-log5) time 
complexity, where s is the number elements in S. Since the multiple-intersection 
contains more than .s logs proper-intersections, the time complexity of our MCI- 
algorithm is not affected by this modification. 
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4 . 



APPLICATIONS 



There are many application areas where the proposed polygonal chain 
intersection (PCI) algorithm can be applied, with a little modification if necessary. 
The overall PCI-algorithm consists of the following three steps {n\ number of line- 
segments; m\ number of monotone chains; k\ number of intersections) : 

1 . Construction of monotone chains from polygonal chains in 0(«) time. 

2. Execution of the (modified) MCI-algorithm in 0((« + A:)log m) time. 

3. Rotation transformation of the output intersection vertices if necessary. 

In this section, we will present three applications of the PCI-algorithm: 1) 
simplicity test of a polygon, 2) intersection among polygons, and 3) offset operation 
of piecewise linear curve. Also presented in this section are test results of the 
algorithm for some non-simple polygons. 

Simplicity test of a polygon 

Simplicity test of a polygon is an important subject in many polygon- 
handling algorithms which require their input polygons to be simple ones. After 
splitting an input polygon into monotone chains, the MCI-algorithm is executed 
until an intersection is detected, which can be done in 0(« log m) time. Note that the 
proposed algorithm has its worse case time complexity better than that of the 
Shamos and Hoey’s intersection test algorithm^ which has a time complexity of 
0(« log n). 

Finding intersection among polygons 

Finding intersections among given polygons is one of the basic operations in 
CAD/CAM. Examples include “area cutting” tool-path generation in regional 
milling and Boolean operations among 3D objects surrounded by (trimmed) 
freeform surfaces. In area-cutting tool-path generation, “areas” and “islands” are 
represented as polygons consisting of “dense” line-segments. Finding intersections 
among polygons consisting of large numbers of small line-segments is an ideal 
application area for the proposed PCI-algorithm. Boolean operations of 3D objects 
surrounded by trimmed freeform faces can be transformed into a 2D Boolean 
problem The trimming boundary is typically obtained from surface/surface 
intersection, which produces dense line-segment curves in a 2D parameter domain. 
Classifying a trimmed surface by another requires intersection of 2D parameter 
domain curves represented as polygonal chains. 

Planar curve offsetting (self-intersections of a non-simple polygon) 

Planar curve offsetting is an important geometric operation in many 
application areas including: NC pocket machining‘s, VLSI circuit design, and robot 
path planning. In the literature, the “discrete” planar-curve offsetting problem has 
been approached from two difference directions: Voronoi-diagram method and 
direct offsetting method. In the first approach, the individual offset of a segment is 
trimmed to its intersections with the Voronoi diagram of the original curve. It is well 
known that the Voronoi diagram of a polygon can be obtained in 0(^7- log n) time by 
applying a divide-and-conquer method or sweep line algorithm‘S ‘^’‘^. 

The direct offsetting method is based on a pair-wise intersection of individual 
offset segments to trim them into a valid offset curve. This approach is simpler in 
concept (and easier to implement) than the Voronoi diagram method, but it suffers 
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from its performance when the pair-wise intersection is implemented in brute force, 
which may take O(n^) time. With the help of the proposed intersection algorithm, the 
authors implemented a simple and relatively efficient procedure for offsetting dense 
polygons. 

The 2D curve offsetting algorithm consists of four steps: 1) “primitive” 
offsetting of the input curve, 2) self-intersection detection, 3) loop construction, and 
4) removal of invalid loops. The proposed PCI-algorithm is used Step 2. In loop 
construction, the contour tracing method proposed by Vouzelaud^^ is employed, and 
both the orientation test*^’^^ and circle test^^’^^ are utilized in Step 4. Shown in Figure 
6 is an example of planar-curve offset. Depicted in Figure 6-a are polygonal chains 
(denoted by “thick” curves) obtained by intersecting a die-cavity surface with a 
horizontal plane (It is an automobile stamping die). Shown in Figure 6-b are 
pocketing tool-paths at the “plane-step” which are obtained by successively applying 
the 2D-curve offsetting algorithm. 





Gi-MT] pot^Qons bySSkjperdlcfi 

- merge 3 kto one l^tvUglng 

- Nimber of potrls: 14306 



(b) th?[n^ 



Figure 6 Planar-curve offset example 



5. CONCLUSION AND DISCUSSION 

Presented in this paper is a polygonal chain intersection algorithm having a 
worst case time-complexity of 0((« + ^)*log m) which is a considerable 
improvement over the 0((n + A:)*log n) time complexity of the Bentley-Ottmann’s 
algorithm for a polygonal chain intersection problem. This gain has come from the 
use of connectivity information of a polygon: The proposed MCI-algorithm works 
on the monotone chains (instead of the line-segments) of a polygonal chain. Three 
major applications of the MCI-algorithm are simplicity test of a polygon, finding 
intersections among polygons, and offsetting planar curves. For a polygon- 
simplicity test, the time complexity of the MCI-algorithm becomes 0(/7-log m) 
which is better that of the Shamos and Hoey's algorithm^ which has a time 
complexity of 0(A? log n). In practice, number of monotone chains (m) is much 
smaller then number of line-segments (n). 

For a given set of polygonal chains, number of intersections (^) is fixed. 
However, m may vary depending on the direction of the sweep-line, which means 
that there exists an “optimal” sweep-line direction that gives a minimum number 
monotone chains*^. To suit a specific application purpose the definition of “proper 
intersection” may need to be changed, which may be easily accommodated by minor 
modifications in the algorithm. 
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Abstract In this paper a method for refining a triangular mesh is proposed in 
which more vertices and faces are added to the mesh to make it smoother. 
We apply this method to a problem in the field of rapid prototyping 
wherein triangular meshes are major shape representations. Based on 
the concept of subdivision surface, we propose a new refinement method 
called Local Surface Fitting Scheme (LSF Scheme). There the refine- 
ment is made by referring to the quadric surfaces locally defined to fit 
the neighborhood of vertices in the triangular mesh. In order to evalu- 
ate this scheme, it is compared with Zorin’s Modified Butterfiy scheme 
(MB Scheme) [20]. A prototype system is developed and some examples 
are demonstrated. The results show that the LSF Scheme can produce 
smooth triangular meshes. We apply this scheme to a problem in rapid 
prototyping. 



Keywords: Mesh refinement, subdivision surface modeling, triangular mesh, surface 
interpolation, rapid prototyping 




1. INTRODUCTION 

In this paper, a method for refining a triangular mesh is proposed 
wherein more vertices and faces are added to the mesh to make it 
smoother. We are particularly interested in its application to rapid 
prototyping, a technology for producing a physical object directly and 
rapidly from three dimensional shape data, usually in the form of a tri- 
angular mesh. The prototyping process is based on so-called layered 
manufactming technologies, which generate objects by piling up thin 
layers. 

For rapid prototyping, the geometric model for an object to be pro- 
duced is generated in the form of surface or solid models using CAD sys- 
tems. In many cases the model is triangulated into a mesh and stored in 
a file of de facto standard format of STL. This file is transferred to the 
rapid prototyping system which then slices the triangular mesh along 
the vertical axis into a series of horizontal sections of specified thick- 
ness. These sections are used for producing thin layers of the physical 
prototype. 

This process involves many interesting geometrical issues which have 
been studied extensively these years[l]. One of the major concerns is 
the surface smoothness of the prototyped objects, which is affected by 
various factors. One is the triangulation process in which the shape of 
the part originally represented by smooth surfaces is approximated in a 
triangular mesh. In case a prototyped object does not have a required 
smoothness, we have to refine the mesh by adding more vertices and 
faces. For such refinement, finer triangulation must be redone at the 
CAD system using the original surface data. 

However, in some situations, the original surface data is not available 
for various reasons. For instance, rapid prototyping is often made at a 
specialized service bureau outside the company and the bureau is given 
only the triangular mesh data from the company but not the original 
surface data. The same problem occurs when the size of the object is 
enlarged. We will describe such example in Section 4. 

It is practically useful if we can produce a finer mesh without the 
siurface data. But this seems theoretically impossible because the mesh 
conveys little information about its original surface. However, by assum- 
ing a certain association between the triangular mesh and its underlying 
surface, we can properly refine the mesh. 

One of such associations is that between a parametric surface and its 
control polygon. We can refine the control polygon by knot insertion or 
by patch subdivision. Such a relationship has been recently studied in 
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the field of subdivision surface modeling. We apply this concept to the 
above mesh refinement problem. 

In Section 2, a brief introduction to subdivision surface modeling is 
given. In Section 3, based on the concept of subdivision surface, we 
propose a new subdivision scheme called Local Surface Fitting Scheme 
(LSF Scheme) wherein the refinement is made by referring to the quadric 
surface that locally fits the neighborhood of a vertex in the triangular 
mesh. In order to evaluate this scheme, it is compared with Zorin’s 
Modified Butterfly scheme (MB Scheme) [20] using examples in Section 
4. 

2. SUBDIVISION SURFACE MODELING 
2.1. LOOP SUBDIVISION SCHEME 

Catmull and Clark[2] and Doo and Sabin[4] first proposed subdivision 
for surface modeling. The basic idea is to define a smooth siurface by re- 
peatedly and infinitely subdividing the polygon according to a rule. For 
instance in the Catmull-Clark subdivision scheme, a (regular) quadrilat- 
eral mesh is known to converge to the bicubic B-spline surface taking 
that initial mesh as the control mesh. Many subdivision schemes have 
been invented so far. Here we will use the Loop scheme[ll] to intro- 
duce some basic features of subdivision surfaces, because it is simple 
and defined specifically for triangular meshes. 

Generally, one subdivision step consists of two substeps: splitting and 
positioning. At the splitting step, new vertices axe added to the graph 
structure of the polygonal mesh. Then those vertices and often old 
vertices are located by the positioning step. Those two steps are then 
repeated. 

In the Loop scheme, and also in many other schemes based on the 
triangular mesh, a four-to-one splitting scheme is used for subdividing 
the triangular mesh, as shown in Fig. 1. A vertex is inserted into every 
edge, and the edges are split into two. Then a triangular face is split into 
four smaller triangles. Thus the number of the mesh faces is increased 
four times. Those inserted vertices are called odd vertices, while the old 
vertices are called even vertices. 

The number of edges incident to a vertex is called valence. If all the 
vertices of a triangular mesh have valence of six, the mesh is regular. A 
vertex whose valence is not six is called extraordinary vertex. All the 
odd vertices have valence of six, while the extraordinary vertex remains 
so after subdivision steps. 

In the positioning step, the positions of vertices are computed. (In 
some scheme the even vertices are not changed, as will be discussed 
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later.) The vertex position is defined by a linear combination of nearby 
vertices. In the Loop scheme the position of the odd vertices is computed 
as follows: 

i(3Pi+3P2 + P3+P4), (1) 

where Pi and P2 axe the vertices of the edge, and P3 and P4 are the 
other two vertices of the triangles sharing this edge. 

The position of an even vertex is defined by: 

(l-A:/3)P + ^(Pi+P2 + --- + Pfe), (2) 

where P is the position of the even vertex before subdivision, and Pi are 
its incident vertices before subdivision, k is the valence of the central 
vertex. 

In both cases, the positions are defined by averaging incident vertices 
with weights. These splitting pattern and weighted averaging formulas 
are graphically represented by diagrams called mask or stencil^ as shown 
in Fig. 2. 

The Loop scheme is based on a three-directional box spline, and for 
such spline-based subdivision schemes, the masks are derived completely 
from the surface functions. Loop proposed to use the coefficients shown 
in the figure, and these coefficients guarantee that the limit surface of 
the scheme is C^-continuous except at so-called extraordinary vertices 
at which it is C^-continuous. 

In this scheme, both even and odd vertices are relocated. However, in 
some other scheme, only the odd vertices are relocated and even vertices 
are kept at the same positions. This type of subdivision scheme is called 
interpolating scheme, because the limit surface goes through the vertices 
of the initial mesh. The former type of schemes including the Loop 
scheme are called approximating, which does not go through the initial 
mesh but approximates them. 

2.2. RELATED WORK 

The papers of Doo and Sabin [4] and Catmull and Clark [2] were the 
first papers describing subdivision algorithms for surfaces. Though not 
much work was done regarding this problem in the 1980s and in the 
beginning of 1990s, recently the ability of subdivision surface for repre- 
senting free form shapes has been recognized and many new theoretical 
and practical results have been obtained. New schemes were proposed 
[20, 9, 13], and general theory was developed [14] 

Hoppe [8] proposed extension of subdivision masks for fiexibly mod- 
eling a variety of shapes. This year DeRose presented a paper on the 
extensive use of the Catmull-Clark surface for computer animation[3]. A 
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Figure 1 Four-to-one Subdivision. 




p p 



Figure 2 Subdivision Mask, k is the valence of P and /3 is a constant. 

comprehensive tutorial course was also organized by Schroder and Zorin 
[15]. Particularly, its second chapter written by Zorin has provided much 
of the basis for this paper. 

2.3. INTERPOLATING SCHEME 

Consider the problem described in Section 1. Triangular meshes for 
rapid prototyping are generated by triangulating CAD models, and their 
vertices are sampled from the models’ surfaces. So we choose interpolat- 
ing subdivision schemes because they retain the positions of the initial 
vertices. 

A few interpolating schemes have been proposed. Nasri[12] extends 
the Doo-Sabin scheme so as to be interpolative. Halstead[7] also modifies 
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the Cutmull-Clajk scheme to satisfy position and normal constraints. 
However, both need to solve simultaneous linear equations which are 
global to the surface. As local schemes, Kobbelt[10] presented an inter- 
polating scheme for quadrilateral meshes. 

For triangular meshes, the Butterfly scheme[5, 6] is local and inter- 
polating. Although the Butterfly scheme can be defined on arbitrary 
triangular meshes, the limit surface is not C^-continuous at vertices of 
valence A: = 3 and k > 7, while it is on regular meshes. 

A Modified Butterfly Scheme (MB Scheme) has been proposed by 
Zorin[20]. This modification makes it possible for the scheme to produce 
C^-continuous surfaces for arbitrary meshes. The masks for the scheme 
are shown in Fig. 3. 

In these interpolating schemes, meshes converge to the limit surfaces, 
but they do not have closed form representation, unlike approximating 
schemes based on splines. But this does not mean that we can not 
evaluate the surface at a point. We can even compute the normal vectors 
directly from the mesh. 

It is worth noting that the convergence of the subdivision process 
is very fast. So even with subdividing several times, we can attain a 
smooth mesh which is near to the limit surface. 

In the next section we propose our own interpolating subdivision 
scheme for irregular mesh setting as is the case of the MB scheme. And 
we will compare the generated surfaces with those two schemes. 

3. LOCAL SURFACE FITTING SCHEME 

Local Surface Fitting Scheme (LSF Scheme) is our proposed subdivision- 
based refinement scheme[16]. It is defined for triangular meshes, and the 
four-to-one subdivision is used. What is particular to this scheme is that 
the position of an inserted vertex (odd) is determined by referring to the 
quadric siurfaces, each of which locally fits to a neighborhood around an 
even vertex. We use a method described by Welch and Witkin[18] to 
define the surface. Its brief description is given in Appendix. 

This quadric surface s{u,v) defined at each even vertex is parame- 
terized in such a way that s(0, 0) and s(uj,Ui) correspond to V and the 
neighborhood point Pi, respectively. So we can compute a midpoint of 
the edge curve VPi as s{ui/2,Vi/2) as shown in Fig. 4. 

From another quadric surface s'{u,v) centered at Pi, we compute an- 
other midpoint position s'{uj/2,Vj/2) for the edge curve PiV in the 
same way. Then the average of those two midpoints s{ui/2,Vi/2) and 
s'{uj/2, Vj/2) is taken to be the position of the odd vertex inserted into 
this edge. 
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- 1/16 1/8 - 1/16 52 SI 




Figure 3 Modified Butterfiy Scheme (MB Scheme). Left: mask for odd vertices with 
regular neighbors. Right: Mask for odd vertices adjacent to an extraordinary vertex. 
The coefficients Si are + cos ^ -f | cos4i7rA:) for k > b. For = 3, 5o = 

Si, 2 = - for A; = 4, 5o = I 52 = Si,s = 0. 




Figure 4 Interpolation using Local Surface Approximation. 



In comparison with the MB scheme, the computation for the odd 
vertices is more complicated. We do not know if we can regard this 
subdivision scheme as a subdivision surface, because it is not yet shown 
that our subdivision scheme converges to a surface or not. However, 
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for our purpose we are not interested in the limit surface, and it is 
sufficient if the scheme generates an intuitively smooth mesh after several 
subdivision steps at most. 



4. EVALUATION AND EXAMPLE 
4.1. SMOOTHNESS EVALUATION 

We apply both the MB scheme and our LSF scheme to a simple ex- 
ample shown in Fig. 5. Note that the triangulation of the cyUnder in 
Fig. 5 is not regular; that is, the valence of some vertices is not six. 
The results are shown in Figs. 6 and 7. Those are meshes generated 
by three steps of subdivision. The shaded image in Fig. 6 shows some 
undulation, which is not obvious in Fig. 7. 

In order to analyze this undulation, the meshes are sectioned by a 
plane and the smoothness of the sectioning curves is examined, as shown 
in Fig. 8. These curves are piecewise linear, and we parameterize them 
using chord length. For a piecewise linear curve with nodes Pj, {i = 
1, . . . , iV), the curve parameter ti of Pj is defined as: 



. _ Xfc=l 
Lfc=i efe 



(3) 



where Ck is the length of fc-th segment < Pfc,Pfe+i >, (Pat+i = Pi)- 
With this parameterization, we can define a piecewise linear interpo- 
lation function f(t) (0 < t < 1) such that Pj = f(ti) (0 < tj < 1). As 
each interval of is small enough, the first order derivative can 

be expressed approximately as: 

— 1 t>i Li — I Li 



If the derivative f'(t) varies smoothly, this curve f(t) approximately 
achieves continuity. 

By transforming the sectioning curves in Fig. 8 to the xy plane with 
their centers located at the origin, we obtain planar sectioning curves. 
The graphs in Fig. 9 show the derivative of the coordinate x, y of those 
sectioning curves. 

In this particular example, we observe some undulations in the MB 
scheme. We think such undulations are produced when the initial mesh 
is irregular, or more specifically, when the neighborhood vertices are 
unevenly distributed around a vertex. In such a case, the position of the 
odd vertices may be biased in the direction where neighborhood vertices 
are densely populated, because of the isotropy of the mask of the MB 
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Figure 5 Cylindrical Mesh. 




Figure 1 Subdivision by LSF Scheme. 
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(a) MB Scheme (b) LSF Scheme 

Figure 8 Cross Sections of Subdivided Meshes. 

Cl Continuity of Subdivision by Modified Butterfly Scheme 




0 0.2 0.4 0.6 0.8 1 

t 



(a) MB Scheme 



Cl Continuity of Subdivision by Local Surface Fitting Scheme 




0 0.2 0.4 0.6 0.8 1 

t 



(b) LSF Scheme 

Figure 9 Continuity evaluation. 
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scheme, as shown in Fig. 3. In the LSF scheme, such effect of the uneven 
distribution may be absorbed by the parameterization method for the 
neighborhood of a vertex (see Appendix). 

The computation time of the MB scheme (three steps) is about 2.5 
seconds on an SGI workstation (Power Indigo2 /MIPS R8000), while the 
LSF scheme takes about 5.2 seconds. 

4.2. RAPID PROTOTYPING EXAMPLES 

Figure 10 shows iron models. Figure 10 (a) is the initial mesh and (b) 
is the mesh refined by subdividing twice. The shaded pictures represent 
Gaussian curvature distribution wherein the darker color shows higher 
curvature. The curvature at a vertex is calculated from the quadric 
surface defined by the method described in Appendix. 

We extended our approach to deal with such sharp crease edges as 
exist between the side and bottom surfaces[16, 17]. Those edges are sub- 
divided so that they are rounded only in the direction along the crease, 
and the sharp angle across the crease is reserved. Furthermore, non- 
uniform subdivision is realized so that subdivisions are made dependent 
on the curvature of the local surfaces. 

In both (b) and (c), the meshes are smoothly refined in keeping with 
the characteristics of the initial mesh. Figure 11 shows a prototype 
model generated using the mesh (b) in Fig. 10. By touching the surfaces 
of this prototype we could hardly feel the edges in the texture that we 
felt in the other prototype generated from the initial mesh. 

Figure 12 shows an example for a tiger model and Fig. 13 shows 
its rapid prototypes. The smaller model is created from the original 
mesh model and the larger model is made from the refined mesh model. 
If the larger tiger model was made from the original mesh model, the 
prototype would have a coarse surface. Such scaling up of models is 
not rare, because mechanical prototypes are often produced in certain 
scaling factors of 1/2, 1/10 etc. and can be arbitrarily scaled for such 
artistic ornaments as the tiger model. The mesh refinement is useful for 
those cases. 

5. CONCLUSION 

In this paper, the LSF scheme, a subdivision method for refining a 
triangular mesh, is proposed. The method resembles subdivision surface 
modeling, though as yet it has no sound theoretical basis. However, 
by applying it to several examples, and by comparing with the well- 
known Modified Butterfiy subdivision scheme, we find that the scheme 
can generate properly smooth meshes. Our future work is aimed at 
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(a) Initial Mesh 



(b) LSF Scheme 



(c) Non Uniform LSF 



Figure 10 Iron Models: (a) Initial (vertex: 1110, face: 2212), (b) Subdivided twice 
(vertex: 17770, face: 35392), and (c) Non-uniformly subdivided (vertex: 12289, face: 
24570). 




Figure 11 Prototype Model for Iron Model in Figure 10 (b). 
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Figure 12 Tiger Models; Left: Initial (vertex: 956, face: 1908), Right: subdivided 
twice (vertex: 15266, face: 30528). 




Figure 13 Prototype Models for Tiger Model. 
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further analysis of the scheme; specifically, we intend to investigate its 
limit surface. We also plan to extend the scheme to mesh editing. 
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Appendix 

We briefiy introduce a surface-fitting method developed by Welch and 
Witkin[18]. In their method, a truncated Taylor series expansion is fitted 
at a neighborhood around a point. First, a neighborhood parameteri- 
zation for surface-fitting is constructed. The vertices incident to V are 
called neighborhood point, and their set N{V) is defined as the neighbor- 
hood of V. V is called the center of the neighborhood (Fig. 14). The 
neighborhood points Pi € N{V) are indexed around the center in the 
counterclockwise direction. For convenience sake, Pq = V. 

For constructing a neighborhood parameterization, the angular sep- 
aration between each neighboring point is measured. As shown in Fig. 
15, 9i denotes the angle IPiVPi+i, where z + 1 is computed in modulo 
n. A scaling factor a is computed for scaling those angles so that their 
sum is 27 t: 



q;(6>i + 02 + 9s + ■ ■ ■ + 9n) = 

We define the polar coordinates of Pi as {ri,(f)i), where rj = \PiV\ 
i — 1 

and (j>i ^ Ti otOj. By converting this polar coordinate into Carte- 
j=i 

sian coordinates, we obtain the surface parameter for Pi as (ui,Vi) = 
(r* cos((/ii), r-j sin((/)i)). 

Then the surface s(u, v) is generated so that the smface point s(uj, Vi) 
corresponds to Pi. s(u,v) is given by the following equation: 

s{u,v) = Co + CiU + C2V + Cz— + C4UV + C5— (5) 

= h{u,v)c^, ( 6 ) 

where h{u,v) is the basis row vector (l,u, u, ^u^,uv, \v^), 
c = [co. Cl, C 2 , C 3 , C 4 , C 5 ] and c a column vector of coefficients. 
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Figure I4 Neighborhood of V (V=center, P a neighborhood point). 




Figure 15 Projection of Neighborhood Points; a{6i + O2 + O3 + 64 + $5) = 2 tc 



From s(tto,vo) = s(0,0) = Po(= we can easily show cq = Po- 
The remaining coefficients will be determined such that s{ui,Vi) are a 
least-squares fit to the P{. 

Shifting the origin to Pq yields the vector q = [Pi — Po,..., Pn - 
Po]^. The matrix S for this shifted, center-constrained system is built 
by evaluating the basis vector b(nj,Vj) for each of the neighbors and 
collecting these rows into a matrix, then deleting its first column. Then 
matrix S is defined: 



S = 



U\ ^Ui U\V\ 

Un Vn ^ul UnVn 



( 7 ) 



Using this S and q, we obtain Sc^ = q, and the least-squares solution 
for c is: 



= [S^S]-lS^q = Zq. 



( 8 ) 
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By substituting Equation (8) to Equation (6), s{u,v) is obtained. We 
shift the origin back by replacing Qi with Pf. 



s(u,v) = b(u,v) 



1 o 
-z Z 



P = b(u, u)BP 



( 9 ) 



where P = [Po,Pi,. . . , Pn]^- Each element of z is the sum of a column 
vector of Z, and o is the zero row vector. 
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Abstract: 3D laser scanners play an essential role in Reverse Engineering. Laser-based 

sensors are non-contact fast sensors and therefore are commonly used to 
digitize the object. However, 3D boundary detection of the 3D digitized points 
produced by laser-based scanners is problematic due to the fact that the sensor 
data is often unreliable near sharp edges. 

A new method based on fusion of 3D scanned data and an intensity image is 
proposed to overcome the above problems and improve the accuracy of the 
reconstructed surface. The 3D scanned data provides 3D data explicitly, 
whereas an intensity image offers other 2D characteristic information such as 
texture and boundary. For smooth freeform surfaces that generate smooth 2D 
silhouettes, characteristic curves of the object such as boundaries can be 
derived from its image using edge-detection algorithms. The feasibility of the 
method is demonstrated by several examples. 

Key words: Reverse engineering, image processing, surface reconstruction 



1. INTRODUCTION 

Currently Reverse Engineering (RE) plays an essential role in industrial 
CAE systems. With RE, objects can be digitized, reconstructed and 
represented as computerized models. Digitizing systems in RE are based on 
three main technologies: (a) coordinate measuring machines (CMMs), 
(b) 3D laser scaimers, and (c) digital photogrammetry systems [1,2,4,1 1]. 




In CMMs, a contact measure device such as probe is used. Since this 
method is sufficiently robust and aconite, it is commonly used to sample 
points as part of the RE process [12,15]. However, its advantages are greatly 
diminished by the slow rate of data capture. In addition, the object’s surfaces 
may be delicate or flexible and require non-contact measurement. 

Laser-based range sensors are non-contact sensors and therefore are 
very fast [11]. The scanned data provides explicit 3D points from which a 
3D model can be reconstructed. However, the 3D data generated by 3D laser 
scanners is not suitable for direct incorporation in CAD systems: the scanned 
data is irregular and scattered and requires intensive processing in order to 
reconstruct the surface of the object. Laser scaimer systems provide an 
enormous amount of digitized point data, therefore requiring a time- 
consuming data reduction process. In order to improve reconstruction 
processing, some scanned systems provide range image instead of scattered 
points. A sampled surface z(Xi,yi) is represented as a 2.5D image where each 
pixel (Xi,yi) contains the height. However, range sensors or CMMs are often 
not applicable, e.g. where objects are too big, too small, too far, immovable 
or hazardous. 

Digital photogrammetry systems reconstruct 3D models from a set of 
2D images. Using a triangulation technique, the range of points in the scene 
can be calculated by applying a matching process. This process, however, is 
time consuming and suffers from convergence problems. The information is 
not complete since some points are not “seen” in both images. Moreover, 
when multiple images are used, camera calibration is needed to correct for 
geometric errors and to account for the camera parameters. 

Computer-vision techniques can be applied to range images alone to infer 
geometric and topological structure, but accuracy problems occur on the 
boundaries. 

In this paper a new method is proposed which overcomes the above 
problems by approximating a surface using a 2D intensity image from a 
CCD camera and 3D laser-scanned points {Figure 1). The 3D scanned data 
provides 3D data explicitly, whereas an intensity image offers other 2D 
characteristic information such as texture and boimdary. Fusion of 3D 
scanned data and an intensity image can highly improve the reconstruction 
process. When dealing with smooth freeform surfaces that generate smooth 
2D silhouettes, characteristic curves of the object can be derived from its 
image using edge-detection algorithms. Furthermore, local surface 
orientation can be computed both from the boundary and from the interior 
surface. Another important surface feature — Gaussian curvature — can be 
derived from the 2D silhouette, since the sign of the Gaussian curvature of 
points on the 3D surface projecting onto the silhouette is the same as the sign 
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of curvature of those projections. All the above image-inferred information 
can be used as constraints in the surface approximation stage. 




Figure 1: General block diagram of the proposed approach. 

The paper focuses on extracting a 3D boundary, thus creating a base- 
surface parameterization from which the 3D surface is reconstructed. Section 
2 describes the approach of surface fitting that is based on 3D approximation 
and image processing techniques. The algorithm that integrates the image 
processing technique with the LSQ approximation method is described in 
Section 3. The algorithm is demonstrated by several examples in Section 4. 
A summary and conclusions are presented in Section 5. 



2. APPROACH 

This paper focuses on surface reconstruction from 3D scattered data and 
2D intensity image, while utilizing the surface boundary. The surface is 
represented by a B-Spline tensor surface. The stages of the proposed 
algorithm are as follows: 

Image Processing: 

1. Extracting the projected boimdary from an intensity image using edge 
detection technique. 

2. Representing the projected 2D discrete boundary as a continuous B- 
Spline curve. 
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3. Applying a matching technique on the set of 3D digitized points and the 
2D curve. The matched 3D points will be recognized as boimdary points. 

Surface Fitting: 

1 . Approximating the 3D boundary points as a set of continuous 3D 
boundary curves. 

2. Creating a 3D base surface where its boundary was computed in Stage 1 . 

3. Assigning parameter values to the 3D digitized points according to the 
base surface. 

4. Approximating the 3D digitized points as a B-Spline surface while 
interpolating the boundary curves. 

The block diagram of the proposed algorithm is shown in Figure 1. Each 
of the above stages will be described in detail: 

2.1 Image Processing 

2.1.1 Geometry image formation 

We distinguish between an intensity image, a grid of intensity values, and 
a range image, a grid of range values. In this paper we focus only on 
intensity images. There are many ways for directly obtaining a digital image 
of light intensity, such as vidicon and solid devices. Solid camera devices, 
such as charge-coupled device (CCD) cameras, are used widely since they 
are compact, have no geometrical distortions and can be easily moimted in a 
variety of places. The light intensity induces charges on the capacitors. The 
charges are read to a frame memory for each scan. 

There are two parts to the [intensity] image formation process: 

1. The geometry of image formation determines where the projection of 
a point in the scene will be located in the image plane. 

2. The physics of light determines the brightness of a point in the image 
plane as a function of scene illumination and surface properties. 

Since this research involves calibration of 3D world coordinates and 2D 
image coordinates, the geometry of image formation is highly important. 
The basic model for the projection of points in the scene onto the image 
plane is the perspective projection model. 

2.1.2 Edge point detection 

One of the most important image features in 3D computer vision is the 
‘edge’ or the boundary line of a imiform region. There are four basic ways in 
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which contours can arise in an image: (1) discontinuities in distance from the 
viewer; (2) discontinuities in surface orientation; (3) changes in surface 
reflectance; (4) illumination effects such as shadows, light sources and 
highlights. An edge in an intensity image may be defined as a discontinuity 
or abrupt change in the gray level (or color). In a range image, an edge can 
be recognized as a discontinuity in the depth value. 

There are two common ways to extract edges from an image: (1) the edge 
method by which edge points are extracted and then linked into edges; 
(2) the region method, by which uniform intensity regions are computed and 
the boundaries of those regions are then extracted. 

Edge points are detected in two steps: an edge operator is applied to 
every pixel to evaluate its likelihood as an edge point; then, edge points are 
determined on the basis of output values of the operator. 

Edge detection in range images produced by laser-based scanners is 
problematic because the sensor data is often unreliable near sharp edges. The 
main effect is known as the “mixed point” problem and is illustrated in 
Figure 2, in which the laser footprint crosses the edge between two objects 
that are far from each other (or between an object and the background). In 
that case, the returned range value is some combination of the range of the 
two objects but does not have any physical meaning. This problem makes 
the accurate detection of occluding edges more difficult. 



Sensor 



Laser footprint 
fiom object 1 




Occluding edge 
Mixed point 

Laser footprint 
from object 2 



Figure 2: Edge measurement error in range data (from [5]). 

To remove the effect of outliers and data-dropouts in range images, the 
data must be smoothed and low-pass filtered. The amount of noise decides 
the degree of smoothing to be performed on the data. However, smoothing 
tends to blixr discontinuities in the range data, leading to a loss of geometric 
information, particularly at the boundary. 
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2.1.3 Boundary extraction 

An occluding contour is a contour that marks a discontinuity in depth; it 
usually corresponds to the silhouette of an object as seen in 2D projection. 
The two dimensional contour of the image of an object yields information 
about the three-dimensional shape [9]. 

Thus, it is desirable to aggregate the edge elements that constitute the 
boxmdary of an object. One possible form of aggregation results in a 
piecewise linear approximation — ^polygonal approximation — and can be 
obtained in two main ways [8]. One of these methods relies on the 
determination of n critical points along the contour, which then define a 
polygon. The second relates to the use of successive approximations to 
iterate to a best-fit polygonal representation. 

For smooth boundary representations, curve fitting methods are used. 
Parametric ciuves such as B-splines are suitable for representing continuous 
lines specified by a sequence of points. 

2.2 3D Surface Reconstruction 



2.2.1 B-Splines representation 

B-Splines curves and surfaces have wide applications in image 
processing and computer aided geometric design. 

B-spline curves and surfaces are defined by the following equations: 

C(u) = %BJu)-r, (1) 

/=! 

S(u,y) = 'ZZB„(u)-B^(v)-V, (2) 

,=I j=l 

where u and v are location parameters which uniquely locate a point on the 
curve or surface, and {5 „,.(m)}, are normalized B-splines. 

A B-spline surface is completely defined by its orders ku and ky, an 
ordered set of « = «„ xn^, control points (vertices) {p^}, and two knot 
vectors = l..n„ +k^} and tj= ^tJj I j = l..n^ + . 

2.2.2 Parameterization 

A distinction is made between parameterization of digitized points and 
parameterization of knot vectors. When parametric values of the measured 
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points are fixed, there should be an optimal set of corresponding knots for a 
fixed order and number of control points. On the other hand, if the knots are 
fixed first, there should also be a set of optimal location parameters for the 
measured points that yield optimal fitting results. Selection of an appropriate 
parameterization is essential for obtaining good surface fitting or for 
approximating results. Different parameterization strategies can be used to 
assign the location parameters: equally spaced, chordal, centripetal, 
geometric and affinity invariant parameters [6]. These methods are based on 
the assumption that the points are arranged in a grid and are therefore not 
suitable for irregularly spaced measured points. In such cases, methods 
based on the concept of projecting all points on a base surface (in the simple 
case - a parameter plane) can be used [6,7]. 

Parameterization using Base-Surface Projection 

Instead of trying to find an optimal parameterization, Kruth & Ma [7] 
propose base surface parameterization. The suggested strategy is to project 
the digitized points onto a base surface which is a first approximation of the 
surface and to associate the projected points parameters with the 
corresponding sampled point. In contrast to other methods, the base surface 
is not necessarily a plane. 

2.2.3 Surface Reconstruction 

Surface reconstruction methods can be categorized into linear methods 
and ciuved surface fitting methods. 

Linear Reconstruction: Digitized points are sampled as a cloud of 
points or scattered data. A volumetric object is usually constructed from 
scattered data by first building a triangular mesh. Then, several global and 
local criteria can be used to create the optimal triangular mesh [6]. 

Curved Surface Fitting Methods: Surfaces are usually reconstructed 
by interpolation or approximation methods [6]. When data points are 
obtained empirically by measiuements (as in RE), approximation is more 
desirable than interpolation for overcoming noise errors and reducing 
computational complexity. The surface is fitted according to constant 
tolerance criteria or according to weights if the measurements have different 
accuracies [6]. For Cartesian and parametric surfaces, fitting methods are 
based on least square (LSQ) [5] and linear programming methods. The 
method described in [13] is an adaptive method, whereby cubic triangular 
Bezier surfaces are fitted to scattered dense data. LSQ approximation of data 
points with algebraic patches might produce surfaces with extraneous parts. 
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There are two stages in reconstructing parametric surfaces: 
(1) parameterization of the surface, and (2) approximation of the siuface. 

The projected boundary can be approximated through several methods, 
such as B-spline approximation. Boundary space curves produce a type of 
four-sided patch tensor-product or a three-sided patch [3]. Next, a grid is 
defined on the parameter plane. The parameter values of any point can be 
calculated according to the grid. 

Surface fitting methods must all handle the problem of inferring the 
correct surface topology. One of the most common methods is the least 
square fitting of B-spline surface [14]. This method is applied by adaptive 
global approximation algorithms using the least square method for B-spline. 

2.2.4 LSQ approximation of B-spline curves and surfaces 

In the approximation of a point set by a B-spline curve/surface, our aim is 
to solve the following problem: given m not necessarily uniformly spaced 
points Pi and associated parameter values {u^l{us,v^l, s=0..m, find an 
approximating B-spline curve/surface with respect to some prescribed error 
norm, i.e.: a set of control vertices } is to be found. 

For a B-spline curve written in parametric form as in (1), substituting the 
parameter values leads to a linear system of equations: 

s = 0..m. (3) 

1=1 

In the case of a tensor-product B-spline surface written in parametric 
form as in (2), the system of linear equations is: 

«v 

, s = 0..m. (4) 

1=1 y=l 

A least squares fitting solution to equations (3) and (4) can be achieved 
when m>n. 

Constraint LSQ Fitting of B-spline Surfaces 

When some of the control vertices in the surface control mesh are set, the 
number of linear equations in set (4) is reduced, i.e. the degree of freedom 
for the least-squares fit is reduced. However, owing to the local support of 
the B-spline basis, this constraint is confined to only a few elements. 
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3. 



ALGORITHM DESCRIPTION 



The three major steps in the proposed algorithm are: 

1 . 3D boundary approximation 

2. Parameterization of the scattered points using a base surface 

3. Constrained LSQ surface fitting 

3.1 3D boundary reconstruction from image 

Since the 3D boundary of the object is to be used as a constraint in the 
surface approximation, the first stage in the algorithm integrates data from 
both the intensity image and the range image to derive a 3D approximation 
of the boundary. This stage is broken down to smaller tasks: 

(a) Extracting the discrete 2D boundary from the intensity image 
This extraction can be accomplished using threshold technique. 

(b) Approximating the 2D discrete digital curve to a continuous one 

From the discrete representation of the 2D boundary we derive a 
continuous B-spline curve representation according to [10]. The B-Spline 
approximating the boundary of the object is superimposed on the intensity 
image of the object to be modeled. 

(c) Computing the perspective transformation 

In the experimental environment, the CCD camera and the 3D laser 
scanner are not placed on the same platform. Thus, we cannot assume that 
the range data and the intensity image are calibrated. Furthermore, the 
camera parameters (both intrinsic and extrinsic) are not known. Since 
accuracy according to ground truth is not needed, a technique that involves 
computing a perspective transformation matrix was chosen. The procedure 
requires specification of several correspondence pairs — 3D coordinates and 
2D image coordinates of a number of points of the object — to compute the 
perspective transformation matrix between the 3D and the 2D coordinates. 
This is done interactively, as shown in Figure 3. 
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Figure 3: Interactive specification of correspondence pairs between 3D digitized points and a 
2D image of an object (a camera adaptor). 

Given the 3D world coordinates of a number of points and the 
corresponding 2D image coordinates, the coefficients in the perspective 
transformation matrix can be solved by least square solution of an over- 
determined system of linear equations. Although this procedure is not 
exactly a camera calibration procedure as the camera parameters are still 
unknown, a reasonably good fit between the digitized points projection and 
the image was achieved (as in Figure 4). 

(d) Matching between projected 3D digitized points and the 2D curve 

The 3D range data is given as a cloud of scattered points. A matching 
technique is needed to find the digitized 3D points corresponding to the 2D 
boundary extracted from the image. The matching technique is as follows: 
For each 3D sample point 

1. project on the image plane according to the computed perspective 
transformation; 

2. determine if the projected point lies near the 2D curve using a distance 
tolerance criteria; 

3. if so — ^mark the 3D sample point as a boundary point, and assign it the 
parameter of its projection on the curve. 

As output from this step, we get an ordered list of 3D boimdary points, 
where each point is assigned a parameter value. 
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Figure 4: Projection of the 3D digitized points on the 2D image according to the perspective 
transformation computed for the correspondence pairs. 



(e) Approximating the continuous 3D boundary of the object 

The goal in this step is to approximate the 3D contour of the object using 
four boundary curves, each being a B-spIine curve approximating/ 
interpolating a partial set of the matched 3D boundary points. 

The list of points and the corresponding parameter values from the 
previous step is input to a standard B-spline curve fitting procedure, and a 
single B-spline of the required order approximating the points is derived. 

At this stage, the user interactively partitioned the 3D boundary curve 
into four curves by specifying the parameters of the four comer points. 

3.2 Parameterization of the sampled points using a base 
surface 

We use Kruth’s approach to assign parameter values to randomly 
measured points for least squares fitting of B-spline surfaces [7]. The 
parameterization is realized by projecting the measured points to a base 
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surface. The parameters of the projected points are then used as the 
parameters of the measured points. The base surface is in fact a first 
approximation of the final fitted surface, and in general it can be defined 
from four approximating boimdaries. A Boolean-sum surface interpolating 
the four boundaries is defined in order to create a base surface in B-Spline 
form from its boundaries. 



3.3 Constrained LSQ surface fitting 



Once the scattered measured points have been parameterized and the 3D 
boundary of the object has been determined, we can proceed to fit a surface 
interpolating the boimdary and approximating the inner measured data 
points. 

Instead of computing all the coefficients (or control vertices) of the B- 
Spline surface, we constrain the solution such that the boundary of the 
surface is fixed to some curve boundaries already created from the data. This 
is achieved by using the knowledge of the control points of the boundary B- 
Splines (from the previous stage) that will form the surface boundary and 
removing them from the solution mechanism of the surface [16]. 

The boundary conditions are imposed by modifying the system of 
equations. The vertices of the control mesh at the boundaries are positioned 
so that the surface bormdary is fixed to the pre-determined boundary curves. 
Hence, these vertices have to be isolated from the basis functions, i.e. the 
degree of freedom for the least-squares fit is reduced. This can be 
mathematically shown as follows: 

The required surface is a B-spline surface of the form: 

n m 

s{u,v) = YZBuM)-^vjiy)-Vij , ( 6 ) 

<•=1 y=i 



in which case a boundary (e.g. at v=vo=0) is represented as: 



= 5(m,Vo) = X 



/=1 



j=\ 






(7) 



For this surface boimdary to coincide with a prescribed boundary curve, 

C(u): 



c(»)=£»:b,m=6., 

<•=1 

the following equality has to hold (for /=!..««) : 
^ = Z5vy(Vo)-^ 



( 8 ) 



(9) 



y=i 
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To isolate the boundary vertices, we set the multiplicity of the 
corresponding knots to «*-l, in which case the above condition simplifies to: 

Vn =Wi ,fori=l..nu (10) 

Thus, fewer degrees of freedom are left for the least-squares fit, but a 
boundary is enforced. The above procedure applies to each of the four 
boundaries. 

Compatibility between the boimdary curves and the surface boundary 
curves must be ensured and can be accomplished by applying the Oslo 
algorithm. As suggested in [7], instead of uniform knot vectors, average knot 
vectors are computed so that more knots are allocated where there is a rapid 
change. 



4. EXAMPLE 

The implemented environment is: a Cyberware laser scanner; a Sony 
CCD camera; and a Silicon Graphics computer system and software. 

The concrete example is based on a face mask model. Figure 5 (a)-(g) 
follows the different steps outlined in the previous section. 



5. CONCLUSIONS 

3D boundary detection of the 3D digitized points produced by laser- 
based scanners is problematic. This is due to the fact that the sensor data is 
often unreliable near sharp edges. With this paper we cope with the problem 
of surface reconstruction from 3D scattered ^ta and 2D intensity image, 
while utilizing the surface boimdary. The main stages of the proposed 
algorithm based on image processing, matching, parameterization and 
surface fitting technique. It seems that the reconstructed process was 
improved especially due to image processing and parameterization 
techniques: 1) Detecting the 3D boundary from which the base surface was 
dictated. 2) Parameterization that was calculated by projecting the 3D points 
on the sculptured base surface. The reconstructed surface according to the 
parameterization was used as a base surface for the next iteration. The 
feasibility of the method was illustrated by several examples mainly applied 
on complex sculptured surfaces. 

As future work this method can be used as a base for 3D photography by 
integrating the CCD camera and the laser scanner technologies into one 3D 
camera. 
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Method to Generate Freeform Surfaces from Idea-sketch and Three 

Dimensional Data 
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Abstract: The Purpose of this study is to generate surface patches which are useful 

throughout the product-design process in a very short period. We have studied 
two methods. One is surface generation using a hand-drawn idea-sketch. The 
oth^ is surface gen^ati(m usmg the tlvee dim^ional point data measured by 
commercially obtainable measuring instrument. For hand-drawn idea-sketches, 
logarithmic transformation, laplacian operation and natural spline curves are 
introduced. For the three dimensional point data, Delaunay Triangulation is 
introduced to construct a triangular mesh. Pseudo-normal vectors are 
calculated using the constructed triangular mesh in a very short time. Product- 
designers are able to examine the form of the triangular mesh by shading or 
newly develq)ed cdor striped shading using pseu<b-normd vectOTS. Then 
product designers are able to generate the surface patches which arc easy to 
manipulate for narrowing down to the final design. 



Key words: freeform surface generation from hand-drawn idea-sketches, light intensity 

transformation, laplacian operation, natural spline curves, freeform surface 
generation from three dimensional points, Delaunay Triangulation, Bezier 
patches, B-spline surfaces 



1 INTRODUCTION 

Convention^ design procedures can easUy produce simple ^apes, but, 
currently, industrial designers are drawn to aesthetically pleasing freeform 
shapes because they have great customer appeal, especially in a highly 
competitive and technically well-developed market, such as that for 
automobile and electrical appliances. It takes a long time to design 
aesthetically pleasing product using conventional procedures. 




A solution to this problem is to establish the method to shorten the product 
design perio4 especially the period from first-idea generation to narrow 
down to the final design. 

A method x^pable of producing aesthetically pleasing fieeform shapes has 
these requirements: 

' In order to shorten the design period, hand-drawn renderii^ must be 
omitted, and a three dimensional real mock-up must be manufactured easily 
using hand-drawn idea-sketches. 

' The form of die hand-made mock-up must be put into the computer in a 
short time, and the fi'eeform surfaces which are easy to manipulate must be 
generated using the input data 

• Variation design must be performed using the measured data of a similar 
product. 

To satisfy these requirements we have developed two mediods to shorten 
die idea generation period. 

First one is to generate B-spline curves fi'om hand-drawn idea-sketches. 
Second one is to generate surface patches fi'om three dimensional measured 
data 

Section 2 of this p^er reports a newly developed B-spIine curve 
generation method fi'om hand-drawn idea-sketches, and gives an example of 
curve generation. Section 3 describes the surface generation method fiom 
three dimensional measured data and gives an example of surface 
generation. 

2 FREEFORM SURFACE GENERATION FROM 
HAND -DRAWN IDEA- SKETCHES 

The objective to develop this method is to shorten the product-design 
period. A^en designers begin the product design, designers create their 
ideas and expand tiiem. Normally this process is performed on p^er, and 
designers' hand-dravm lines are called idea-sketches. If the designers' rough 
idea can be realized as a real mock-up, it will be effective in shortening the 
design period. 

Similar studies on surface generation using idea-sketches have been 
reported Our study does not deal with perspective drawings, therefore our 
study is not affected by the difference of Ae drawing method. 

We have developed a method to extract the fieeform curve fiom the hand- 
drawn idea-sketch which is put into the computer via a scanner. 

Then we apply the newly developed image processing technique to the 
digital picture and -extract the £d^s. Extracted «lges are eonverted to B- 
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spline curves to make a framework. Then we can generate sinfaces from &e 
framework which are extracted from the three-view hand-drawn idea- 
sketches. Using the generated surfaces, we are able to generate the tool 
paths to nuichine the mock-^ups. Then designers are able to examine the 
mock-ups visually and tactually. 

In diis manner designers are able to acquire three dimensional machined 
mock-ups easily from the idea-sketch. The key to this mediod is that 
precision is not required or needed, but the design period is shortened 
remarkably. 

2.1 Light intensity transformation 

Generally, various types of gradation are painted as a background in the 
hand-drawn idea-sketches In such cases, hiunan eyes are able to 
recognize lines which are drawn in the dark area as well as lines which are 
drawn in the bright area. 

But the computer can not recognize lines in the dark area, because of the 
small difference of the light intensity between the line and gradation. 
Therefore we have developed a method to extract lines which are drawn in 
the relatively dark area. Original digital picture is transformed into the 
logarithmic like picture. 

This means that in die transformed picture the light intensity difference of 
adjacent picture element in the dark area becomes very close to the 
difference in the bright area. In other words, the light intensity of the dark 
area of the original picture can be amplified, while that of the bright area of 
the original picture is reduced. 

By transforming the original picture into logarithmic like picture, we are 
able to extract the lines applying the same method without considering the 
value of the light intensity. 

2.2 Threshold determination 

Histogram is agre^jh which shows the number of frequency of the gray 
level. When die image signal is analog, this histogram becomes a curve, but 
when digital, histogram becomes a bar graph, denoting horizontal axis as 
light intensity and vertical axis as frequency. In case the histogram has two 
peaks (ridges), the valley part may be threshold. 

But two peaks suggest the possibility of two edges existence. In other 
words, there may exist edges in the relatively dark area and in die relatively 
bright area. If die valley part is decided as a threshold, we will lose the 
opportunity to extract die edge in the relatively dark area. In general, 
designers use various types of gradation in their idea-sketches, so there 



359 




might be many peaks in the histogram. Therefore, the threshold 
determination should be performed interactively. 

Conversion to binary picture should be performed according to the 
threshold temporarily decided. Then, the candidate points for edges are 
displ^ed. This determination process should be done by die designers. 

2.3 Edge detection 

Second derivative in the image processing study is called laplacian. 
Applying the laplacian window to the digital picture, the position of the edge 
in die picture is detected. This position is corresponding to die position of 
the line of the original picture in which we can see lines of the hand-drawn 
idea-sketch. An example of the edge detection is shown in Figure 1 . 

This shows that the idea described in sub-section 2. 1 is working effectively. 




Figure 1. An example of edge detection 

2.4 Natural spline curve generation from the edge 

In this sub-section, natural spline curve generation from binary edges is 
described. Binary edges are recognized as discrete positional data Using 
these positional data, natural spline curves are generated. According to the 
book written in Japanese by A.Sakurai, natural spline curve which 
smoothens the given points are proposed by Schoenberg We use 
A.Sakurai's mediod to derive the natural spline function which is described 
in his book. His natural spline function depends on the coordinate system. 
So we parametrize his natural spline function and we express ( 2M - 1 ) 
degree natural spline curve as 

( 1 ) 

I’ssO 
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where = 

<=o 

For C{t) is a ( 2M -1) degree natural spline function and smoothest for 
the given points, equation (2) and (3) should be satisfied simultaneously. 

( 2 ) 

i=0 

(r = 0 ,l,-sM-l) 

C(0) + (-ir g(2M-l)!b,w;‘ = Q, (3) 

(7 = 0 , 1 , 

where g is positive constant and is positive weight. N is the number of 
given points and is positional vector of given points. Solving 
a, (/■ = 0,1,*",A/ -1) and b^ (7 = 0,1,"*,^~1)> natural spline curve is 
defined using equation ( 1 ). Generated natural spline curves are converted to 
the non imiform B-spline curve. 



2.5 An example of surface generation from hand-drawn 
idea-sketch 

Using the method mentioned in the previous sub-sections, we describe the 
fi'eeform surface generation process fi'om hand-drawn idea-sketches for 
autcunobile body ^ell design according to the following gener^aion steps. 

1) Figure 2 shows the hand-drawn idea-sketch of the side-view of the 
automobile. This sketch is put into the computo' via a scanner. Then the 
idea-sketch is displayed on the computer monitor. 

2) We indicate the area in which the edges are extracted by defining the 
multi-sided polygon. Then the candidate points for the edge are calculated. 
Uimeeded points are eliminated interactively according to the designer's 
intention. The result is shown in Figure 3. 

3) Natural spline curve is generated using the points after elimination. 

Natural spline cmve is replaced by non imiform B-spline curve. Radius of 
curvature of the generated curve are displayed with the idea-sketch. Those 
are shown in Figure 4. 

4) Repeating this operation, curves which are necessary for product design 
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can be generated from this side-view. For the front-view and top-view die 
same operation is performed. Side-view, front-view, and top-view are 
located in the three dimensional space. We sweep the lines on each view 
perpendicular to corresponding view, then ruled surfaces are generated. 
Taking the intersection of these ruled siufaces, then special curves which 
may be a framework of the surface can be calculated. Repeating these 
operation, a framework is generated in the three dimensional space. 
Generated framework is shown in Figiue 5. 

S) Interpolating the framework, freeform surfaces are generated. These 
siufaces are shown as a shading display in Figured. 




Figure 2. Hand-drawn idea-sketch 




Figure 3. Unneeded points are eliminated. 




Figure 4. Concerted to B-spline curve 
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Figure 5. G^ierated framewotk 




Figure 6. Shaded picture of generated surfaces 

3. FREEFORM SURFACE GENERATION FROM THREE 
DIMENSIONAL MEASURED DATA 

The objective of this study is to develop a method to generate freeform 
surfaces which are useful in the product-design process. To put freeform 
shape into the computer by using keyboard, mouse, and dial, while watching 
the computer monitor, it takes a long time and a lot of ^lo'gy, and skills are 
needed. To avoid these, a method to generate freeform surfaces from three 
dimensional measured data is commonly used. In addition to time and labor 
saving, there are two design^s' requirranents. 



1) The form data of similar products must be put into the computer, so that 
designers will be able to p^form the variation desi^. 

2) The boundary of the patch or the surface must be determined so that these 
can be easily modified ^oughout the product-design process. 
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Many studies on surface generation using three dimensional data have 
been reported In diis study the object to be measined is normally a 
mock-up which is manufactured during tbe product-design process, therefore 
it is not a master model, but a mock-up close to the final form. 

Also, in this study, easy manipulation of surface patches is strongly 
considered when siuface patches are generated from the three dimensional 
d^. Normally three dimension^ data are measured without considering the 
surface boundary. 

We introduced Delaimay Triangulation to constract a triangular mesh. If a 
ttimrgular mesh is not cmistructed, it will t^e a long computation time to get 
pseudo-normal vectors at all the measured points. 

3.1 Conventional method 

At the design studio where one of the authors of this paper work, three 
dimensional data was measured tactually and manually, while indicating the 
characteristic part by the colored tape. The problem of this method is that it 
forces the hrunan to indicate the characteristic part of the three dimensional 
object according to dieir expertise. In addition to that he has to spend a long 
time measuring the object. More over the measuring probe is moved and 
located manually, therefore measiuing errors will become relatively large 
and the smoothening operation of the ciuve takes a long time. 

Another method we have tried is to measure the three dimensional object 
in a lattice-like manner. Then, we generate the B-spline surface through the 
given measured points. This method is very easy to decide the measuring 
direction and measuring pitch, and to generic the B-spline surfaces. But 
measuring position are decided without considering the feature of the three 
dimensional object. Therefore at a certain part, because of the lack of 
measuring points, we cannot reconstruct the object. On the other hand, if we 
make the measuring pitch narrower, siuface modification time becomes 
longer, more over xmintentional wobbling of the surface will occur because 
of the knot vector, since B-spline surface uses bivariate blending function 
and only two knot vectors are available for u and v direction. 

In action to this, the generated surfaces include the errors while 
measuring, since there is no way to know whether measured data includes 
errors or not. 

3.2 Pseado-normal vector calcolatron 

Assume the number of vertices of the triangular mesh which is the 
number of the measured point be n , pseudo-normal vector N, at each 
measured vertex ( 1 < / < n ) can be calculated by taking the mean value 



364 




of m triangle normal vector ( 1 < / < m ). This is shown in Figure 7. 
Doing the same operation at all the vertices, we can calculate the pseudo- 
normal vectors which correspond to &e measured points. 




Figure 7. Pseudo-normal vector calculation 

3.3 Triangle edge replacement by Bezier curve 



Each edge of the triangle which is one element of the triangular mesh is 
r^laced by the cubic Bezier curve. Cubic Bezier curve is represented by the 
equation (4) Both sides of die Bezier curve control point Pq and P 3 are 
the vertices of die triangle. Irmer control points are P, and Pj . Calcxdation 
method for Pj is shown by the equation (5) and ( 6 ). Control point Pj is able 
to be calculated in the same manner. 

C(M) = (l-M + «£f Po (4) 

where u is a parameter which varies from 0 to 1 . ii is a riiifring operator 
and has the following relation. 



a = (PAxN,)xN, 



^1 “ ^0 I 



a 



(5) 
(ti) 



Each edge of the triangle of the triangular mesh is able to be replaced by 
the cubic Bezier curves ^pljdng the above mentioned method. This method 
is illustrated in Figure 8 (a). Figure 8 (b) is illustrated two dimensionally to 
understand the replacing method easily. Replacing the edges by the cubic 
Bezier curve using the above mentioned method, all Bezier curves are 
tmigential plane continuous at P, . The normtd vectors of the tangential 
plane at P, is equal to die pseudo normal vector . In the case when 
measured points are scatteredly located, if we apply the above method, we 
can intCTpolate the points close to tho real form rather dim the straight line. 
The reason why we decide the cubic Bezier curve is diat it is easy to 
calculate the timer two control points. 
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(a) 



(b) 



Figure 8. Replacing triangle edges by Bezier curves 

3.4 Triangular mesh visualization 

The measured points show the form vaguely. But to examine the form 
which is constructed by the measured point data, we have developed the 
following visuedization technique. 

• Shading display; using the vertex (x,y,z) values and corre^onding 
pseudo>-normal vector values, we can calctilate the light intensity, and 
interpolate the inner domain of the triangle, we can display the shaded 
picture of three 
dimensional objects. 

‘ Color striped shading: Converting the variation of the light intensity to 
the variation of the color combining the three primary colors of red, green 
and blue, we are able to display the color striped shading. This method is 
useful to examine the highlighted line location. 

An example of the color striped shading display is shown in Figure 9. 




Figure 9. Color striped shading display 

3.5 Large angle variation point extraction 

Choosing 2 vertices out of 3 vertices of the triangular mesh, and 
calculating die 2 pseudo-normal vectors N, , which correspond to the 
vertices, if satisfy the equation (7), while 0 3 is determined by the 

designers, and can be candidate points which show laige angle 
variation. Using diis mediod, we are able to extract the points which may 
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rqjresent the feature (characteristic part) of the three dimensional object. 
Since features have steep normal vector variation normally. From these 
points, we are able to generate Bezier curve or B-spline curve by applying 
die least square method. Then we can generate the curve as a boundary or as 
a trimmed boundary of patches or siufaces. 

An example of extracted points is shown in Figure 10. 




Figure 10. Large angle variation extraction 

3.6 Patch boundary determination and patch generation 

For generating Bezier surface patches, to generate a Bezier curve 
boundary is needed. For this purpose a triangular mesh whose edges are 
replaced by cubic Bezier curves are cut by the plane or Bezier surface patch. 
Then intersection points are used to generate the curve by using the least 
square method. This process automatically smoothens the measured point 
data. Repeating diis, four boundaries of a Bezier patch are determined. 

Using the least square method, four irmer control points of the Bezier patch 
are determined. Doing these operations, we are able to generate very smooth 
sinface patches. 

3.7 An example of surface generation using three 

dimensional measured points 

We have generated freeform surface by measuring the clay model of die 
automobile whose scale is ^proximately one fifth of real size for a trial. 
Using the technique described in the jM-evious sub-Seetions, we have 
generated the automobile body shell. We describe the surface generation 
process according to the following generation step. 



367 




1) Measured point data are shown in Figure 11. Darker parts show diat die 
measured points are overl^ped. 

2) Applying Delaunay Triangulation, we have constructed triangular meshes. 
ITiese meshes are shown in Figure 12. We have changed the color of tiiese 
mesh to identify the measured data set. Figure 13 shows the close up of the 
part indicated by the arrow in Figure 12. So we can see the ttiangular mesh. 

3) Applying the shading method to the triangular mesh, we can examine the 
three dimensional object. At the same time we can find out the error of the 
measured data. This is shown in Figme 14. We can see the bumps around 
the wind-shield of the automobile. These show the errors of measured data. 

4) Color striped shading is ^plied to the triangular mesh. This is shown in 
Figure 15. We can examine die highlighted line which m^ be a 
characteristic line of the object. 

5) Applying the above mentioned procedure, we can decide the siuface 
boundary from the triangular medi. Then, we can generate surfaces. These 
are shown in Figure 16. 

6) Using the shading and texture mapping technique we have developed, we 
can display our computer generated rendering picture. This is shown in 
Figure 17. 




Figure 1 1. Measured point data 
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Figure 14. Shaded picture of triangular mesh 



Figure 15. Color striped shading display of triangular mesh 
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Figure 16. Framework of the generated surfaces 




Figure 1 7. Shading with texture mapped surface 

4 COISCLUSIOIS 

We have developed two methods to shorten the product design period. 
These methods have the following features. 

1) Using a newly developed image processing technique, designers are able 
to extract edges located even in the relatively dark area, then generate natural 
spline curve to get non uniform B-spline curve. 

2) Constracting a triangrdar mesh from measured point data, designers are 
able to examine the form by shading or color striped shading. Also they are 
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able to extract the point data which may construct characteristic lines. Then 
designers are able to generate the freeform curve using extracted points as a 
patch boimdary or siuface trimmed boundary. These patches and surfaces 
are easily manipulated du'oughout the product-design process. 

Using these two methods designers are able to generate freeform surfaces 
from hand-drawn idea-sketches or hand-made mock-ups, and examine the 
form by the various kind of display techniques, then they are able to obtain 
the freeform surfaces as a real mock-up. Also designers are able to use the 
similar form of different products for variation design. 

Using these two methods, productivity of the product-design improved 
remarkably. 
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